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Preface

The great response to the publication of the book Classical and Modern Fourier
Analysis has been very gratifying. | am delighted that Springer has offered to publish
the second edition of this book in two volumes: Classical Fourier Analysis, 2nd
Edition, and Modern Fourier Analysis, 2nd Edition.

These volumes are mainly addressed to graduate students who wish to study
Fourier analysis. This second volume is intended to serve as a text for a second-
semester course in the subject. It is designed to be a continuation of the first vol-
ume. Chapters 1-5 in the first volume contain Lebesgue spaces, Lorentz spaces and
interpolation, maximal functions, Fourier transforms and distributions, an introduc-
tion to Fourier analysis on the n-torus, singular integrals of convolution type, and
Littlewood—Paley theory.

Armed with the knowledge of this material, in this volume, the reader encounters
more advanced topics in Fourier analysis whose development has led to important
theorems. These theorems are proved in great detail and their proofs are organized
to present the flow of ideas. The exercises at the end of each section enrich the
material of the corresponding section and provide an opportunity to develop addi-
tional intuition and deeper comprehension. The historical notes in each chapter are
intended to provide an account of past research but also to suggest directions for
further investigation. The auxiliary results referred to the appendix can be located
in the first volume.

A web site for the book is maintained at

http://math.missouri.edu/~loukas/FourierAnalysis.html

I am solely responsible for any misprints, mistakes, and historical omissions in
this book. Please contact me directly (loukas@math.missouri.edu) if you have cor-
rections, comments, suggestions for improvements, or questions.

Columbia Missouri, Loukas Grafakos
June 2008
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Chapter 6
Smoothness and Function Spaces

In this chapter we study differentiability and smoothness of functions. There are
several ways to interpret smoothness and numerous ways to describe it and quantify
it. A fundamental fact is that smoothness can be measured and fine-tuned using
the Fourier transform, and this point of view is of great importance. In fact, the
investigation of the subject is based on this point. It is not surprising, therefore, that
Littlewood—Paley theory plays a crucial and deep role in this study.

Certain spaces of functions are introduced to serve the purpose of measuring
smoothness. The main function spaces we study are Lipschitz, Sobolev, and Hardy
spaces, although the latter measure smoothness within the realm of rough distri-
butions. Hardy spaces also serve as a substitute for LP when p < 1. We also take
a quick look at Besov-Lipschitz and Triebel-Lizorkin spaces, which provide an
appropriate framework that unifies the scope and breadth of the subject. One of
the main achievements of this chapter is the characterization of these spaces us-
ing Littlewood—Paley theory. Another major accomplishment of this chapter is
the atomic characterization of these function spaces. This is obtained from the
Littlewood-Paley characterization of these spaces in a single way for all of them.

Before one embarks on a study of function spaces, it is important to under-
stand differentiability and smoothness in terms of the Fourier transform. This can
be achieved using the Laplacian and the potential operators and is discussed in the
first section.

6.1 Riesz Potentials, Bessel Potentials, and Fractional Integrals

Recall the Laplacian operator
A=0¢ 4+ +3E,

which may act on functions or tempered distributions. The Fourier transform of
a Schwartz function (or even a tempered distribution f) satisfies the following

L. Grafakos, Modern Fourier Analysis, DOI: 10.1007/978-0-387-09434-2 6, 1
© Springer Science+Business Media, LLC 2009



2 6 Smoothness and Function Spaces

identity: -
—A(f)(&) = 4m?|EPF(E).

Motivated by this identity, we replace the exponent 2 by a complex exponent z and
we define (—A)?/2 as the operator given by the multiplication with the function
(2r|&|)* on the Fourier transform. More precisely, for z € C and Schwartz functions
f we define

(=4)2(£)(x) = ((2m]&]" ()Y (%). (6.1.1)

Roughly speaking, the operator (—A)%/2 is acting as a derivative of order z if z is
a positive integer. If z is a complex number with real part less than —n, then the
function |&|* is not locally integrable on R™ and so (6.1.1) may not be well defined.
For this reason, whenever we write (6.1.1), we assume that either Rez > —n or
Rez < —n and that f vanishes to sufficiently high order at the origin so that the

expression |£|*f (&) is locally integrable. Note that the family of operators (—A)?
satisfies the semigroup property

(=AY (—A)" = (-A)*,  forallz,weC,

when acting on spaces of suitable functions.

The operator (—A)%/? is given by convolution with the inverse Fourier transform
of (27)?|€|*. Theorem 2.4.6 gives that this inverse Fourier transform is equal to
o é F( n-2|—Z)
' ()
The expression in (6.1.2) is in L,loc(R”) only when —Rez —n > —n, that is when
Rez < 0. In general, (6.1.2) is a distribution. Thus only in the range —n < Rez < 0
are both the function |£|* and its inverse Fourier transform locally integrable
functions.

(2m)*(|€]*)" (x) = (2m)* X[~ (6.1.2)

6.1.1 Riesz Potentials

When z is a negative real number, the operation f — (—A)%/2(f) is not really “dif-
ferentiating” f, but “integrating” it instead. For this reason, we introduce a slightly
different notation in this case by replacing z by —s.

Definition 6.1.1. Let s be a complex number with Res > 0. The Riesz potential of
order s is the operator
ls = (—4)%2.

Using identity (6.1.2), we see that | is actually given in the form

n

e aTOR) [ s
(00 =255 L 8T [ foy oy,



6.1 Riesz and Bessel Potentials, Fractional Integrals 3

and the integral is convergent if f is a function in the Schwartz class.

We begin with a simple, yet interesting, remark concerning the homogeneity of
the operator .

Remark 6.1.2. Suppose that for s real we had an estimate
1 o) < C(P,8 N8| F Lo g, (6.1.3)
for some positive indices p,q and all f € LP(R"). Then p and q must be related by
1 B 1 s
pa n
This follows by applying (6.1.3) to the dilation 62(f)(x) = f(ax) of the function
f,a> 0, in lieu of f, for some fixed f, say f(x) = e~ Indeed, replacing f by

62(f) in (6.1.3) and carrying out some algebraic manipulations using the identity
Is5(62(f)) =a362(Is(f)), we obtain

(6.1.4)

a3 [[Is(F)]| a(rny < C(P,a.0,5)a" P || F| Ly geny - (6.1.5)
Suppose now that ilj > é + ~. Then we can write (6.1.5) as

n_n
pts

[1(F) | a(gny < C(P, 6,1, 8)a3 ™ P> ||F| Ly eny (6.1.6)
and let a — o to obtain that Is(f) = 0, a contradiction. Similarly, if » < ¢+ 5, we
could write (6.1.5) as

n

) gy <SP0 (617)

a
and leta — 0 to obtain that || ||, =, again a contradiction. It follows that (6.1.4)
must necessarily hold.

We conclude that the homogeneity (or dilation structure) of an operator dictates
a relationship on the indices p and g for which it (may) map LP to LY.

As we saw in Remark 6.1.2, if the Riesz potentials map LP to L9 for some p,q,
then we must have g > p. Such operators that improve the integrability of a function
are called smoothing. The importance of the Riesz potentials lies in the fact that
they are indeed smoothing operators. This is the essence of the Hardy-Littlewood—
Sobolev theorem on fractional integration, which we now formulate and prove.

Theorem 6.1.3. Let s be a real number with 0 <s <nandletl < p < q < o satisfy
(6.1.4). Then there exist constants C(n,s, p) < e such that for all f in LP(R") we
have

Hls(f)HLq SC(H,S, p)HfHLP
when p > 1, and also ||Is(f)]| ¢ < C(n,s)|| || when p=1.
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We note that the LP — L% estimate in Theorem 6.1.3 is a consequence of The-
orem 1.2.13, for the kernel [x|~"*% of Is lies in the space L" when r = ", and
(1.2.15) is satisfied for this r. Applying Theorem 1.4.19, we obtain the required
conclusion. Nevertheless, for the sake of the exposition, we choose to give another

self-contained proof of Theorem 6.1.3.

Proof. We begin by observing that the function Is(f) is well defined whenever f
is bounded and has some decay at infinity. This makes the operator Is well defined
on a dense subclass of all the LP spaces with p < . Second, we may assume that
f >0, since |Is(f)| < Is(|f]).

Under these assumptions we write the convolution

[, T yIYE"ay = 3 (100 + B,
where, in the spirit of interpolation, J; and J, are defined by

J(Hx) = IR fF(x—y)ly*"dy,

R0 = [ fx=y)yF"ay.
=R
for some R to be determined later. Observe that J; is given by convolution with the

function |y|=""*yy|<r(y), which is radial, integrable, and symmetrically decreasing
about the origin. It follows from Theorem 2.1.10 that

KN <MD [

yl e dy = “PTIRM(F) (x), (6.1.8)
ly|<R S

where M is the Hardy-L.ittlewood maximal function. Now Holder’s inequality gives

that
1/
“n+ / P
</yzR(|y| P dy) 1l o cany

1
qon-1) ¥ -1
= (") R e

H2(f)(¥)]

IN

(6.1.9)

and note that this estimate is also valid when p =1 (inwhich case g = "), provided
/ — L .
the L norm is interpreted as the L™ norm and the constant (q‘g?r;l) P is replaced
by 1. Combining (6.1.8) and (6.1.9), we obtain that
Is(f)(x) < Cpsp(RM(F)(x)+R™a[|f]| 5) (6.1.10)

for all R > 0. A constant multiple of the quantity

p
n

R=|f[1f (M(F)()
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minimizes the expression on the right in (6.1.10). This choice of R yields the esti-
mate

15(F)(X) < s pM(D)(0) 8|1 15 ©- (6.0.11)

The required inequality for p > 1 follows by raising to the power g, integrating over
R", and using the boundedness of the Hardy-Littlewood maximal operator M on
LP(R"). Thecase p=1,q= ", also follows from (6.1.11) by the weak type (1,1)
property of M. Indeed,

n-s S l n—s
[Coas ()" 1> 23 = [ (7)Y
Cnsa [ Tl

C f I'S] nES
o (A,

= C(n,s) ( I f)”u) n"s .

We now give an alternative proof of the case p = 1 that correspondsto g = "..

Without loss of generality we may assume that f > 0 has L' norm 1. Once this case
is proved, the general case follows by scaling. Observe that

/ f(x—y)ly* "dy < ZZ‘J"”(S‘”)/ f(x—y)dy. (6.1.12)
RN jez ly|<2)
LetE; = {x: Is(f)(x) > A}. Then

1
Eil < 5 [ W(H0odx
Ex

1/ ly> " f(x —y)dydx
A JE, Jro

1/ i—1)(s—
< 2016 ”)/ f(x—y)dydx
A E)Lje% lyl<2]
_ ! 22“‘”(5‘”)/ / f(x—y)dydx

Az Ey Jlyl<2]

. (6.1.13)
< oY 207D min(|E, |, va21")

A jez

1 . V, . .
— 2(i=1)(s=mE n 2(i=1)(s=n)pjn

. > 1 Eal+ Z 1

21> €| 21<[Ey |

A

C s—n S
;L(|EA| n [Exl+[Exln)

2C s
Eyln.
)lel
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It follows that [E,|"n" < %, which implies the weak type (1, ") estimate for Is.

Here C is a constant that depends on n and s. O

6.1.2 Bessd Potentials

While the behavior of the kernels |x|~"** as |x| — 0 is well suited to their smooth-
ing properties, their decay as |x| — < gets worse as s increases. We can slightly
adjust the Riesz potentials so that we maintain their essential behavior near zero but
achieve exponential decay at infinity. The simplest way to achieve this is by replac-
ing the “nonnegative” operator —A by the “strictly positive” operator | — A. Here
the terms nonnegative and strictly positive, as one may have surmised, refer to the
Fourier multipliers of these operators.

Definition 6.1.4. Let s be a complex number with 0 < Res < <. The Bessel potential

of order s is the operator
/S = (I _A)_S/zv

whose action on functions is given by

Is(f) = (fGs)" = f G,

where
Gs(x) = ((1+4m%E2)~5/2) " (x).

Let us see why this adjustment yields exponential decay for Gs at infinity.

Proposition 6.1.5. Let s > 0. Then Gs is a smooth function on R"\ {0} that sat-
isfies Gs(x) > 0 for all x € R". Moreover, there exist positive finite constants
C(s,n),c(s,n),Csn such that

Gs(X) <C(s,n)e" 2 | when [x| > 2, (6.1.14)

and such that

1 Gs(x)

< <c(s,n when |x| < 2,
C(S,ﬂ) =} |S(X) ( ’ )7 | |

XS+ 14+ O(]x5"*2)  for0<s<n,
Hs(x) = 4 log % +1+O(|x|?) fors=n,
1+0(x]5™") fors>n,

and O(t) is a function with the property |O(t)| < Csnlt| for 0 <t < 4.
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Proof. For A;s > 0 we have the gamma function identity

s 1 2 s dt
A72 = / 7tAt s
r()Jo t

which we use to obtain

s 1 *° s dt
(rariefyi= o e-temmovmery

r(;
Note that the previous integral converges at both ends. Now take the inverse Fourier

transform in & and use the fact that the function el is equal to its Fourier trans-
form (Example 2.2.9) to obtain

(2y/m)™" /°° _t X son dt
Gs(x) = eTe” 4t 2
This proves that Gs(x) > 0 for all x € R" and that Gs is smooth on R"\ {0}. Now
suppose |x| > 2. Thent + ‘i‘t >t+ and alsot + ‘4’[ > |x|. This implies that

X2 _ ot 1 [x

IR S
44 = 2 2 2

from which it follows that when |x| > 2,
(2\/7r)‘”</°° dt) _I _i
Gs(x)| < e ze at’? 2 =Cspe” 2.
| S( )| = F(Z) 0 t s,N
This proves (6.1.14).
Suppose now that [x| < 2. Write Gs(x) = G2(x) 4 G2(x) + G(x), where

(2\/7()7n ‘X‘Z Y _\X\,Z s—n dt/
Gg(x) = F(;) /0 e te 4 (t/) 2 Y

|X|s—n (2\/n)—n /le—t\x\ze 4tts n dt
re) Jo t

2\/7T)_n 4 _ _|><|2 s—n dt
G2(x) = ( / elemat2 |
s r3) Jxe t
2\/7()7n < \X\Z s—n dt
G3(x) = ( / e e at 2
W=k t

In GL we have etM* = 1+ O(t|x|2), since t|x|2 < 4; thus we can write
_ 2\/7'5)7” 1 _ 1 s-n dt O(|X|Sin+2) 1 _ 1 s-n
Gl =[x /e4tt2 + /e4tt2dt
=M ) tT e
= c3aX[*"+O(IX ") as [x — 0.
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. 2 . 17 Ix?

Since0< ™" <lando<t<4inGZ wehavee 4 <e'~ & <1jthusas|x|—0

we obtain

N Gl fors <n,

2 4 s—n dt 2 n-s

G5 (x) z/zt 2= 2IogM fors=n,
X

¥ g5 2 s fors>n.

x|2
Finally, we have e 4 <e~ & < 1in G2, which yields that G3(x) is bounded above
and below by fixed positive constants. Combining the estimates for G(x), G2(x),
and G2(x), we obtain the required conclusion. O

We end this section with a result analogous to that of Theorem 6.1.3 for the
operator _Zs.

Corollary 6.1.6. (a) For all 0 < s < o, the operator _#s maps L"(R") to itself with
normlforall 1 <r < oo,

(b) Let0 <s<nand1l<p<q< e satisfy (6.1.4). Then there exist constants
Cp,q.ns < o such that for all f in LP(R") with p > 1 we have

175 < Coans| FllLs

and also || Zs(f)| g~ <Cuqns|/f|| s when p=1.

Proof. (a) Since é\s(O) =1and Gs > 0, it follows that Gs has L* norm 1. The oper-
ator _Zs is given by convolution with the positive function Gs, which has L! norm
1; thus it maps L"(R") to itself with norm 1 for all 1 < r < oo (see Exercise 1.2.9).
(b) In the special case 0 < s < n we have that the kernel Gs of _#; satisfies

x|~ when |x] <2,

Gs(x) ~ { x

e 2 when |x| > 2.

Then we can write

DK < c[/

- _
oyl oy [ tx-yle ¥ ay)
y|<2 ly|=2

< Cos 1D + [ IFx-y)le ¥ ).

We now use that the function y — e~M/2 is in L™ for all r < e, Theorem 1.2.12
(Young’s inequality), and Theorem 6.1.3 to complete the proof of the corollary. [
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Exercises

6.1.1. (a) Let 0 < s,t < oo be such that s+t < n. Show that Isly = Is+ .
(b) Prove the operator identities

Is(_A)Z = (—A)le = |572Z = (—A)272

whenever Res > 2Rez.
(c) Prove that for all z € C we have

(=)D [(=4)"*(9)) =(fl9)

whenever the Fourier transforms of f and g vanish to sufficiently high order at the
origin.
(d) Given Res > 0, find an o € C such that the identity

(s(F) 1) = [[(=2)“(D)
is valid for all functions f as in part (c).

6.1.2. Use Exercise 2.2.14 to prove that for —ec < @ < n/2 < 3 < oo we have

n/2—a

< ClJa2(1) | 1P

1] gy HLz (D2,

where C depends only on ¢, n, 3.

6.1.3. Show that when 0 < s < n we have

SUp Hls(f)H nEs n = SUp Hfs H n s n =
¥l 2y =1 e [T Lo=s(RY)
Thus Is and _¢s are not of strong type (1, ,",).
[Hint: Consider an approximate identity.]

6.1.4. Let 0 <'s < n. Consider the function h(x) = x| ~*(log )~ n(1+8) for x| < 1/e
and zero otherwise. Prove that when 0 < § < "_* we have h € Ls(R") but that
limy_ Is(h)(x) = e=. Conclude that Is does not map L (R") to L=(R").

6.1.5. For 1 < p < e and 0 < s < o define the Bessel potential space .#"(R") as
the space of all functions f € LP(R") for which there exists another function fo in
LP(R") such that _#s(fo) = f. Define a norm on these spaces by setting ||f|
|| fo| »- Prove the following properties of these spaces:

@) [|[[p <[] ;s hence ZP(R") is a subspace of LP(R").

(b) For all 0 <t,s < o we have Gs * Gt = Gt and thus

72

LPRN)+ LIR") C L (R,
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where 1 < p,q,r <ecand ’l)+é= %4—1.

(c) The sequence of norms || f Hgsp increases, and therefore the spaces .2 (R") de-
crease as s increases.

(d) The map .# is an isomorphism from the space -%°(R") onto £ (R").

[Note: Note that the Bessel potential space ZP(RM coincides with the Sobolev
space L§(R), introduced in Section 6.2.]

6.1.6. For 0 < s < n define the fractional maximal function
1
M) =sup o [ Jx-y)ldy,
t>0 (Vnth) n Jlyl<t

where v;, is the volume of the unit ball in R".
(a) Show that for some constant C we have

M?(f) <Cls(f)

for all f > 0 and conclude that M® maps LP to L% whenever I does.

(b) (Addams [1]) Lets >0,1<p< 2, 1<qg<ebesuchthat = — 4 °P Show
that there is a constant C > 0 (depending on the previous parameters) such that for
all positive functions f we have

sp 1_°SP
(5l <CIMvee A1

Hint: For f #£ 0, write Is(f) = I, + I, where
[
= [Ty, = [ f) Ty,
x—y|<8 x—y[>8

Show that I; < C8SMO(f) and that Io(f) < C8° s M"P(f). Optimize over § > 0 to
obtain

Is(f) <CMYP(F) R MO(f)L- 7,

from which the required conclusion follows easily.]

6.1.7. Suppose that a function K defined on R" satisfies |[K(y)| <C(1+ |y|)~5t"~¢,
where 0 < s<nand0 < C,e < . Prove that the maximal operator

sup t7n+s
t>0

[, fo=yKv/0ay

maps LP(R") to LY(R") whenever Is maps LP(R") to LY(R").
[Hint: Control this operator by the maximal function M® of Exercise 6.1.6.}

6.1.8. Let 0 < s < n. Use the following steps to obtain a simpler proof of Theorem
6.1.3 based on more delicate interpolation.

(a) Prove that ||Is(xe)|| .. < |E|n for any set E of finite measure.

(b) For any two sets E and F of finite measure show that



6.1 Riesz and Bessel Potentials, Fractional Integrals 11
" s
[ 11:G2e) ol e < [ IF 3.
(c) Use Exercise 1.1.12 to obtain that

HIS(XE)HLnEs>°° = CnS|E|

(d) Use parts (a), (c), and Theorem 1.4.19 to obtain another proof of Theorem 6.1.3.
[Hint: Parts (a) and (b): Use that when A > 0, the integral |z ly|~* dy becomes
largest when E is a ball centered at the origin equimeasurable to E.]

6.1.9. (Welland [329]) Let 0 < a < n and suppose 0 < &€ < min(¢,n — o). Show
that there exists a constant depending only on «, €, and n such that for all compactly
supported bounded functions f we have

la(f)| < Cy/Moe(f)Mote(f),
where MB () is the fractional maximal function of Exercise 6.1.6.
[Hint: Write
f(y)[dy [f(y)ldy
()] < / | + /
HlOI= Jycs peyire * yios peyre

and split each integral into a sum of integrals over annuli centered at x to obtain the
estimate
[l (F)] SC(s*MP7E(f) +s7EM*FE(1)).

Then optimize over s.

6.1.10. Show that the discrete fractional integral operator

ak
{aj}jezn _’{ Z (|j_k|+1)n*0‘}jezn

kezn

maps ¢5(Z") to //(Z") when0 < @ < n,1 <s<t,and

6.1.11. Show that the bilinear operator

Bu(1,0)00 = [ [ 10)a@(x—y|+p—z) 2" “dydz

maps LP(R™) x LY(R") to L"(R") when 1 < p,q < = and

1 1 a1
+= 4
P qQ n r

[Hint: Control B, (f,g) by the product of two fractional integrals.]
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6.1.12. (Grafakos and Kalton [148]/Kenig and Stein [189]) (a) Prove that the bi-
linear operator
S(F.9)(0 = [ _1f(x+tgx—]dt
lt|<1
maps LL(R") x L1(R") to L2 (R").
(b) For 0 < o < n prove that the bilinear fractional integral operator

1o (f,9) (%) :/Rn F(x+t)g(x —t)[t| "ot

maps L1(R") x L1(R") to L2n"«=(R").

[Hint: Part (a): Write f = ¥, zn fi, where each f, is supported in the cube k+[0,1]"
and similarly for g. Observe that the resulting double sum reduces to a single sum
and use that (3 aj)l/2 <7Jj a}/z for aj > 0. Part (b): Use part (a) and adjust the
argument in (6.1.13) to a bilinear setting.]

6.2 Sobolev Spaces

In this section we study a quantitative way of measuring smoothness of functions.
Sobolev spaces serve exactly this purpose. They measure the smoothness of a given
function in terms of the integrability of its derivatives. We begin with the classical
definition of Sobolev spaces.

Definition 6.2.1. Let k be a nonnegative integer and let 1 < p < «. The Sobolev
space L{ (R") is defined as the space of functions f in LP(R") all of whose distribu-
tional derivatives 0% f are also in LP(R") for all multi-indices o that satisfy || <k.
This space is normed by the expression

Hf|\L5=HZ<k|\9°‘fHLm (6.2.1)
o<

where 900 f — f.

Sobolev spaces measure smoothness of functions. The index k indicates the “de-
gree” of smoothness of a given function in L,f. As k increases the functions become
smoother. Equivalently, these spaces form a decreasing sequence

LPoLP ool

meaning that each LEH(R“) is a subspace of LE(R”). This property, which coincides
with our intuition of smoothness, is a consequence of the definition of the Sobolev
norms.

We next observe that the space LE(R”) is complete. Indeed, if f; is a Cauchy

sequence in the norm given by (6.2.1), then {d*f;}; are Cauchy sequences for all
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|| < k. By the completeness of LP, there exist functions f, such that 9% f; — f, in
LP. This implies that for all ¢ in the Schwartz class we have

(—1)\“\/ f (8“(p)dx:/ (ao‘fj)(pdx—>/ fo @ dx.
R" RN R"

Since the first expression converges to

(0 [ fo(0"p)ax,

it follows that the distributional derivative 0% fg is f,. This implies that f; — fo in
LP (R") and proves the completeness of this space.

Our goal in this section is to investigate relations between these spaces and
the Riesz and Bessel potentials discussed in the previous section and to obtain a
Littlewood—Paley characterization of them. Before we embark on this study, we
note that we can extend the definition of Sobolev spaces to the case in which the
index k is not necessarily an integer. In fact, we extend the definition of the spaces
LP (R") to the case in which the number k is real.

6.2.1 Definition and Basic Properties of General Sobolev Spaces

Definition 6.2.2. Let s be a real number and let 1 < p < . The inhomogeneous
Sobolev space L{(R") is defined as the space of all tempered distributions u in
<'(R™) with the property that

(1+E17)20)" (6.2.2)

is an element of LP(R™). For such distributions u we define
ullep = 1€+ 1 )2 0o

Note that the function (1 + |£|2)2 is € and has at most polynomial growth at
infinity. Since 0 € ./ (R"), the product in (6.2.2) is well defined.

Several observations are in order. First, we note that when s = 0, LY = LP. It is
natural to ask whether elements of LY are always LP functions. We show that this is
the case when s > 0 but not when s < 0. We also show that the space L{ coincides
with the space Llf given in Definition 6.2.1 when s = k and k is an integer.

To prove that elements of L{ are indeed LP functions when s > 0, we simply note
that if f; = ((1+|&2)%/2F)Y, then

f = (5(£)Gs(&/2m))" = fs+ (2m)" Gs(2m(-))
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where Gg is given in Definition 6.1.4. Thus a certain dilation of f can be expressed
as the Bessel potential of itself; hence Corollary 6.1.6 yields that

¢l < [fsllo =7

HLP HLspv

for some constant c.

We now prove that if s = k is a nonnegative integer and 1 < p < oo, then the norm
of the space Lp as given in Definition 6.2.1 is comparable to that in Deflnltlon 6.2.2.
Suppose that f € Lp according to Definition 6.2.2. Then for all |o¢| < k we have

~

imalfiEE —e(fOnseh? L) 629

Theorem 5.2.7 gives that the function

élx
(1+ g K2

is an LP multiplier. Since by assumption (fA(é)(lJr |§|2)l§)v isin LP(RM), it follows
from (6.2.3) that 9% f is in LP and also that

>, [10%]|.s < Conil (@122 HY||Lo-

<k

Conversely, suppose that f € LE according to Definition 6.2.1; then

ek k! o« &
BG4I = 2 otk (1 (e2)}

As we have already observed, the functions my, (&) = E*(1+4|€]?)~  are LP multi-
pliers whenever |ct| < k. Since

(A+[EPEF) = T coax(ma(&)E“T) = 3 ¢ (Ma(&)aot)",

o<k o <k

it follows that

~

H( (5)(1+|€| HLP <Cpnk 2 H gy)vHLp'

l7|<k

Example 6.2.3. Every Schwartz function lies in LY (R") for s real. Sobolev spaces
with negative indices s can indeed contain tempered distributions that are not lo-
cally integrable functions. For example, Dirac mass at the origin dy is an element of
LP(R") for all s > n/p’. Indeed, when 0 < s < n, Proposition 6.1.5 gives that Gs
[i.e., the inverse Fourier transform of (1+ |& |2)*§] is integrable to the power p as
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long as (s—n)p > —n (i.e., s > n/p’). When s > n, Gs is integrable to any positive
power.

We now continue with the Sobolev embedding theorem.

Theorem 6.2.4. () Let0 <s < B and 1 < p < . Then the Sobolev space L{(R")
continuously embeds in L%(R") when

1 1 s

p g n
(b) Let0 <s= g and 1 < p < . Then LY (R") continuously embeds in L4(R") for
any 7 <q<eo.
(c) Let B <s <o and 1< p< . Then every element of LY (R") can be modified

on a set of measure zero so that the resulting function is bounded and uniformly
continuous.

Proof. (a) If f € LY, then fs(x) = ((1+|€[2)2 f)Y(x) isin LP(R"). Thus

f(x) = (1+[E]})2 )" (x);
hence f = G x fs. Since s < n, Proposition 6.1.5 gives that
|Gs(x)] < Csp[x*™"

for all x € R". This implies that |f| = |Gs * fs| < Csnls(|fs|). Theorem 6.1.3 now
yields the required conclusion

Iflie < Caallts(tsDlla < CSallfllee-

(b) Givenany § < g < e we can find t > 1 such that

Thenl <} + tl which implies that (—n-s)t > —n. Thus the function |x| ="y, <
is integrable to the tth power, which implies that Gs is in L!. Since f = Gg * fs,
Young’s inequality gives that

[ llare) < [HsllLogro [1Gs{l ey = CaslI e -
n/p

(c) As before, f = Gsx fs. If s > n, then Proposition 6.1.5 gives that the function
Gs isin LP'(R"). Now if n > s, then Gg(x) looks like |x|"** near zero. This function
is integrable to the power p’ near the origin if and only if s > n/p, which is what
we are assuming. Thus f is given as the convolution of an LP function and an LP
function, and hence it is bounded and can be identified with a uniformly continuous
function (cf. Exercise 1.2.3). O
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We now introduce the homogeneous Sobolev spaces LY. The main difference
with the inhomogeneous spaces L¥ is that elements of LY may not themselves be
elements of LP. Another difference is that elements of homogeneous Sobolev spaces
are not tempered distributions but equivalence classes of tempered distributions.

We would expect the homogeneous Sobolev space L{ to be the space of all dis-
tributions u in ./ (R") for which the expression

(I&1Fm)” (6.2.4)

is an LP function. Since the function |&|® is not (always) smooth at the origin, some
care is needed in defining the product in (6.2.4). The idea is that when u lies in
'/ 2, then the value of U at the origin is irrelevant, since we may add to U a
distribution supported at the origin and obtain another element of the equivalence
class of u (Proposition 2.4.1). It is because of this irrelevance that we are allowed
to multiply U by a function that may be nonsmooth at the origin (and which has
polynomial growth at infinity).

To do this, we fix a smooth function (&) on R" that is equal to 1 when |&] > 2
and vanishes when |&| < 1. Then fors e R, u € ./(R")/ <, and ¢ € ./(R") we

define
(1&0.9) = lim (@,n(3)IEPp(5)),

provided that the last limit exists. Note that this defines |£ |50 as another element of
'/ 2, and this definition is independent of the function 7, as follows easily from
(2.3.23).

Definition 6.2.5. Let s be a real number and let 1 < p < . The homogeneous
Sobolev space L (R") is defined as the space of all tempered distributions modulo
polynomials u in .#/(R")/ 22 for which the expression

(1&Fa)”
exists and is an LP(R") function. For distributions u in L_?(R”) we define
||u||L£ = H(|'|Sﬁ)v||Lp(Rn)- (6.2.5)

As noted earlier, to avoid working with equivalence classes of functions, we iden-
tify two distributions in LY (R") whose difference is a polynomial. In view of this
identification, the quantity in (6.2.5) is a norm.

6.2.2 Littlewood—Paley Characterization of Inhomogeneous
Sobolev Spaces

We now present the first main result of this section, the characterization of the inho-
mogeneous Sobolev spaces using Littlewood—Paley theory.
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For the purposes of the next theorem we need the following setup. We fix a radial
Schwartz function ¥ on R" whose Fourier transform is nonnegative, supported in
the annulus 1 — 3 < |€| < 2, equal to 1 on the smaller annulus 1 < & < 2— 2, and

satisfies W(£) + W(£/2) =1onthe annulus 1 < |€| < 4— ‘7‘. This function has the
property o
S PeiE) =1 (6.2.6)

jez
for all & # 0. We define the associated Littlewood-Paley operators A; given by
multiplication on the Fourier transform side by the function ¥ (271&), that is,

Aj(f):A}P(f):‘Pz,j*f. (6.2.7)
Notice that the support properties of the A;j’s yield the simple identity

Aj = (Aj_1+Aj+Aj1) A
for all j € Z. We also define a Schwartz function @ so that

500 Zi<oP(2718)  when & #£0,
o) = {1 J when & = 0. (6.2.8)

Note that 5(5) isequalto 1 for |§| <2 -— vanlshes when |€| > 2, and satisfies
+Y PRE =1 (6.2.9)
j=1

for all £ in R". We now introduce an operator Sy by setting
So(f)=dx*f. (6.2.10)

Identity (6.2.9) yields the operator identity

So+ Y Aj=1,
=1

in which the series converges in ./ (R"); see Exercise 2.3.12. (Note that So(f) and
Aj(f) are well defined functions when f is a tempered distribution.)

Having introduced the relevant background, we are now ready to state and prove
the following result.

Theorem 6.2.6. Let @, ¥ satisfy (6.2.6) and (6.2.8) and let Aj, Sp be as in (6.2.7)
and (6.2.10). Fix s € R and all 1 < p < . Then there exists a constant C; that
depends only on n,s, p, @, and ¥ such that for all f € LY we have

||So(f)||LP+H(§, (25)aj(f 2)%HLP§C1HfHLg' (6.2.11)
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Conversely, there exists a constant C, that depends on the parameters n,s, p, @, and
¥ such that every tempered distribution f that satisfies

oo 1
S| A. 22 oo
||So(f)HLp+H(j:Zl(2 AiH02)° ||, <
is an element of the Sobolev space L with norm
oo 1
HfHLSpgcz(uso(f)|\Lp+H(§ (@|a;(D]?)* Lp), (6.2.12)

Proof. We denote by C a generic constant that depends on the parameters n,s, p, @,
and ¥ and that may vary in different occurrences. For a given tempered distribution
f we define another tempered distribution fs by setting

fo=((1+]-»2f)"

so that we have HfHLE = || fs]|,p if f € LS.

We first assume that the expression on the right in (6.2.12) is finite and we show
that the tempered distribution f lies in the space LY by controlling the LP norm of
fs by a multiple of this expression. We begin by writing

fi=(0f) +(1-2)f)",

and we plan to show that both quantities on the right are in LP. Pick a smooth
function with compact support 1 that is equal to 1 on the support of @. It is a
simple fact that for all s € R the function (14 |&|2)2no(&) is in Ap(R") (ie., itis
an LP Fourier multiplier). Since

(@) (0 = {(1+1€2)2M0(&)) So(F)(€)} (%), (6.2.13)

we have the estimate JUN
[(@F5)"]| s <ClISo()]Le- (6.2.14)

We now introduce a smooth function .. that vanishes in a neighborhood of the
origin and is equal to 1 on the support of 1 — @. Using Theorem 5.2.7, we can easily
see that the function .

(L+1E)2

£ Nes (&)

is in .#,(R") (with constant depending on n, p, n.., and s). Since

(14 18[%)2n(&)

cp o IEPa- @) T) ),

(A+1EP2a-d(E)T) 0 = (

we obtain the estimate
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(1= &) 8)" o <C[[ ] o (6.2.15)

Iis

where f.. is another tempered distribution defined via

- = (IEFL- (&))",

We are going to show that the quantity | f..|| , is finite using Littlewood—Paley

theory. To achieve this, we introduce a smooth bump C supported in the annulus

2 <|&] < 4 and equal to 1 on the support of ¥. Then we define 6(&) = |€]° C(&)
and we introduce Littlewood—Paley operators

Af(9) =g+ 6y,

where 6, (t) = 21"9(21t). Recalling that

=Y vt

k>1

we obtain that

=

Bl f= Y orreigae o

and hence

Using estimate (5.1.20), we obtain
- .
[ fo]lp SC[( X 125545 (F)7) 2 || Lp < oo (6.2.16)
j=1

Combining (6.2.14), (6.2.15), and (6.2.16), we deduce the estimate in (6.2.12). (In-
cidentally, this argument shows that f.. is a function.)

To obtain the converse inequality (6.2.11) we essentially have to reverse our
steps. Here we assume that f € LY and we show the validity of (6.2.11). First, we
have the estimate

[|So(f)

< Cl|fs][p =CI| ]| e (6.2.17)

Iis s

since we can obtain the Fourier transform of So(f) = @« f by multiplying s by the
LP Fourier multiplier (1+ |€[2)~2®(&). Second, setting 6(&) = |EI7*P(&) and
letting A{ be the Littlewood—Paley operator associated with the bump 6(271&), we

have R _ R _ R R
2P (2718 T =0 (271G T =027 11— @),

when j > 2 [since @ vanishes on the support of 6(21&) when j > 2]. This yields
the operator identity
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2BAj(f) = A7 (f.). (6.2.18)
Using identity (6.2.18) we obtain

[(S2aicn) ], = | (ascoe)’

where the last inequality follows by Theorem 5.1.2. Notice that

= (era-aen ) = (5 2E %)

and since the function |€[3(1— ®(&))(1+ |€[%)~ 2 isin .#,(R") by Theorem 5.2.7,
it follows that

L=l 6219

H f°°”|_p = CH fSHLP = CH f HL??
which combined with (6.2.19) yields
= 1
(X EainR) | <cllfe- (6.2.20)
= L :

Finally, we have
2/ (f) =22(P(REA+ER 21+ (EP)2 T) =25(P(LE)A+[EP) 2 )",

and since the function ‘f’(;é)(l +]&[2)~2 is smooth with compact support and thus
in ., it follows that

|2280(D)1o < €|l fsllp =€l p- (6.2.21)

e s

Combining estimates (6.2.17), (6.2.20), and (6.2.21), we conclude the proof of
(6.2.11). O

6.2.3 Littlewood—Paley Characterization of Homogeneous Sobolev
Spaces
We now state and prove the homogeneous version of the previous theorem.

Theorem 6.2.7. Let ¥ satisfy (6.2.6) and let Aj be the Littlewood—Paley operator
associated with . Let s € R and 1 < p < . Then there exists a constant C; that
depends only on n,s, p, and ¥ such that for all f € LY(R") we have

1
[(Z@Fainir)”
Jez Le

<Cu|f|ip- (6.2.22)
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Conversely, there exists a constant C, that depends on the parameters n,s, p, and ¥
such that every element f of #/(R")/ < that satisfies

(X

lies in the homogeneous Sobolev space LY and we have

< o
LP

B (6.2.23)

I <o (ermon

Proof. The proof of the theorem is similar but a bit simpler than that of Theorem
6.2.6. To obtain (6.2.22) we start with f € L{ and we note that

2BAi(f) =28 (P15 P2 7I8) ) = (6(2718) )" = A7 (%),

where 6(&) = ¥(&)|&|~S and A7 is the Littlewood—Paley operator given on the
Fourier transform side by multiplication with the function 6(2-1&). We have

(5 2easoe) = (S aron)],

where the last inequality follows from Theorem 5.1.2. This proves (6.2.22).

Next we show that if the expression on the right in (6.2.23) is finite, then the
distribution f in .”/(R")/ 2 must lie the in the homogeneous Sobolev space L¥
with norm controlled by a multiple of this expression.

Define Littlewood—Paley operators Aj” given by convolution with 1, j, where 1

is a smooth bump supported in the annulus é < |€] < 2 that satisfies

<Cl[fsll, =l e

Yy ne ke =1, E+£0, (6.2.24)

kez

or, in operator form,

Y Al =1,

kez
where the convergence is in the sense of .’/ in view of Exercise 2.3.12. We
introduce another family of Littlewood—Paley operators AJe given by convolution

with 6,-j, where (&) = 71(&)|E[°. Given f € .7/(R")/ 2, we set fs = (|&[*F)",
which is also an element of .#/(R")/ 2. In view of (6.2.24) we can use the reverse
estimate (5.1.8) in Theorem 5.1.2 to obtain for some polynomial Q,

Hf||-Lg=Hfs—QHLpSCH(EZZM,-”USMZ)% Lp=CH(J_€22|2J’SA?<f>|2)%

Lp
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Recalling the definition of A;j (see the discussion before the statement of Theorem
6.2.6), we notice that the function

P(36)+P(E)+P(28)

is equal to 1 on the support of 0] (which is the same as the support of 7). It follows
that
AJ-G = (Aj,1 + Aj -I-AHl)AJ-e .

We therefore have the estimate

|(gzratir)],

and applying Proposition 5.1.4, we can control the last expression (and thus || f HLE)
by a constant multiple of

)

LP

Z H( |A Ajr(2F)] )1

(5, meror)

jez

Lp .

This proves that the homogeneous Sobolev norm of f is controlled by a multiple of
the expression in (6.2.23). In particular, the distribution f lies in the homogeneous
Sobolev space LY. This ends the proof of the converse direction and completes the
proof of the theorem. O

Exercises

6.2.1. Show that the spaces LY and L¥ are complete and that the latter are decreasing
as s increases.

6.2.2.(a) Let 1 < p < o and s € Z*. Suppose that f € L(R") and that ¢ is in
Z(R"). Prove that ¢ f is also an element of LY (R™).

(b) Let v be a function whose Fourier transform is a bounded compactly supported
function. Prove that if f is in L2(R"), then so is vf.

6.2.3. Let s > 0 and « a fixed multi-index. Find the set of p in (1,c) such that the
distribution 0% & belongs to LP

6.2.4. Let | be the identity operator, 11 the Riesz potential of order 1, and R; the
usual Riesz transform. Prove that

n
=Y IiR;9;,
j=1

and use this identity to obtain Theorem 6.2.4 when s = 1.
[Hint: Take the Fourier transform. |
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6.2.5. Let f be in LY for some 1 < p < oo. Prove that 9 f is in L?

s—laf’

6.2.6. Prove that for all €* functions f that are supported in a ball B we have
1 7 _
fool< - [IVIIk—y "y,
Wn-1 JB

where w,_1 = |S"~1|. For such functions obtain the local Sobolev inequality

fllis@) < Carnl[VEllo)

wherel<p<g<eandl/p=1/q+1/n.
[Hint: Start from f(x) = [V f(x—t6) - 6dt and integrate over 6 € S"1.]

6.2.7. Show that there is a constant C such that for all ¢! functions f that are
supported in a ball B we have

1
|B,|/ |f(x)—f(z)|dz§C/|Vf(y)||x_y|—n+1dy
B’ B

for all B/ balls contained in B and all x € B'.
[Hint: Start with f(z) — f(x) = folVf(x—H(z—x)) (z—X) dt.}

6.2.8. Let 1 < p <o and s> 0. Show that
fell < felP and felf.

Conclude that I'_E.ﬁ LP = LY and obtain an estimate for the corresponding norms.
[Hint: If f is in L{ NLP use Theorem 5.2.7 to obtain that || f HLQ is controlled by a

multiple of the LP norm of (f(&)(1+|&|%))Y. Use the same theorem to show that
1flle =l lle]

6.2.9. (Gagliardo [139]/Nirenberg [249] ) Prove that all Schwartz functions on R"
satisfy the estimate

n
1l S_l_IlHaijﬂ"a
J:

where 1/q+1/n=1.

[Hint: Use induction beginning with the case n = 1. Assuming that the inequality is
validforn—1,set1j(x1) = [gn-1|0j f (x1,X')|dX for j=2,...,n, wherex = (x1,x) €
RxR"Land Iy (X') = Jq1 |01 f(x1,X')|dx;. Apply the induction hypothesis to obtain

n
Hf(X1, .)||Lq, < H |j(X1)1/(”*l>
j=2

and use that | f|9 < I3(x)%("=|f| and Holder’s inequality to calculate || f|| ]
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6.2.10. Let f € LZ2(R"). Prove that there is a constant c, > 0 such that

(X+1) + F(x—1) — 2 (x) °
/Rn/Rn e dxdt—cn/ 2|a, x) |2 dx.

6.2.11. (Christ [61] ) Let 0 < 3 < o and let
Co= [ 16()P(L-+I)"(log(2+ [£)) " de.
(a) Prove that there is a constant C(n, 3,Cq) such that for every g > 2 we have

B+1
HgHLq(Rn) <C(n,B,Co)q :

(b) Conclude that for any compact subset K of R" we have
/ e‘g(x)‘ydx < oo
K

whenever y <
[Hint: Part (a): For g > 2 control HgHLq(R”)

equality with exponents g, and 2(qq_—21)_ Part (b): Expand the exponential in a Taylor
series. |

6.2.12. Suppose thatm € LZ(R") for some s > J and let 1 > 0. Define the operator

T, by setting m(é) =m(AE&)F(&). Show that there exists a constant C = C(n,s)
such that for all f and u > 0and A > 0 we have

LD dx < [ 1002 M(u)(x)dx.
R" R"

6.3 Lipschitz Spaces

The classical definition says that a function f on R" is Lipschitz (or Holder) contin-
uous of order y > 0 if there is constant C < < such that for all x,y € R" we have

[f(x+y) = )l <Cly|". (6.3.1)

It turns out that only constant functions satisfy (6.3.1) when y > 1, and the corre-
sponding definition needs to be suitably adjusted in this case. This is discussed in
this section. The key point is that any function f that satisfies (6.3.1) possesses a
certain amount of smoothness “measured” by the quantity y. The Lipschitz norm of
a function is introduced to serve this purpose, that is, to precisely quantify and ex-
actly measure this smoothness. In this section we formalize these concepts and we
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explore connections they have with the orthogonality considerations of the previ-
ous chapter. The main achievement of this section is a characterization of Lipschitz
spaces using Littlewood—Paley theory.

6.3.1 Introduction to Lipschitz Spaces

Definition 6.3.1. Let 0 < y < 1. A function f on R" is said to be Lipschitz of order
y if it is bounded and satisfies (6.3.1) for some C < <. In this case we let

[f(x+h) — F(x)|
f ny — f S >
1], my = (111 R e (0} hl”

and we set
Ay(R") = {f : R" — C continuous: HfHAy(R“) < oo}

Note that functions in A,(R") are automatically continuous when y < 1, so we did
not need to make this part of the definition. We call A,(R") the inhomogeneous
Lipschitz space of order y. For reasons of uniformity we also set

Ag(R") =L=(R")NC(R"),
where C(R") is the space of all continuous functions on R". See Exercise 6.3.2.

Example 6.3.2. The function h(x) = cos(x-a) for some fixed a € R" is in A, for all
v < 1. Simply notice that |h(x) —h(y)| < min(2, |a||x —y|).

We now extend this definition to indices y > 1.
Definition 6.3.3. For h € R" define the difference operator Dy, by setting
Da(f)(x) = f(x+h) — F(x)

for a continuous function f : R" — C. We may check that

DZ(f)(x) = Dp(Dpf)(x) = f(x+2h) —2f(x+h) + f(x),

D3(f)(x) = Dp(DEf)(x) = f(x+3h) —3f(x42h) +3f(x+h) — f(x),
and in general, that Dﬁ“(f) = D (Dn(f)) is given by

) k+1 k41
DE(f)(x) = Sga(—l)k+1 S( < ) f(x+sh) (6.3.2)

for a nonnegative integer k. See Exercise 6.3.3. For y > 0 define
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DY (£)(x)|
fll, =|[fl],.+S S ’
£, = 1E1l. bl et S T

where [y] denotes the integer part of v, and set
Ay={f:R" — C continuous HfHAy < oo}

We call Ay(R") the inhomogeneous Lipschitz space of order y € R™.
For a tempered distribution u we also define another distribution Df(u) via the

identity
<DE(U)a (P> = <U, Dk—h((p)>
for all ¢ in the Schwartz class.

We now define the homogeneous Lipschitz spaces. We adhere to the usual con-
vention of using a dot on a space to indicate its homogeneous nature.

Definition 6.3.4. For y > 0 we define

[v]+1

D f

[f]l; = sup sup Dy (F) (x)]
v XeRMheRM {0} |h|y

and we also let Ay be the space of all continuous functions f on R" that satisfy
| f HA < . We call A, the homogeneous Lipschitz space of order y. We note that

elements of Ay have at most polynomial growth at infinity and thus they are elements
of #'(RM).

A few observations are in order here. Constant functions f satisfy Dy (f)(x) =0
for all h,x € R", and therefore the homogeneous quantity || - ||Ay is insensitive to
constants. Similarly the expressions D () and || f HAy do not recognize polyno-
mials of degree up to k. Moreover, polynomials are the only continuous functions
with this property; see Exercise 6.3.1. This means that the quantity || f HAy is not a
norm but only a seminorm. To make it a norm, we need to consider functions mod-
ulo polynomials, as we did in the case of homogeneous Sobolev spaces. For this
reason we think of A, as a subspace of ./ (R")/ .

We make use of the following proposition concerning properties of the difference
operators DE.

Proposition 6.3.5. Let f be a ¢™ function on R" for some m € Z™. Then for all
h = (hy,...,hy) and x € R" the following identity holds:

— /01 S hy (95 ) (x+ sh) ds. (6.3.3)
=1

More generally, we have that
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DR(f N hje N 9y -9 F) (X+ (14 - ~+Sm)h)dsy - - - dsm. (6.3.4)
1<j;<n
0.1™1<¢<m

Proof. Identity (6.3.3) is a consequence of the fundamental theorem of calculus
applied to the function t — f((1 —t)x+t(x+h)) on [0,1], while identity (6.3.4)
follows by induction. O

6.3.2 Littlewood—Paley Characterization of Homogeneous
Lipschitz Spaces

We now characterize the homogeneous Lipschitz spaces using the Littlewood—Paley
operators Aj. As in the previous section, we fix a radial Schwartz function ¥ whose
Fourier transform is nonnegative, supported in the annulus 1 — 1 < €| <2,isequal

to one on the annulus 1 < || < 2— 2, and that satisfies

S PeiE) =1 (6.3.5)
jez
for all £ # 0. The Littlewood—Paley operators A; = AJ'-” associated with ¥ are given
by multiplication on the Fourier transform side by the smooth bump l13(2‘1'5).

Theorem 6.3.6. Let A be as above and y > 0. Then there is a constantC = C(n, )
such that for every f in A, we have the estimate

sup217 a5 (1), <[], 6:35)
jez v
Conversely, every element f of ./ (R") /2 that satisfies
sup 21| Aj(f)]| = <= (6.3.7)
jez
is an element of A, with norm
I[15, = Csup27[[4;(F)]] - (6:38)
jez

for some constantC’' = C'(n, y).

Note that condition (6.3.7) remains invariant if a polynomial is added to the func-
tion f; this is consistent with the analogous property of the mapping f — || f HAY'
Proof. We begin with the proof of (6.3.8). Let k = [y] be the integer part of y.
Let us pick a Schwartz function 1 on R" whose Fourier transform is nonnegative,
supported in the annulus g < €] <2, and that satisfies
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Y nEele2=1 (6.3.9)
jez
forall & #£ 0. Associated with 17, we define the Littlewood—Paley operators AJ” given

by multiplication on the Fourier transform side by the smooth bump 77(2-J&). With
¥ asin (6.2.6) we set

O(E)=P(3&)+P(&)+P(28),

and we denote by AJ@ = Aj_1+ Aj+ Aj;q the Littlewood—Paley operator given by

multiplication on the Fourier transform side by the smooth bump (5(2‘15).
The fact that the previous function is equal to 1 on the support of 7 together with
the functional identity (6.3.9) yields the operator identity

2 [C]
=2 (4])° = 2 APAj 4],
jez jez

with convergence in the sense of the space .#/(R") /. Since convolution is a linear
operation, we have DL (F x G) = F + DFT1(G), from which we deduce

DEH(f) = X, AP(F) * D™ (np-1) # M-
jez

= _ZZDﬁ“m?(f)) £ (N*M)y s
je

(6.3.10)

for all tempered distributions f. The convergence of the series in (6.3.10) is in the
sense of .’/ &7 in view of Exercise 5.2.2. The convergence of the series in (6.3.10)
in the L= norm is a consequence of condition (6.3.7) and is contained in the follow-
ing argument.

Using (6.3.2), we easily obtain the estimate

DK (AP ()5 (*n)yi |- < 2T nxn|| 1 ]|AP (F) (6.3.11)

o=
We first integrate over (sg,...,Sc 1) € [0,1]%*1 the identity

2 Z hry Ny (O - O Mp-i) (X4 (S1+ -+ - +Sky1)h)

rn=1rg1=1

= ZJ (k+1) 2 2 hf1 hrk+1 arl armn)zﬁ (X+ (Sl +ot Sk+l)h) ’

rn=1 rg1=1

We then use (6.3.4) with m = k + 1, and we integrate over x € R" to obtain

) n n
HDEH(nZ*j)HLl S2J(k+1)|h|k+1 Z Z Harl"'aranHLl'

rn=1rg1=1
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We deduce the validity of the estimate

||Aj@(f)*DE+l(nzfi)*n2 J'||L°°
147 (F)]] = D5 (1-5) M| (6.3.12)

1P (D=2 e 3 (lo*n ]l
|or|<k+1

IN

IN

Combining (6.3.11) and (6.3.12), we obtain

HAJ@(f)*DEH(nH) *Mo-j H,_oo

. 6.3.13
< Cnk][AL ()| - min (1, [2T0[<H1) . ( )

I~

We insert estimate (6.3.13) in (6.3.10) to deduce
Dk+1 f . ’ ) ) )
DR )HL < C 2ZJYHAJ_@(]()HLMmin(2—”/721(k+177/)|h|k+1)7
[hY " &

from which it follows that

1114,

IN

sup 2 217|| A9 (1)]| . min (2717, 20k 1=+ 1)
heRM\ {0} |h|y =

C'sup2!7||Af (f) |‘Lmsup2m|n(|h| Y21 2ilkt1=n) |y kL)
jez h#0 jez

IN

C'sup2!7||Af (1)]| -,

jez
since the last numerical series converges (y < k+1 = [y] + 1). This proves (6.3.8)
with the difference that instead of A we have AJ-@ on the right. The passage to Aj is
a trivial matter, since A®? = Aj_1 +Aj+ Aji1.

Having established (6.3.8), we now turn to the proof of (6.3.6). We first consider
the case 0 < y < 1, which is very simple. Since each Aj is given by convolution with
a function with mean value zero, we may write

Ai(H0) = [ Fx=y)¥-1()ay

- /Rn(f(x—y)— f(x))¥5-i(y) dy

_ 2*17/ Dy iy ring 2y ay,
JrnylY
and the previous expression is easily seen to be controlled by a constant multiple of
270 f ||Ay' This proves (6.3.6) when 0 < y < 1. In the case y > 1 we have to work
a bit harder.
As before, set k = [y]. Notice that for Schwartz functions g we have the identity
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D™ (g) = (8(&) (™" — 1)) "
To express Aj(g) in terms of Dﬁ*l(g), we need to introduce the function
£ @(245) (e _qy~(k+1)

But as the support of ¥(21&) may intersect the set of all & for which & -h is an
integer, the previous function is not well defined. To deal with this problem, we pick
a finite family of unit vectors {ur}, so that the annulus } < |&| < 2 is covered by
the union of sets

U={EeR": J<[g|<2, J<|E-u|<2)

—

Then we write ¥ as a finite sum of smooth functions w () where each ‘I/’(B is
supported in Uy. Setting

1 .
hr = 8 zijUr 5
we note that
le@j wf — (lf,(?) (271g) (e2miENr  1)~(k+D)(g2mithe _ 1)k fA(é))v 6310
— s i—jr. 1 _ - =
= (#0(271g) (22 s — 1)~ DEI(1) (6))
and observe that the exponential is never equal to 1, since
27t ey = L <pielu <],

Since the function £(1 = (0 (&) (e276-3u — 1)~(<+1) s well defined and smooth
with compact support, it follows that

e £ =)+ D5, ().

2-itu
which implies that

[EACERI S

IN

Iz Py, (Pl
€Ol 27

Summing over the finite number of r, we obtain the estimate

IN

145 (D)l - =€ 5,277

which concludes the proof of the theorem. O



6.3 Lipschitz Spaces 31

6.3.3 Littlewood—Paley Characterization of Inhomogeneous
Lipschitz Spaces

We have seen that quantities involving the Littlewood—Paley operators Aj character-
ize homogeneous Lipschitz spaces. We now address the same question for inhomo-
geneous spaces.

As in the Littlewood—Paley characterization of inhomogeneous Sobolev spaces,
we need to treat the contribution of the frequencies near zero separately. We recall
the Schwartz function @ introduced in Section 6.2.2:

B(E) = {Zj<o'f'(2j5) when & #0,

6.3.15
1 when £ =0. ( )

Note that & (&) is equal to 1 for || <2 — % and vanishes when || > 2. We also
recall the operator Sp(f) = @ * f. One should not be surprised to find out that a
result analogous to that in Theorem 6.2.6 is valid for Lipschitz spaces as well.

Theorem 6.3.7. Let ¥ and Aj be as in the Theorem 6.3.6, @ as in (6.3.15), and
v > 0. Then there is a constant C = C(n, y) such that for every f in A, we have the
estimate _
[So(H),-+su274i(F) |- <], (6:3.16)
>

Conversely, every tempered distribution f that satisfies

||So(f)HLm+s_gr1)2”’HAj(f)HLw <oo (6.3.17)
1=

can be identified with an element of A,. Moreover, there is a constant C' = C'(n, y)
such that for all f that satisfy (6.3.17) we have

111, <€ (IS0l - +sup27[]4; ()] - ) (6.3.18)
i>1
Proof. The proof of (6.3.16) is immediate, since we trivially have
[So())]| e = [If @[ < [|@|a][F]] - < C[ ][,

and also _
sup2'7[ (1|, <Cf|fflz, <c[f]l,,
j=1

by the previous theorem.
Therefore, the main part of the argument is contained in the proof of the converse
estimate (6.3.18). Here we introduce Schwartz functions £, n so that

E<s>2+iﬁ<z—Jé>2=1
j=
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and such that 7] is supported in the annulus g <|é|<2and Zis supported in the ball
|| < 1. We associate Littlewood—Paley operators AJ” given by convolution with the
functions n,-j and we also let AJ@ =Aj_1+Aj+Aj;1. Note that @ is equal to one

on the support of ¢. Moreover, AP Al = A]l; hence for tempered distributions f we
have the identity

f=Cala®aft Y myirn, i«AP(f), (6.3.19)
=1

where the series converges in ./ (R"). With k = [y] we write

DIi(f) DY) = Difn, )
= x x@xf4+ Y, jx 1 «A9(f),  (6.3.20)
e =8 Ty A A

K+1
and we use Proposition 6.3.5 to estimate the L* norm of the term Dh‘h‘ﬁo * P f
in the previous sum as follows:

Dk+l(é‘)
e =16+ @ Ff s

. k+1
len(‘hlw, ”HW )@t - (6.3.21)

cllof]|.-.

k+1
||C* Dh\hw@ * D% fHL“’

IN

A

IN

The corresponding L* estimates for AJ@(f) * My j * Dﬁ*l(nz,j) have already been
obtained in (6.3.13). Indeed, we obtained

DK (My-1) %My % AP (F)]] = < Cpi]|AP ()| = min (1,]23h]1)

from which it follows that

< DEJrl(nz*J) 2]
| oo 7 AP ()
=

Le

2797 "min (1,200 [*F1)
1 (6.3.22)

< C(suijYHAj(f)HLw) 3 min (j23h| 7, [23h <L)
j=1 i=1

DM s

< ¢(sup2"[af ()]

X‘W'

< Csup2'7|4j(f)]| -,
j>1

where the last series is easily seen to converge uniformly in h € R", since k+1 =
[y]+1 > y. We now combine identity (6.3.20) with estimates (6.3.21) and (6.3.22)
to obtain that the expression on the right in (6.3.19) has a bounded L= norm. This
implies that f can be identified with a bounded function that satisfies (6.3.18). [
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Next, we obtain consequences of the Littlewood—Paley characterization of Lip-
schitz spaces. In the following corollary we identify Ay with L*.

Corollary 6.3.8. For 0 <y < 6 < o there is a constant C,, ,, s < e such that for all
f € As(R") we have

1], < Corsllflls,-

In other words, the space As(R") can be identified with a subspace of A,(R").
Proof. If 0 < y< & and j > 0, then we must have 27 < 219 and thus

sup27[|4; ()| . < sup2?[[a;(F)]] .-
i>1 21

Adding ||So(f)]| .. and using Theorem 6.3.7, we obtain the required conclusion.
The case y= 0 is trivial. O

Remark 6.3.9. We proved estimates (6.3.18) and (6.3.8) using the Littlewood—Paley
operators Aj constructed by a fixed choice of the function ¥'; @ also depended on ‘P
It should be noted that the specific choice of the functions ¥ and @ was unimportant
in those estimates. In particular, if we know (6.3.18) and (6.3.8) for some choice
of Littlewood—Paley operators Aj and some Schwartz function @ whose Fourier
transform is supported in a neighborhood of the origin, then (6.3.18) and (6.3.8)
would also hold for our fixed choice of Aj and @. This situation is illustrated in the
next corollary.

Corollary 6.3.10. Let y > 0 and let o be a multi-index with || < 7. If f € Ay,
then the distributional derivative 0% f (of f) lies in A,_,. Likewise, if f € A,, then
d%f € A,_| - Precisely, we have the norm estimates

0] , <CWHfHAy, (6.3.23)

y=lof T
[0%F ], ., <Crallflli - (6.3.24)

r=lo
In particular, elements of A, and A, are in € for all |o| < 7.

Proof. Let o be a multi-index with |et| < y. We denote by Afm’" the Littlewood—
Paley operator associated with the bump (d*¥),-j. It is straightforward to check
that the identity _

Aj(97 1) = 20149 (1)

is valid for any tempered distribution f. Using the support properties of ¥, we obtain
207120 A (9% £) = 27A9™ (Aj_1 + Aj+ Ajr) (), (6.3.25)
and from this it easily follows that

sup2d7-1#D | 4599 1) || . < (27 +2)||0*P]| 1 sup2Y7||Aj ()] -
jez jez
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and also that

sup2)r=19D|| A (9% 1) || < (27 +2)||0* || 1 sup2!||Aj(F)]|,~.  (6.3.26)
j>1 ji>1

Using Theorem 6.3.6, we deduce that if f € A,, then 9%f € A, |,
obtain (6.3.24). To derive the inhomogeneous version, we note that

E and we also

So(0%f) = @ (%) = (0@ f) = (9D x (P +Wy1) x f),

since the function @ + ‘I/’;l is equal to 1 on the support of FIT) Taking L= norms,
we obtain

HSo(&af)HLm

IN

|09 @] a ([ 5 Fl| o+ [ #a £l )
|9 ]us (Jso(1) | +sup 4P| ).

IN

which, combined with (6.3.26), yields ||8"‘f||A77‘a| < CWHfHAy.

Exercises

6.3.1. Fix k € Z*. Show that
DE(f)(x) =0

for all x,h in R" if and only if f is a polynomial of degree at most k — 1.
[Hint: One direction may be proved by direct verification. For the converse direc-

tion, show that f is supported at the origin and use Proposition 2.4.1.]

6.3.2. (a) Extend Definition 6.3.1 to the case y = 0 and show that for all continuous
functions f we have
If

e < 111 < 301l

hence the space Ag(R") can be identified with L=(R") NC(R").
(b) Given a measurable function f on R" we define

[ #fl= = inf{[| +¢] - : cec}.
Let L=(R") be the space of equivalent classes of bounded functions whose differ-
ence is a constant, equipped with this norm. Show that for all continuous functions

f on R" we have

[]li < sup [f(x+h)—f(x)] <2||f];--
x,heR"

In other words, Ag(R") can be identified with L=(R") N\C(R").
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6.3.3. (a) For a continuous function f prove the identity

DEFY () (x) = Hzl(—l)k“* (kt 1) f(x+sh)

s=0

forall x,h € R"and k € Z* U {0}.
(b) Prove that DD}, = DK™ for all k,I € Z* U {0}.
6.3.4. Forx € R let ~
iok
f(X) _ 2—ke27r|2 X

(a) Prove that f € Ay(R) forall 0 <y < 1.
(b) Prove that there is an A < o such that

sup [ f(x+t)+ f(x—t) —2f(X)[[t| L < A;
X t#0

thus f € A1(R).
(c) Show, however, that for all x € [0,1] we have

sup |F(x+t)— f(x)|[t| "t =o0;
O<|t|]<1

thus f is nowhere differentiable.
[Hint: Part (c): Use that f(x) is 1-periodic and thus

1 e .
/0 [F(x+1) = FOPdx = ¥ 2722t _ 112,
k=1

Observe that when 2K[t| < I we have [e2712t — 1| > 2k+2¢| ]

6.3.5.For0<ab<eandxeR let

O - ak j27i2kx
Jan(X) = D 2" *e .
k=1

Show that gap lies in Az (R).

[Hint: Use the estimate DL (€2712X)| < Cmin (1, (2°[h[)+) with L = [a/b] + 1 and
split the sum into two parts.]

6.3.6. Let y>0and letk = [y].

(a) Use Exercise 6.3.3(b) to prove that if [DE(f)(x)| < C|h|” for all x,h € R", then
IDEH () (x)| < C2'|n|” forall | > 1.

(b) Conversely, assuming that for some | > 1 we have

wp IDE (D)

< oo
x,heR" |h|7/ ’
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show that f € A,.
[Hint: Part (b): Use (6.3.14) but replace k+ 1 by k+1.]

6.3.7. Let ¥ and A;j be as in Theorem 6.3.7. Define a continuous operator Q; by
setting
Q(f)y=f«%, WX =t"P{t ).

Show that all tempered distributions f satisfy

supt 7| Qu() | = sup237]4(1) .
t>0 jez

with the interpretation that if either term is finite, then it controls the other term by
a constant multiple of itself. _ _
[Hint: Observe that Q; = Q¢(Aj_2 + Aj_1+Aj+ Ajy1) when 271 <t <2171 ]

6.3.8. (a) Let 0 < y < 1 and suppose that d;f Ay forall 1 < j <n. Show that for
some constant C we have

n
1915, =€ X llovtlls,

and conclude that f € AJ,H
(b) Let y > 0. If we have 9%f € Ay for all multi-indices o with |o:| =, then there

is an estimate
I1l4,.. SCyHZrIIf?“fHA,a
ol=

and thus f € Ay

(c) Use Corollary 6.3.10 to obtain that the estimates in both (a) and (b) can be
reversed.

[Hint: Part (a): Write

n
D(f / Z[ (x-+th-+2h) — 9;f (x+th+h)] h; dt

Part (b): Use induction. ]

6.3.9. Introduce a difference operator

[B]+1 2 13
B _ Dy (D" ]2
Pw=| [ o]
where > 0. Show that for some constant cy(n, ) we have
2 ~
|22y = ol B) [ [F(E)E 6 a

for all functions f € L5(R").
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6.4 Hardy Spaces

Having been able to characterize LP spaces, Sobolev spaces, and Lipschitz spaces
using Littlewood—Paley theory, it should not come as a surprise that the theory can
be used to characterize other spaces as well. This is the case with the Hardy spaces
HP(R"), which form a family of spaces with some remarkable properties in which
the integrability index p can go all the way down to zero.

There exists an abundance of equivalent characterizations for Hardy spaces, of
which only a few representative ones are discussed in this section. A reader inter-
ested in going through the material quickly may define the Hardy space HP as the
space of all tempered distributions f modulo polynomials for which

1o = (S i0F)°

whenever 0 < p < 1. An atomic decomposition for Hardy spaces can be obtained
from this definition (see Section 6.6), and once this is in hand, the analysis of these
spaces is significantly simplified. For historical reasons, however, we choose to de-
fine Hardy spaces using a more classical approach, and as a result, we have to go
through a considerable amount of work to obtain the characterization alluded to in
(6.4.1).

L < (6.4.1)

6.4.1 Definition of Hardy Spaces

To give the definition of Hardy spaces on R", we need some background. We say
that a tempered distribution v is bounded if ¢ xv € L=(R") whenever ¢ isin & (R").
We observe that if v is a bounded tempered distribution and h € L*(R"), then the
convolution h x v can be defined as a distribution via the convergent integral

(hsv, @) = (+v,R) = ./Rn(é*v)(x)h(x)dx,

where ¢ is a Schwartz function, and as usual, we set ¢(x) = ¢(—X).
Let us recall the Poisson kernel P introduced in (2.1.13):

r n+1) 1
Px)= 2 : (6.4.2)
nnJZrl (1+|X|2)n42rl

Fort >0, let P(x) = t~"P(t~1x). If v is a bounded tempered distribution, then P, xv
is a well defined distribution, since P; is in LY. We claim that P; x v can be identified
with a well defined bounded function. To see this, write 1 = ¢(&) +n (&), where @
has compact support and 7 is a smooth function that vanishes in a neighborhood of
the origin. Then the function v defined by (&) = e~275In (&) is in the Schwartz
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class, and one has that
R(E) =e 8 =e 2 Elg(E) + y(tS)
is a sum of a compactly supported function and a Schwartz function. Then
Poxv="Pox (@ V) + g *V,

but ¢ x Vv and y& + v are bounded functions, since ¢ and y are in the Schwartz class.
The last identity proves that P = v is a bounded function.
Before we define Hardy spaces we introduce some notation.

Definition 6.4.1. Let a,b > 0. Let @ be a Schwartz function and let f be a tempered
distribution on R". We define the smooth maximal function of f with respect to @
as
M(f; @) (x) = sup|(dx = f)(x)|.
t>0
We define the nontangential maximal function (with aperture a) of f with respect to
D as
M3 (f;@)(x) =sup sup [(*)(y)|.

t>0 yeR"
ly—x|<at

We also define the auxiliary maximal function
My*(f; @)(x) =sup su ,
o ( ) t>0pyeRe‘ (1+t-2y)P
and we observe that
M(f; @) < M (f; @) < (1+a)°M*(f; @) (6.4.3)

for all a,b > 0. We note that if @ is merely integrable, for example, if @ is the
Poisson kernel, the maximal functions M(f; @), M3 (f;®), and M;*(f; @) are well
defined only for bounded tempered distributions f on R".

For a fixed positive integer N and a Schwartz function ¢ we define the quantity

o) = [ @+ T [0%0)dx. (644)
R | <N+1
We now define
Ty = {go e Z(R"): My(p) < 1}, (6.4.5)

and we also define the grand maximal function of f (with respect to N) as

AN(F)(x) = sup MI(f;9)(x).
PEIN
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Having introduced a variety of smooth maximal operators useful in the develop-
ment of the theory, we proceed with the definition of Hardy spaces.

Definition 6.4.2. Let f be a bounded tempered distribution on R" and let 0 < p < .
We say that f lies in the Hardy space HP(R") if the Poisson maximal function

M(f;P)(x) = fgg|(Pt * F)(X)] (6.4.6)

is in LP(R™). If this is the case, we set

[#llp = [MCEP)][ -

At this point we don’t know whether these spaces coincide with any other known
spaces for some values of p. In the next theorem we show that this is the case when
l<p<eo.

Theorem 6.4.3. (a) Let 1 < p < o. Then every bounded tempered distribution f in
HP is an element of LP. Moreover, there is a constant C, ,, such that for all such f
we have

1o < [l < Capl| ]

and therefore HP(R") coincides with LP(R").
(b) When p = 1, every element of H is an integrable function. In other words,
HY(R") C LY(RM) and for all f € H! we have

LP>

(L i e (6.4.7)

Proof. (a) Let f e HP(R"). Theset {R« f : t > 0} lies in a multiple of the unit ball
of LP. By the Banach-Alaoglu-Bourbaki theorem there exists a sequence tj — 0
such that P, * f converges to some LP function fo in the weak* topology of L. On
the other hand, we see that B x ¢ — ¢ in ¥(R") ast — 0 for all ¢ in . (R"). Thus

Paf— f in.#(R"), (6.4.8)

and it follows that the distribution f coincides with the LP function fy. Since the
family {PR }+~o is an approximate identity, Theorem 1.2.19 gives that

HPt*f—fHLp—>O ast — 0,
from which it follows that

1Fle < l[sup P« fl[]p = [[f[]yo - (6:4.9)
t>0

The converse inequality is a consequence of the fact that

sup [P« f| < M(f),
t>0

where M is the Hardy-L.ittlewood maximal operator. (See Corollary 2.1.12.)
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(b) The case p = 1 requires only a small modification of the case p > 1. Embed-
ding L into the space of finite Borel measures .# whose unit ball is weak* compact,
we can extract a sequence tj — 0 such that R; « f converges to some measure y in
the topology of measures. In view of (6.4.8), it follows that the distribution f can be
identified with the measure .

It remains to show that p is absolutely continuous with respect to Lebesgue mea-
sure, which would imply that it coincides with some L function. Let |u| be the total
variation of 1. We show that p is absolutely continuous by showing that for all sub-
sets E of R" we have [E| =0 = |u|(E) =0. Givenan & > 0, there existsa 6 > 0
such that for any measurable subset F of R" we have

F|<dé = /sup|Pt*f|dx<s.
Ft>0

Given E with |E| =0, we can find an open set U such that E CU and |U| < 8. Then
for any g continuous function supported in U we have

/ gdu‘ = lim

RN J—ee
Px f

loll.- [, sup R flox

ellgf] -

g(x) (R * F)(x) dx
RN

IN

A

But we have

lu(U)| :sup{’ / gdu‘ : g continuous supported in U with ||g|| .. < 1},
Jro

which implies that |1 (U)| < e. Since & was arbitrary, it follows that |u|(E) = 0;
hence u is absolutely continuous with respect to Lebesgue measure. Finally, (6.4.7)
is a consequence of (6.4.9), which is also valid for p = 1. O

We may wonder whether H' coincides with L. We show in Theorem 6.7.4 that
elements of H! have integral zero; thus H* is a proper subspace of L.
We now proceed to obtain some characterizations of these spaces.

6.4.2 Quasinorm Equivalence of Several Maximal Functions

Itis a fact that all the maximal functions of the preceding subsection have compara-
ble LP quasinorms for all 0 < p < . This is the essence of the following theorem.

Theorem 6.4.4. Let 0 < p < . Then the following statements are valid:
(@) There exists a Schwartz function @ with [gn @(x)dx # 0 and a constant C;
(which does not depend on any parameter) such that

M50, < Call 6410
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for all bounded f € ./(R").
(b) For every a > 0 and @ in . (R") there exists a constant C;(n, p,a, @) such that

[M;(f;@)]| o <Ca(n,p,a,®@)|M(f; @), (6.4.11)

forall f € #/(R").
(c) Foreverya>0,b>n/p,and @ in.(R") there exists a constantC3(n, p,a, b, @)
such that

[Mg*(f; @), <Ca(n,p,a,b, @)||Mi(f; )|, (6.4.12)

forall f € #/(R").
(d) For every b > 0 and @ in .(R") with [za @(x)dx # O there exists a constant
Cy(b, @) such that if N = [b] + 1 we have

[t (F)]] p < Calb, @) [[Mg™ (F; )|, (6.4.13)

forall f € /(R").
(e) For every positive integer N there exists a constant Cs(n,N) such that every
tempered distribution f with ||.# (f)||, , < e is a bounded distribution and satisfies

[#]l4e < Cs(n.N) [l (D)]] s (6.4.14)
that is, it lies in the Hardy space HP.

We conclude that for f € HP(R"), the inequality in (6.4.14) can be reversed, and
therefore for any Schwartz function @ with [z, @(x)dx # 0, we have

M3 (F; @)l p <C(an, p, @) [|yp-
Consequently, there exists N € Z* large enough such that for f € .#/(R") we have
[ ()]s = [[M™(F; @)| p ~ [[Ma(F; @)[ o ~ [M(Ts @) o & || ][4

for all Schwartz functions @ with [zn @(x)dx # 0 and constants that depend only
on @ a, b,n, p. This furnishes a variety of characterizations for Hardy spaces.

The proof of this theorem is based on the following lemma.

Lemma 6.4.5. Letm € Z* and let @ in /(R") satisfy [gn @(x)dx = 1. Then there
exists a constant Co(@,m) such that for any ¥ in .”(R"), there exist Schwartz
functions @), 0 < s < 1, with the properties

P(x) = /0 'O 4 ) (x)ds (6.4.15)

and
/Rn(1+ IX™O®) (x)|dx < Co(P,m)s™ N (). (6.4.16)

Proof. We start with a smooth function ¢ supported in [0, 1] that satisfies
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2s™
0<{(s) < o forall0<s<1,
sm 1
= forall0<s <
£(s) ol orall0<s<,
d"g
dtf(l): 0 forall0<r<m+1.
We define
dm+1 m+1/\terms
0 =6 _ dsmﬂS) Dk 5 Dox, (6.4.17)
where
8m+l m+2/\terms
~ ~
ZO = (—1™IE(S) 5 ey (Bex o ) ¥

and we claim that (6.4.15) holds for this choice of ©(®). To verify this assertion, we
apply m+ 1 integration by parts to write

. . dmg( ) m+2 terms
_ S s TSN
/0@(5>*¢5dsz/0 :(S)*(psds+ dam (O)SI_I,%]_,_(@*"'*@)S*T
m+2terms
L am+1
1)™+ /C 85'““ (1)3* *d)s)*‘f’ds,

noting that all the boundary terms vanish except for the one in the first integration
by parts at s = 0. The first and the third terms in the previous expression on the right
add up to zero, while the second term is equal to ¥, since @ has integral one, which
implies that the family {(® x--- % @)s}s>0 IS an approximate identity as s — 0.
Therefore, (6.4.15) holds.

We now prove estimate (6.4.16). Let Q2 be the (m-+1)-fold convolution of &@. For
the second term on the right in (6.4.17), we note that the (m+ 1)st derivative of {(s)
vanishes on [0, 3], so that we may write

[ aseir| o5 1 o ax
< cmx[l‘”(s)/ (1+|x|)m[/ L) 1%(y) |dy] dx
< Cozgpy®) [, [ (@+Iy+90)m200]#(y)|dyax
< Cogz ) [, [ (1 ID™IR00] 1+ )" () |y
<

cmx[%,lﬁs) (L asbmiacoio) [ a+ymeoie)
< Ch(d,m)s" (),
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since XL (s) < 2Ms™. To obtain a similar estimate for the first term on the right in
(6.4.17), we argue as follows:

m+1 %
Lasimeel| e ) ox

= [asmricol| S [ so(* ) oy

m+1 _
= [Larnmieol| [em® EX Y

<ch [ @+ pmE)l [ 1ewi[ 3 jomwx—sy)liy]ayax

|or|<m+1

dx

dx

<ChSE [ [ A+xrsyhmem] T 1070l 1+ Iy)" dydx

lo|<m+1

<CHILOI [ @+ b2l @by [ 0+ 3 190l
k o|<m+1

S C(/)/((I), m)sm mm('lv) .

We now set Co(®,m) = C{(@,m) +C{ (@, m) to conclude the proof of (6.4.16). [
Next, we discuss the proof of Theorem 6.4.4.

Proof. (a) We pick a continuous and integrable function w(s) on the interval [1, o)
that decays faster than the reciprocal of any polynomial (i.e., |y(s)| < Cys™N for all
N > 0) such that

S 1 ifk=0
k 1
ds = 6.4.18
/1 Syls)as {o ifk=1,2,3,.... (6.4.18)

Such a function exists; in fact, we may take
_ 1

w(s) = 2 1 Im (e<42*'42><5*1>4) . (6.4.19)

See Exercise 6.4.4. We now define a function
D(x) = /1 " w(s)R(x)ds, (6.4.20)
where Ps is the Poisson kernel. The Fourier transform @ is
B(&)= [ yeR(E)ds= [ yiseHlas

(cf. Exercise 2.2.11), which is easily seen to be rapidly decreasing as |&| — oo.

The same is true for all the derivatives of ®. The function @ is clearly smooth on
R™\ {0}. Moreover,
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= < N LS L L
9i®(&) =Y (—2m) | sy (s)ds+O(|&[7) = O(|&]")
k=0 k! |5| 1

as |&| — 0, which implies that the distributional derivative 8,-5 is continuous at the
origin. Since
9f (e72"1) = dlpa (£)]g | Mee 2

for some my € Z* and some polynomial pe, choosing L sufficiently large gives
that every derivative of @ is also continuous at the origin. We conclude that the
function @ is in the Schwartz class, and thus so is @. It also follows from (6.4.18)
and (6.4.20) that

/ d(x)dx=1+#0.
RN

Finally, we have the estimate

M(f; @)(x) = sup|(dx « f)(x)|

t>0

sup
t>0

| ws)ldsM(fP) .,

/lw w(s)(f %) (x)ds

IN

and the required conclusion follows with C; = [” |y(s)|ds. Note that we actually
obtained the stronger pointwise estimate

M(f; @) <CiM(f;P)
rather than (6.4.10).

(b) The control of the nontagential maximal function M;(-; @) in terms of the
vertical maximal function M(-; @) is the hardest and most technical part of the
proof. For matters of exposition, we present the proof only in the case thata =1
and we note that the case of general a > 0 presents only notational differences. We
derive (6.4.11) as a consequence of the estimate

</R Mf(f;cD)S*N(x)pdx) " <con, p.N, @) |[M(f; )|, (6.4.21)

where N is a large enough integer dependingon f, 0 < € < 1, and

Mi (o) N = sup sup (@ D)|( 1)L
, 0<t< ! ly—x|<t t+e/ (1+elyh™

Let us a fix an element f in .’ (R") such that M(f; @) € LP. We first show that
M; (f; ®@)&N liesin LP(R™)NL*(R"). Indeed, using (2.3.22) (with & = 0), we obtain
the following estimate for some constants C¢, m, and | (depending on f):
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(@ x F)(y)| < Cr Y, sup(ly|™+[z™)|(9" ) (2)]

WQZER”
Cr(L+1ly™) Y, sup(L1+[z]")|(" @) (~2)|

‘B‘S|Z€R”
(L+1y™)
= " min(tn, tr+)

IN

IN

Y. sup(L+[7M)|(@P @)(~z/t)]

|B|<I2€R"

e e (1) 3 st /)@ o))
) <|ZeR"

< C(f,®)(L+ely)"e ™A +t™)(E "+t
Multiplying by (,{,)N(1+ely|)~N forsome 0 <t < } and [y — x| <t yields

g—m(l + 8—m)(8n—N 4 £n+I—N)

t \N 1
(@001 o) @y SCEDT g

and using that 1+ ¢ly| > 5(1+ &[x|), we obtain for some C(f,®,&,n,I,m,N) < co,

C(f,®,e,n,I,m N)

Mf(f;(p)s’N(X) < (1+ g[x|)N-m

Taking N > (m-n)/p, we deduce that M; (f; @)N lies in LP(R") NL=(R").
We now introduce a parameter L > 0 and functions

U(f;@)"N(x) = sup_sup t|V(@«1)(y)|( t )N ey
o<t<lly—x<t tred (el

and

t \N 1 t -
(10000 = st sup [ =D o) 1 4 ey (e ey

We fix an integer L > n/p. We need the norm estimate
[V (f;@)=NE| L, < Cop|Mi(F; @)V, (6.4.22)
and the pointwise estimate
U(f;@)"N <A(@,N,n,p)V(f;@)Nt, (6.4.23)

where
A(D,N,n, p) = 2-Co(9P;N +L) Ny (9 D).

To prove (6.4.22) we observe that when z € B(y,t) C B(x, [x —y| +t) we have
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‘(q)t*f)(y)|(t—|t—£)N(1—|—i|y|)N <Mi(f; )N (),

from which it follows that forany 0 < q <« andy € R",

t \N 1
[C f)(y)|(t+s) (1+¢g|y)N

< (i) gy M f‘DSN“qdzf

1

|x—y|+t)q< 1 ' X eN )q
< M (f: ®)EN (2)%dz
( : Bt X —y] 48] Jopyr NPT @

< ('X_:/'+t)LM([MI(f;‘P)£’N}q)é(x)v

where we used that L > n/p. We now take 0 < g < p and we use the boundedness
of the Hardy-L ittlewood maximal operator M on LP/9 to obtain (6.4.22).

In proving (6.4.23), we may assume that @ has integral 1; otherwise we can
multiply @ by a suitable constant to arrange for this to happen. We note that

V(@ )| = [(VD)e+ f| < y/n i |(2j @) * f1,
i=1

and it suffices to work with each partial derivative dj® of @. Using Lemma 6.4.5
we write

1
9@ = / 01« dyds
JO

for suitable Schwartz functions ©(®). Fix x € R", t > 0, and y with |y —x| <t < 1/e.
Then we have

| (@ @)ex £ ‘(t )1+£|y|)
N 1

[ ((0%)x Dy F)(y)ds (6.4.24)

(t+£) 1+s|y|
o)

//t”\@ g (B D02 g o
RN 1+8||

Inserting the factor 1 written as

ey (SO ()

in the preceding z-integral and using that

t+£
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1 - (14 ¢|z|)N
(L+elyDN = (L +ely—2z)N

and the fact that |x —y| <t < 1/¢, we obtain the estimate

Dy« f
//t”|(9 (t1z |‘( e f)y— ’dzds
t+8 RN (1+¢ly)N
aeNL N(ts+x=—-2\" (s) 41 ds
SV(f,cp)w(x)/ / (1+€l2)) 0t dz -,
0 JRn ts S

1
V(G@)N) [ 5N et 541+ )0 () aads
2LC0(8J-<D; N +L) Nt (9 P)V (f; (p)s,N,L(X)

IN

A

in view of conclusion (6.4.16) of Lemma 6.4.5. Combining this estimate with
(6.4.24), we deduce (6.4.23). Having established both (6.4.22) and (6.4.23), we con-
clude that

U (f;@)5N]| 5 < CapA(@,N,n,p)[[M; (; )N ;. (6.4.25)
We now set
Ee={xeR": U(f;®)*N(x) < KM;(f;®)*N(x)}
for some constant K to be determined shortly. With A= A(®,N,n, p) we have

/(EE)C Mi(f; @)= (0] Pdx < Klp /(EE)C [U(f;@)=N (x)] P dx

Klp /R [U(f; )N (x)] Pdx

CR AP [ e NP
< R IMi (1) (]

;/R M3 (F;@)=N ()]Pdx,

IN

(6.4.26)

IN

provided we choose K such that KP = 2CF , AP. Obviously K = K(®,N,n, p), i.e
it depends on all these variables, in particular on N, which depends on f.

It remains to estimate the contribution of the integral of [M; (f; ®)&N (x)] P over
the set E.. We claim that the following pointwise estimate is valid:

M; (f:®)EN (x) < Conk M(M(F;®)7) 4 (x) (6.4.27)

for any x € E¢ and 0 < g < o=. Note that C n k depends on K. To prove (6.4.27) we
fix x € E¢ and we also fix y such that |y — x| < t.

By the definition of M; (f; ®)&N(x) there exists a point (yo,t) € R such that
Ix—yo| <t < !and
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M; (f; @)8N (x). (6.4.28)

@001, ) 4y ey 2

>
t+e/ (1+ely)N — 2

Also by the definitions of E. and U (f; ®)&N, for any x € E. we have

tV(d# £) (&) (tfrg)N (1+:|§|)N < KM;(f; @)V (x) (6.4.29)

for all £ satisfying | — x| <t < i It follows from (6.4.28) and (6.4.29) that

N
(Vi @) <K@l (,T501) eas0)

for all & satisfying | — x| <t < i We let z be such that |z— x| < t. Applying the
mean value theorem and using (6.4.30), we obtain, for some & between yq and z,

(@ £)(2) = (@ F)(yo)| = V(@ )(E)]Iz—yol

2K 1+elE\M

< lan@l(yTa0) vl
2N+1K

<

- t

1
(@ (o).

A

|(®y* f)(yo)] |z — Yol

IN

provided z also satisfies |z —yo| < 2~N~2K~1t in addition to |z — x| < t. Therefore,
for z satisfying |z —yo| < 27N"2K~1t and |z — x| < t we have

(@x @) > (@ )iyo)| >, Mi(F:0)°N (1),

where the last inequality uses (6.4.28). Thus we have

1
(M(f; @)%)(x) > BO)] B(X’t)[ (f; @)(w)] *dw
! q
2 M(f; D d
B |B(Xat)| ‘/B(Xat)ﬂB(yo,Z*N*ZKflt)[ ( )(W)} w
>
~ IB(X,t)] JB(xt)nB(yg,2-N-2k-1t) 49
B(x,t) NB(yo,2 N 2K )| 1
B B(x,1)] 49
Cn7N,K47q[Mf(f;(D)8*N (x)]q7

[M; (f; )N (x)]? dw

(M (f; @) (x)]"

Y

where we used the simple geometric fact that if |[x —yo| <t and § > 0, then
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IB(x,t) NB(yo, )|

>C 0
By T

the minimum of this constant being obtained when |x — yo| =t. See Figure 6.1.

¢

Fig. 6.1 The ball B(yo, 6t)
captures at least a fixed pro-
portion of the ball B(x,t).

This proves (6.4.27). Taking r < p and applying the boundedness of the Hardy—
Littlewood maximal operator yields

/ M (F: )N ()] Pax < C:D*N’K’n’p/Rn M(F; @)(x) dx. (6.4.31)

£

Combining this estimate with (6.4.26), we obtain
1
(£, NP . (£, NP
/Rn M (£ )] deCfI’)’N’K’n’p/RnM(f,tp)pdx+Z/Rn [M; (F; )N Pdx,

and using the fact (obtained earlier) || M; (f; ®)&N|| , < e, we obtain the required
conclusion (6.4.11). This proves the inequality

M (f;@)EN |, < 2YPCo N gnp|[M(F; )|, - (6.4.32)

The previous constant depends on f but is independent of e. Notice that
2N t \N
M (f; @) (x) > sup sup |(@xx F)(y)
' (1+8|X|)N 0<t<1/e(t+3) \y—x\<t| |
and that the preceding expression on the right increases to

27°NM; (F; @) (x)

as € | 0. Since the constant in (6.4.32) does not depend on &, an application of the
Lebesgue monotone convergence theorem yields

M5 (£ )|, <2V P CanknpM(F; )| - (6.4.33)

The problem with this estimate is that the finite constant 2NC¢7N,K7n7p depends on
N and thus on f. However, we have managed to show that under the assumption
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[M(f;®)|| » < o, one must necessarily have ||M; (f;®)|| , < . This s a signifi-
cant observation that allows us now to repeat the preceding argument from the point
where the functions U (f;¢)&N and V (f; ¢)&N'- are introduced, setting e = N = 0.
Since the resulting constant no longer depends on the tempered distribution f, the
required conclusion follows.

(c) As usual, B(x,R) denotes a ball centered at x with radius R. It follows from
the definition of M} (f; @) that

(@ f)(y)| <M (f;@)(z)  if zeB(y,at).
But the ball B(y,at) is contained in the ball B(x,|x —y| + at); hence it follows that

n

(@ f)(y)|> < L ®)(2)b dz

1
M (f:
B(y,at)| /B<y,at> a

1 .
< M (f; ®)(z)b dz
< 80520 oy Mo 1O

[x—y|+at

< (0 Mmoo

max(l,a”)(')(;yI +1>nM(M§(f;@)B)(X),

IN

from which we conclude that for all x € R" we have
n b
My (f;:@)(x) < max(La ") {M(M:(F;@)8) (0}
Raising to the power p and using the fact that p > n/b and the boundedness of the
Hardy-Littlewood maximal operator M on LP?/" we obtain the required conclusion
(6.4.12).
(d) In proving (d) we may replace b by the integer by = [b] + 1. Let @ be a
Schwartz function with nonvanishing integral. Multiplying @ by a constant, we can

assume that @ has integral equal to 1. Applying Lemma 6.4.5 with m = bg, we write
any function ¢ in %y as

1
o) = [ (6 @) (y)ds
for some choice of Schwartz functions ©(S). Then we have

a)= [ () +a))ds

forall t > 0. Fix x € R". Then for y in B(x,t) we have
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@Dl [ Rn|<@<s>>t<z>||<<bts*f)(y—z>|dzds

/ Rn| (z)| Mg (f; )(X)(|X_(;_Z)|+l>bodzds
/ ‘bO/ [(©0)t(z)| M, (f; @) (x >('X;y'+ |f| +1)b0dzds
< 2PoME (F; ) ( / *DO/ 10 (w)| (W] +1)™ dw ds

gzbomgg(f;<p)(x)/0 5D9C(@, b) s My, () ds,

where we applied conclusion (6.4.16) of Lemma 6.4.5. Setting N = by = [b] + 1, we
obtain fory in B(x,t) and ¢ € Fu,

[(@ux £)(Y)] < 2Co (@, bo) My (5 P) (x).

Taking the supremum over all y in B(x,t), over all t > 0, and over all ¢ in F#y, we
obtain the pointwise estimate

M (F)(X) < 229Co(@,bg) M5 (£ @)(X),  X€ER,
where N = by + 1. This clearly yields (6.4.13) if we set C4 = 2%0Cq(, bp).

(e) We fix an f € .7/(R") that satisfies || (f)]| , < o for some fixed positive
integer N. To show that f is a bounded distribution, we fix a Schwartz function ¢
and we observe that for some positive constant ¢ = c,,, we have that c ¢ is an element
of #n and thus Mj (f;c) < .#n(f). Then

cPlpxf)(x)|P < inf sup [(co=T)(z)|
ly=x<1)z—y|<1

< inf Mi(f;co)(y)P
ly—x|<1

1
/ Mi(fice)(y)Pdy
ly—x/<1

1 ,
v e Mi(fice)(y)Pdy
n JR"
1

< AN (F)(Y)Pdy < oo,
Vpn JRN

IN

IN

which implies that ¢ = f is a bounded function. We conclude that f is a bounded
distribution. We now proceed to show that f is an element of HP. We fix a smooth
function with compact support 6 such that

1 if X <1,
9 p—
) {o it x| > 2.
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We observe that the identity

P(x) = P(X)0(x)+ i (8(27%x)P(x) — 82~ *Dx)P(x))

k=1
r") & 0(-)—06(2
= PRI+ s | kzlz_k<(z(z)k+| (|2(>“)$1 )2k
is valid for all x € R". Setting
¥ = (6(x)— 6 o
(2 %+ [x2)"

we note that for some fixed constant co = co(n,N), the functions co 8 P and co@®)
lie in %y uniformly ink =1,2,3,.... Combining this observation with the identity
for P(x) obtained earlier, we conclude that

1Y ()
sup|P « f| < sup|(OP)* f|+ 2 sup Y 27K (co@™)) i |
t>0 t>0 Co 72 t>0 k=1
< Cs(n,N).zn(f),

which proves the required conclusion (6.4.14).
We observe that the last estimate also yields the stronger estimate

Mi(1;P)() =sup sup [(Rx )] < Cs(n.N)-u(D)(X). (6439
>0 yeR"
ly—x|<at

It follows that the quasinorm ||M{(;P)||  gn) is also equivalent to [|f[|,,,. This
fact is very useful. O

Remark 6.4.6. To simplify the understanding of the equivalences just proved, a
first-time reader may wish to define the HP quasinorm of a distribution f as

flls = [IMECF P

and then study only the implications (a) = (c), (¢) = (d), (d) = (e), and
() = (a) in the proof of Theorem 6.4.4. In this way one avoids passing through
the statement in part (b). For many applications, the identification of || f||,,, with

[[M; (f;@)]|,, for some Schwartz function @ (with nonvanishing integral) suffices.
We also remark that the proof of Theorem 6.4.4 yields

||fHHP(R") ~ ||///N(f)HLP(Rn)’

—_[n
where N =[]+ 1.
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6.4.3 Consequences of the Characterizations of Hardy Spaces

In this subsection we look at a few consequences of Theorem 6.4.4. In many appli-
cations we need to be working with dense subspaces of HP. It turns out that both
HP L2 and HPNL! are dense in HP.

Proposition 6.4.7. Let 0 < p < 1 and let r satisfy p <r <eo. Then L"NHP is dense
in HP. Hence, HP N2 and HP N L are dense in HP.

Proof. Let f be a distribution in HP(R"). Recall the Poisson kernel P(x) and set
N = [}]+1. For any fixed x € R" and t > 0 we have

[P+ F)00] < M (F:P)(y) < Cttu (F)(y) (6.4.35)

for any |y — x| <'t. Indeed, the first estimate in (6.4.35) follows from the definition
of Mj(f;P), and the second estimate by (6.4.34). Raising (6.4.35) to the power p
and averaging over the ball B(x,t), we obtain

ReDwP < S [ Py L
t vt JB(xy) N yray=s tn HP-
It follows that the function P,  f is in L=*(R") with norm at most a constant multiple
of t‘”/prHHp. Moreover, this function is also in LP(R"), since it is controlled by
M(f;P). Therefore, the functions P « f lie in L"(R") for all r < p < . It remains
to show that P, = f also liein HP and that P, « f — f in HP ast — 0.

To see that P, * f lies in HP, we use the semigroup fgrmula P« P; = P, for the
Poisson kernel, which is a consequence of the fact that P (&) = e—2mIE] by applying
the Fourier transform. Therefore, for any t > 0 we have

sup |Ps x P f| = sup |Psyt * f| < sup|Psx f,
s>0 s>0 s>0

which implies that
[P Fllp < 1l

for all t > 0. We now need to show that P, « f — f in HP as t — 0. This will be a
consequence of the Lebesgue dominated convergence theorem once we know that

sup|(Ps« P« f —Psx f)(x)| — 0 as t—0 (6.4.36)

s>0

pointwise for all x € R" and also

sup |Psx Py x f —Psx f| <2sup|Psx f| € LP(R"). (6.4.37)

s>0 s>0

Statement (6.4.37) is a trivial consequence of the Poisson semigroup formula. As
far as (6.4.36) is concerned, we note that for all x € R" the function

St [(Pox B £) (%) — (Psx £) ()] = [ (Pose x £)(x) — (Pox F) (x)]
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is bounded by a constant multiple of s~"/P and therefore tends to zero as s — co.
Given any € > 0, there exists an M > 0 such that for all t > 0 we have

sup [ (PP £ — Py F)(x)] < - (6.4.38)

s>M

Moreover, the function t — supg—s<p |(Ps * P+ f —Psx f)(x)| is continuous in t.
Therefore, there exists a tg > 0 such that fort < ty we have

sup |(PsxPrx f—Pox F)(x)| < & (6.4.39)
0<s<M 2
Combining (6.4.38) and (6.4.39) proves (6.4.36). O

Next we observe the following consequence of Theorem 6.4.4.

Corollary 6.4.8. For any two Schwartz functions @ and © with nonvanishing inte-
gral we have

|| sup &+ f[|| p =~ ||sup |+ ]| o ~ || |
t>0 t>0
for all f € .#/(R"), with constants depending only on n, p, @, and ©.
Proof. See the discussion after Theorem 6.4.4. O

Next we define a norm on Schwartz functions relevant in the theory of Hardy
spaces:

‘JIN((p;xo,R):/R (1+\X XOD \a\;NHRM'aa X)|dx.

Note that 9tn(¢;0,1) = 9N ().

Corollary 6.4.9. (a) Forany0 < p <1, any f € HP(R"), and any ¢ € Z(R") we
have

[(f.0)] < (g) inf A (1)(2), (6.4.40)

where N = [B] + 1. More generally, for any xo € R" and R > 0 we have

|(f,0)] <9 (gixo,R) inf .an(f)(2). (6.4.41)

lz—xo|<R
(b)LetO< p<landp <r <. Forany f € HP we have the estimate
@ f[Le < Clp.m) (@) Fllne,
where N = [n/p] + 1.

Proof. (a) Set w(x) = @(—Rx+ Xp). It follows directly from Definition 6.4.1 that
for any fixed z with |z — Xo| < R we have
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[(f,0)| = R(f*yr)(x0)]
< sup R"(fxyr)(Y)|
y: ly=z|<R

la|<N+1

IN

from which the second assertion in the corollary follows easily by the change of
variables x = —Rw + Xo. Taking the infimum over all z with |z — xp| < R yields the
required conclusion.

(b) For any fixed x € R" and t > 0 we have

(9= D001 <T@ (£ 0 F ) 0) < M(@h-am())  (6442)

for all y satisfying |y — x| < 1. Hence

DN (p)P p

p p PCP

|((p*f)(X)| S |B(X,1)| B()@l)ﬂN(f) (y)dygmN((p) CP,anHHP'

This implies that ||@ * f|| .. <Cpn9n(@)| f||,s- Choosing y = x in (6.4.42) and
then taking LP quasinorms yields a similar estimate for Hgo* fHLp. By interpolation
we deduce || f|| ; <N (@)]| |- O

Proposition 6.4.10. Let 0 < p < 1. Then the following statements are valid:
(a) Convergence in HP implies convergence in ..
(b) HP is a complete quasinormed metrizable space.

Proof. Part (a) says that if a sequence fj tends to f in HP(R"), then f; — f in
&' (R"). But this easily follows from the estimate

[(1.0)] <Cy inf tn (@) < ° [ is(1)° 02 < oo 1]
|z[<1 Vn JRP
which is a direct consequence of (6.4.40) for all ¢ in . (R"). As before, here N =
[p]+1.
To obtain the statement in (b), we first observe that the map (f,g) — ||f —g]|%,
is a metric on HP that generates the same topology as the quasinorm f — || f|| ;5.

To show that HP is a complete space, it suffices to show that for any sequence of
functions f;j that satisfies

Z/R ///N(fj)pdx<°°,
j /R

the series Y.; fj converges in HP(R"). The partial sums of this series are Cauchy in
HP(R™M) and therefore are Cauchy in ./ (R") by part (a). It follows that the sequence
2'§k f; converges to some tempered distribution f in .»#/(R"). Sublinearity gives
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./I;n///N(f)pdxz/Rn///N(ij)pdx<zj‘./|;n///N(fj)de<<x>,

]

which implies that f € HP. Finally,

/ ///N(f—Zf)dx< y ////N )Pdx— 0

—k lj|>k+1

as k — oo; thus the series converges in HP. O

6.4.4 Vector-Valued HP and Its Characterizations

We now obtain a vector-valued analogue of Theorem 6.4.4 crucial in the charac-
terization of Hardy spaces using Littlewood—Paley theory. To state this analogue
we need to extend the definitions of the maximal operators to sequences of distri-
butions. Let a,b > 0 and let & be a Schwartz function on R". In accordance with
Definition 6.4.1, we give the following sequence of definitions.

Definition 6.4.11. For a sequence f = {fj}jez of tempered distributions on R" we
define the smooth maximal function of f with respect to @ as

M(F; @) = sup [{(@1+ )00}

We define the nontangential maximal function (with aperture a) of f with respect to
D as

M;(F;@)(x) =sup sup [[{(@* F))(V)}i -
t>0 yeR"
ly—x|<at

We also define the auxiliary maximal function

- (@ ) =ille
M (f; ®)(x) = sup su t
o (T3 ®)(0x) = sup st (LHlM)

We note that if the function @ is not assumed to be Schwartz but merely inte-
grable, for example, if @ is the Poisson kernel, the maximal functions M(f; @),
Mi(T; @), and M{*(f; @) are well defined for sequences f = {f;}j whose terms
are bounded tempered distributions on R".

For a fixed positive integer N we define the grand maximal function of f (with
respect to N) as

AN (F) = sup Mi(T;0), (6.4.43)

PEFN

where
={pesRY): Mo <1}
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is as defined in (6.4.5).
We note that as in the scalar case, we have the sequence of simple inequalities
M(f; @) <Mi(F; @) < (1+a)°M;*(f; @). (6.4.44)
We now define the vector-valued Hardy space HP(R", ¢2).

Definition 6.4.12. Let f = {f;}; be a sequence of bounded tempered distributions

on R" and let 0 < p < . We say that f lies in the vector-valued Hardy space
HP(R", ¢2) if the Poisson maximal function

M(f;P)(x) =§gg|\{<a* )}l 2

lies in LP(R™). If this is the case, we set

LP(R")

1
17l = TP = s (5165042

The next theorem provides a vector-valued analogue of Theorem 6.4.4.

Theorem 6.4.13. Let 0 < p < <. Then the following statements are valid:
(a) There exists a Schwartz function @ with [gn @(x)dx # 0 and a constant Cy
(which does not depend on any parameters) such that

IM(F5 @) oo 12) < Call T llgoen (6.4.45)

for every sequence f = {f;j} of tempered distributions.
(b) For every a > 0 and @ in .(R") there exists a constant C,(n, p,a, @) such that
[M3(f; @

<Ca(n,p,a,®)|M(F; @ (6.4.46)

)HLP(R",ZZ) )HLP(R",ZZ)
for every sequence f = {f;j} of tempered distributions.

(c) Foreverya>0,b>n/p,and @ in .(R") there exists a constantC3(n, p,a, b, @)
such that

|\M;*(F;¢)HL,)(R,17EZ) <Cs(n,p,a,b,®)|M3(f; @ (6.4.47)

)HLP(R“,ZZ)

for every sequence f = { f;}; of tempered distributions.
(d) For every b > 0 and @ in .(R") with [za @(x)dx # O there exists a constant
Cs(b, @) such that if N = [[] + 1 we have

[ (F) | Lo n g2 < Calb, @) M5 ()| Ly g o) (6.4.48)

for every sequence f = {f;j} of tempered distributions.
(e) For every positive integer N there exists a constant Cs(n,N) such that every
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sequence f = {f;}; of tempered distributions that satisfies ||///N(F)HLP(RH,42> < oo
consists of bounded distributions and satisfies '

| ‘?HHP(RMZ) <Gs(n, N)H///N(F)HLP(Rn,éZ) , (6.4.49)
that is, it lies in the Hardy space HP(R", £?).

Proof. The proof of this theorem is obtained via a step-by-step repetition of the
proof of Theorem 6.4.4 in which the scalar absolute values are replaced by #2 norms.
This is small notational change in our point of view but yields a significant improve-
ment of the scalar version of the theorem. Moreover, this perspective provides an
example of the power of Hilbert space techniques. The verification of the details of
this step-by-step repetition of the proof of Theorem 6.4.4 are left to the reader. [

We end this subsection by observing the validity of the following vector-valued
analogue of (6.4.41):

[z—X%o|<R

(Z\<f,-,<p>|2)2gmN(<p;xo,R) inf _#/n(F)). (6.4.50)
J

The proof of (6.4.50) is identical to the corresponding estimate for scalar-valued
functions. Set y(x) = @(—Rx+Xp). It follows directly from Definition 6.4.11 that
for any fixed z with |z — Xo| < R we have

(ZKH0))" = R < w0l
J

sup RY[{(fi*wr)()}i| 2
y: ly=7|<R

RO () . (F)(2),

IN

IN

which, combined with the observation
R"9N (v) = M (@;%0,R),

yields the required conclusion by taking the infimum over all z with |z —xg| <R.

6.4.5 Singular Integrals on Hardy Spaces

To obtain the Littlewood—Paley characterization of Hardy spaces, we need a multi-
plier theorem for vector-valued Hardy spaces.

Suppose that K;(x) is a family of functions defined on R" \ {0} that satisfies the
following: There exist constants A,B < < and an integer N such that for all multi-
indices a with || < N we have
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[Y 09K (x)| < A" < oo (6.4.51)
jez
and also .
sup ZK,-@)‘ <B <. (6.4.52)
¢eRM ' jez

Theorem 6.4.14. Suppose that a sequence of kernels {Kj}; satisfies (6.4.51) and
(6.4.52) with N = [g] +1, for some 0 < p < 1. Then there exists a constant C, , that
depends only on the dimension n and on p such that for all sequences of tempered
distributions { f; } j we have the estimate

HXJ_‘K,- * fjHHp(Rn> < Cn,p(AJFB)H{fJ’}JHHp(Rn,ﬁ)'

Proof. We fix a smooth positive function @ supported in the unit ball B(0,1) with
Jrn @(x) dx = 1 and we consider the sequence of smooth maximal functions

M(ZKJ'* fﬁ@) ZSUp‘Qg*ZKj *
j e>0 j

)

which will be shown to be an element of LP(R", £2). We work with a fixed sequence
of integrable functions f = {f;j}, since such functions are dense in LP(R",¢?) in
view of Proposition 6.4.7.

We now fixa A > 0and we setN = [g] + 1. We also fix y > 0 to be chosen later
and we define the set

Q, ={xeR": .#n(F)(X)>7yA}.

The set €, is open, and we may use the Whitney decomposition (Appendix J) to
write it is a union of cubes Qk such that

(@) UxQx = 2, and the Qy’s have disjoint interiors;

(b) v/né(Qk) <dist (Qx, (£25)°) < 4y/nl(Qy).

We denote by ¢(Qx) the center of the cube Q. For each k we set
dy = dist (Qx, (£21)°) +2vn£(Qk) ~ £(Qx) ,

so that
B(c(Qk),dk) N (£2;)° #0.

We now introduce a partition of unity { ¢y}« adapted to the sequence of cubes {Qy }«
such that

(©) xa, = Xk ¢ and each ¢ satisfies 0 < ¢ < 1;

(d) each ¢ is supported in S Qi and satisfies [zn @ dx ~ di;
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@ [[0%|,- < Cadk_‘o“ for all multi-indices o and some constants Cy,.

We decompose each fj as
fi=gi+2bjk,
k

where gj is the good function of the decomposition given by
9= T 2 g
and bj = ¥, bj « is the bad function of the decomposition given by
Jrn fj(pkdx>
bixk=1{fj—
H < " fre odx &

We note that each bj x has integral zero. We define g = {g;}; and b = {bj};. At this
point we appeal to (6.4.50) and to properties (d) and (e) to obtain

(3 foe 23 Tn(ic(Qu) ) MNP (6453)

71 Jro prdX JrookdX  jz—c(Qu)l<dy
But since
: o~ el
— N
M (; ©(Qk), k) <[/ (1+|x c(Qk)|) d'Cod ! <Cun,
fR”‘PkdX Qk di lot| <N-+1 fRn(PkdX

it follows that (6.4.53) is at most a constant multiple of A, since the ball B(c(Qx), dk)
meets the complement of €2, . We conclude that

HgHLM(szZ) <Cnn74. (6.4.54)

We now turn to estimating M(X; Kj + bj «; @). For fixed k and & > 0 we have
(@g*ZKJ—*bj’k)(X)
i
_ (x| £ _ Jre fijdx ]
- /an’f*;KJ(x y)[fj(y)%(y) Jon (X o(y) |dy
_ AV Ny &) _
= /RHXJ_‘{(@*KJ)(X 2) /R“ (@e % Kj) (x y)fRn@(dxdy}(Pk(z)fJ(z)dz
= [ SRixx 0@ @)z,
j

where we set Rj «(x,z) for the expression inside the curly brackets. Using (6.4.41),
we obtain
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/anRJkXZ fj(z)dz

< Z‘ﬁN Rik (X )@ c(Qx), dk) ot (@) (6.455)

< Ej,mN Rix(x. )@c(@q).d) _ inf . An(F)@).

Since ¢(z) is supported in ng, the term (14 ‘ZfC(Qk)‘ )N contributes only a constant
factor in the integral defining 9\ (Rjk (X, ) @ c(Qk) k), and we obtain

DM (Rjk (X, ) x; ¢(Qk), dk)

<CNn/ z d\a\+n

5Q« o <N+1

OC
" (Rixx2oo)|dz (6.4.56)

For notational convenience we set Kf = @; x Kj. We observe that the family {K{'} ;

satisfies (6.4.51) and (6.4.52) with constants A’ and B’ that are only multiples of
A and B, respectively, uniformly in e. We now obtain a pointwise estimate for
2N (Rjk (X )@ ¢(Q), dk) when x € R™\ ;. We have

o (y)dy

Rik(X,2)ex(z) = /R mk(z){Kf(x—z) - Kf(x_y)} o g’

from which it follows that
¢ 0¢
e Rutxn@] < [ |9 { e [kix-2 - ki) |

Using hypothesis (6.4.51), we can now easily obtain the estimate

ox(y)dy .
Jrn @ dx

o dkdk_‘a‘

8820‘ {(Pk(z){Kis,j (x—2) — Kfj (X—Y)}H <Cn,nA X — C(Qk)|n+1

for all |o] <N and for x € R"\ €, since for such x we have [x — c(Q)| > cndy. It
follows that

d2“ B
dllaHan‘ ‘ Sy {Rj,k(x,z)%(z)}‘ < CnnAdy < X — c(Qk)l““) '

x

Inserting this estimate in the summation of (6.4.56) over all j yields

dn+1
Z‘ﬁN Rjk(X: )@ ¢(Qu). de) <Cn nA(|x—c(ka)|n+l)' (6.4.57)

Combining (6.4.57) with (6.4.55) gives for x e R"\ ©,,
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B _ CnoAdy ™ -
2| [Ruxcon@n@a < MOk Lt ().

This provides the estimate

CnpAdP Tt

x—c(Qy)["+? vA

sup}z (K§xbj)(x |7|

e>0

for all x € R\ Q,, since the ball B(c(Qx),dx) intersects (€25 )¢. Summing over k
results in

b CunA7A Gl < CupAyAd™
M(Ej'KJ*bJ’ ) ZIX c(Qu)["+? z (dy + [x = c(Qu) )™+t

k

forall x € (€2;)°. The last sum is known as the Marcinkiewicz function. It is a simple
fact that
dn+1

oo s oot

see Exercise 4.6.6. We have therefore shown that

dx < Cn Y, |Qk| =Cn |22 ;
k

M(K % b; ®)(x)dx < CnnAYA|2;], (6.4.58)
R" '

where we used the notation K b = ¥ Kj *bj.
We now combine the information we have acquired so far. First we have

{M(K ;@) > 1} < [{M(K+7; @) > 2} + [{M(Kxb; @) > 41].

For the good function g we have the estimate
MK gi@) > 3}] < 1, [ MK #g;@)(0)7 dx
A2 Jrn
4
1o S MO -91) 007

CnB? / )
D 1gj(x)[“dx
AZ JRN i
CnB? / 2 )2
gi(x)|*dx+ / fj(x)|“dx
12 -m%l ()] @, ZI X)|

C,B? ~
B2CN 2|2+ 1 / A (F)02dx,
A% Sy

IN

IN

nB

IN
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where we used Corollary 2.1.12, the L? boundedness of the Hardy-L ittlewood max-
imal operator, hypothesis (6.4. 52) the fact that f; = gj on (£2;)°, estimate (6.4.54),

and the fact that || ||, < .#x(f) in the sequence of estimates.
On the other hand, estimate (6.4.58) and Chebyshev’s inequality gives

|{M K*b D) 2}‘<CNnAy|Q;L|

which, combined with the previously obtained estimate for @, gives
> . 2 CnBZ g 2
MR+ F10) > 4| < Ounlay+ B2 1+ 5, [ an(F)0oon
A

Multiplying this estimate by pAP~1, recalling that ; = {.#n(f) > yA}, and in-
tegrating in A from 0 to oo, we can eaS|Iy obtain

i P _ . 7P
IM(K 5 F;@)|p o 42, < Cnn(AY P+ B3 P)||.n(f Con 2y (6:4.59)
Choosing y= (A+B)~! and recalling that N = [ ]+ 1 gives the required conclusion
for some constant Cp, , that depends only on n and p.
Finally, use density to extend this estimate to all f in HP(R", ¢2). O

6.4.6 The Littlewood—Paley Characterization of Hardy Spaces

We discuss an important characterization of Hardy spaces in terms of Littlewood—
Paley square functions. The vector-valued Hardy spaces and the action of singular
integrals on them are crucial tools in obtaining this characterization.

We first set up the notation. We fix a radial Schwartz function ¥ onR" Whose
Fourier transform is nonnegative, supported in the annulus ; 0 <lél<2— 10,
and satisfies o

2 y2lE)=1 (6.4.60)
jez
for all £ #£ 0. Associated with this bump, we define the Littlewood—Paley operators
Aj given by multiplication on the Fourier transform side by the function lf’(Z‘jé),
that is,
Aj(f)=af(f) =%« f. (6.4.61)

We have the following.

Theorem 6.4.15. Let ¥ be a radial Schwartz function on R" whose Fourier trans-
form is nonnegative, supported in > + 1 < |&| <2 - L, and satisfies (6.4.60). Let
Aj be the Littlewood—Paley operators associated with ¥ and let 0 < p < 1. Then
there exists a constant C = Cy, , y such that for all f € HP(R") we have
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2
[(Z 1400
jez LP
Conversely, suppose that a tempered distribution f satisfies

(o),

jez

<C||f|yp- (6.4.62)

< oo, (6.4.63)

Then there exists a unique polynomial Q(x) such that f — Q lies in the Hardy space
HP and satisfies the estimate

ol =Qllp < H(gzmunﬁf

(6.4.64)

Lp’

Proof. We fix @ € .7 (R") with integral equal to 1 and we take f € HPNL! and M
in Z*. Let rj be the Rademacher functions, introduced in Appendix C.1, reindexed
so that their index set is the set of all integers (not the set of nonnegative integers).
We begin with the estimate

M M

| Y ri@)ag(h)] <sup|@cx 3 r(@)a(h)

j=—M e>0 j=—M

)

which holds since {®; } .~ is an approximate identity. We raise this inequality to the
power p, we integrate over x € R" and o € [0, 1], and we use the maximal function
characterization of HP [Theorem 6.4.4 (a)] to obtain

bk

The lower inequality for the Rademacher functions in Appendix C.2 gives

p
do.
HP

0)Aj(f )() dxda)<Cp / H MrJ f)}
=

rj
=M

M

/Rn (J_ZMIAj(f)(x)p)?dx SCBCE,n/Ol H j%Mrj(a))Aj(f)H:pdw,

where the second estimate is a consequence of Theorem 6.4.14 (we need only the
scalar version here), since the kernel

Zl’k 'sz

satisfies (6.4.51) and (6.4.52) with constants A and B depending only on n and ¥
(and, in particular, independent of M). We have now proved that

M 1
I3, o),

< Cop[ o
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from which (6.4.62) follows directly by letting M — oo. We have now established
(6.4.62) for f € HP N L!. Using density, we can extend this estimate to all f € HP.
To obtain the converse estimate, for r € {0,1,2} we consider the sets

3Z+r={3k+r: ke Z},
and we observe that for j,k € 3Z +r the Fourier transforms of Aj(f) and A(f) are

disjointif j # k. We fix a Schwartz function 1 whose Fourier transform is compactly
supported away from the origin so that for all j,k € 3Z we have

ATp = 41 whenj=k (6.4.65)
) 0  when j#Kk,

where AJ” is the Littlewood—Paley operator associated with the bump n, that is,
Aj”(f) = f *1n,-j. It follows from Theorem 6.4.14 that the map

{fJ}jez_’ 2 A (1)
jeaz

maps HP(R", %) to HP(R™M). Indeed, we can see easily that

Y A@ie)| <8

jeslz

and

3 [9%(20Mn(2)x))| < Ag|x| "
jeslz

for all multi-indices o and for constants depending only on B and A,,. Applying this
estimate with fj = Aj(f) and using (6.4.65) yields the estimate

5, 10, <o ( 5, 107’

jes3z jesdz

LP

for all distributions f that satisfy (6.4.63). Applying the same idea with 3Z+ 1 and
3Z + 2 replacing 3Z and summing the corresponding estimates gives

ZAj(f)‘

jez

, <3Cn (S 4i0F)°

jez

H Lp

But note that f —3.; Aj(f) is equal to a polynomial Q(x), since its Fourier transform
is supported at the origin. It follows that f — Q lies in HP and satisfies (6.4.64). O

We show in the next section that the square function characterization of HP is
independent of the choice of the underlying function ¥.
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Exercises

6.4.1. Prove that if v is a bounded tempered distribution and hy, h, are in &7 (R"),
then
(hl*hz)*vz hl* (hz *V).

6.4.2. (a) Show that the H* norm remains invariant under the L* dilation f;(x) =
t="f (t1x).

(b) Show that the HP norm remains invariant under the LP dilation t"~"/Pf;(x) in-
terpreted in the sense of distributions.

6.4.3. (a) Let1 <g<eandletginL9(R") be acompactly supported function with
integral zero. Show that g lies in the Hardy space H(R").

(b) Prove the same conclusion when LY is replaced by Llog™ L.

[Hint: Part (a): Pick a €;” function @ supported in the unit ball with nonvanishing
integral and suppose that the support of g is contained in the ball B(0,R). For |x| <
2R we have that M(f; @)(x) <CgqM(g)(x), and since M(g) lies in LY, it also lies in
L1(B(0,2R)). For |x| > 2R, write (@ +g)(X) = [gn (Br(x—y) — @ (x))g(y)dy and
use the mean value theorem to estimate this expression by t="~||Va|| .. ||g]|. <
IX|~""1Co||g|| 4. Since t > [x—y| > [x| — |y| > |x|/2 whenever [x| > 2R and |y| <R.
Thus M(f; ®) lies in L1(R"). Part (b): Use Exercise 2.1.4(a) to deduce that M(g) is
integrable over B(0,2R). |

6.4.4. Show that the function w(s) defined in (6.4.19) is continuous and inte-
grable over [1,), decays faster than the reciprocal of any polynomial, and satisfies

(6.4.18), that is,
oo 1 ifk=0
k ]
sty(s)ds =
/1 V) {O ifk=1,2,3,....

[Hint: Apply Cauchy’s theorem over a suitable contour. ]

6.4.5. Let 0 < a < « be fixed. Show that a bounded tempered distribution f lies in
HP if and only if the nontangential Poisson maximal function

Mz (f;P)(x) =sup sup [P+ f)(y)|
t>0 yeR"
ly—x|<at

lies in LP, and in this case we have || f||,,, ~ || Mz(f;P)|| -
[Hint: Observe that M(f;P) can be replaced with M3 (f;P) in the proof of parts (a)
and (e) of Theorem 6.4.4).|

6.4.6. Show that for every integrable function g with mean value zero and support
inside a ball B, we have M(g; @) € LP((3B)¢) for p>n/(n+1). Here @ isin ..

6.4.7. Show that the space of all Schwartz functions whose Fourier transform is
supported away from a neighborhood of the origin is dense in HP.
[Hint: Use the square function characterization of HP.|
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6.4.8. (a) Suppose that f € HP(R") for some 0 < p <1 and @ in .¥(R"). Then
show that for all t > 0 the function @  f belongs to L"(R") forall p <r < oe. Find
an estimate for the L" norm of @ « f in terms of || f|| ,, and t > 0.

(b) Let 0 < p < 1. Show that there exists a constant Cy p such that for all f in
HP(RM NLY(R") we have

1F(E)] < Cnpl&lP"||F]l,yo -

[Hint: Obtain that
[ @ f| e <CEYPEE ],

using an idea from the proof of Proposition 6.4.7. ]

6.4.9. Show that HP(R", ¢?) = LP(R", #2) whenever 1 < p < e and that H(R", ¢?)
is contained in L1(R", ¢2).

6.4.10. For a sequence of tempered distributions f = {f;};, define the following
variant of the grand maximal function:

1
2
’

AnD)X) = sup_sup sup (X[ ((op)e+ 1))
{oj}jePn €>0‘ yelT” j
y—x|<e

where N > [+ 1 and

Fu={ton€ 7R Towie) <1f.

J

Show that for all sequences of tempered distributions f = {f;}; we have

H/ZZ'\‘(F)HLp(Rn,eZ) ~ ||%N(F)HLP(R“,£2)

with constants depending only on n and p.
[Hint: Fix @ in .(R") with integral 1. Using Lemma 6.4.5, write

1
(@) = [ (0 )+ @) (y)ds

and apply a vector-valued extension of the proof of part (d) of Theorem 6.4.4 to
obtain the pointwise estimate

AN (F) < CopMy (T, @),

where m >n/p.]
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6.5 Besov-Lipschitz and Triebel-Lizorkin Spaces

The main achievement of the previous sections was the remarkable characteriza-
tion of Sobolev, Lipschitz, and Hardy spaces using the Littlewood—Paley operators
Aj. These characterizations motivate the introduction of classes of spaces defined
in terms of expressions involving the operators Aj. These scales furnish a general
framework within which one can launch a study of function spaces from a unified
perspective.

We have encountered two expressions involving the operators Aj in the charac-
terizations of the function spaces obtained in the previous sections. Some spaces
were characterized by an LP norm of the Littlewood—Paley square function

(Seane)?,
J

and other spaces were characterized by an ¢4 norm of the sequence of quantities
[|21¢A;(f)]| ». Examples of spaces in the first case are the homogeneous Sobolev
spaces, Hardy spaces, and, naturally, LP spaces. We have studied only one example
of spaces in the second category, the Lipschitz spaces, in which case p = q = <.
These examples motivate the introduction of two fundamental scales of function
spaces, called the Triebel-Lizorkin and Besov-Lipschitz spaces, respectively.

6.5.1 Introduction of Function Spaces

Before we give the pertinent definitions, we recall the setup that we developed in
Section 6.2 and used in Section 6.3. Throughout this section we fix a radial Schwartz
function ¥ on R" whose Fourier transform is nonnegative, is supported in the an-
nulus 1 — 3 < |&| < 2, is equal to one on the smaller annulus 1 < |£| <2 -3, and

satisfies o
Y w(g) =1, &#0. (6.5.1)
jez

Associated with this bump, we define the Littlewood—Paley operators Aj = A}P

given by multiplication on the Fourier transform side by the function ‘fA’(Z‘jé). We
also define a Schwartz function @ such that

(&) = {Zj<o‘?(2j5) when & # 0,

) 6.5.2
1 when £ =0. ( )

Note that @ (&) is equal to 1 for || < 2 — 2 and vanishes when |&| > 2. It follows
from these definitions that

=

So—|—2AJ‘ =1, (6.5.3)
=1
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where So =S¢’ is the operator given by convolution with the bump @ and the con-
vergence of the series in (6.5.3) is in .#/(R"). Moreover, we also have the identity

2 Aj=1, (6.5.4)

jez
where the convergence of the series in (6.5.4) is in the sense of /(R")/ Z.

Definition 6.5.1. Let « € Rand 0 < p,q < . For f € ./(R") we set

Ifllgga = l1So(H)Lo + (J_Zl(”“HAj(f)HLp)q) ’

with the obvious modification when p,q = . When p,q < < we also set

had . 1
HfHF,;w=HSO(f)HLerH(;l(zmmj(m)q)q B
The space of all tempered distributions f for which the quantity || f HB‘;ﬂ is finite

is called the (inhomogeneous) Besov-Lipschitz space with indices o, p,q and is
denoted by B‘,i“q. The space of all tempered distributions f for which the quantity
| f ||Fpa,q is finite is called the (inhomogeneous) Triebel-Lizorkin space with indices

o, p,q and is denoted by Fg*9.
We now define the corresponding homogeneous versions of these spaces. For an
element f of .#/(R")/ % we let

1

Ifllsga = (X @Jai(h)]|)%)"

jez

and )
= H(,zz (21]a5()))*)"

The space of all f in .»/(R") /27 for which the quantity || f | g is finite is called the

(homogeneous) Besov-Lipschitz space with indices o, p,q and is denoted by Bg*q.
The space of f in.#’(R")/2 such that || f HF-pa,q < oo is called the (homogeneous)

Triebel-Lizorkin space with indices «, p,q and is denoted by F';"“.

Lp’

We now make several observations related to these definitions. First we note that
the expressions || - ||F-g,q, |- HFpa,q, IE HB'g,q, and ||- ||Bg,q are built in terms of LP

quasinorms of ¢4 quasinorms of Zj“Aj or ¢% quasinorms of LP quasinorms of the
same expressions. As a result, we can see that these quantities satisfy the triangle
inequality with a constant (which may be taken to be 1 when 1 < p,q < ). To de-
termine whether these quantities are indeed quasinorms, we need to check whether
the following property holds:
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|f]ly =0 = f=0, (6.5.5)

where X is one of the F5*9, Fg*9, Bg'9, and B9, Since these are spaces of distribu-
tions, the identity f =0 in (6.5.5) should be interpreted in the sense of distributions.
If || f||,, = O for some inhomogeneous space X, then So(f) = 0 and Aj(f) =0 for

all j > 1. Using (6.5.3), we conclude that f = 0; thus the quantities || - ||F[;x,q and

IE HBg,q are indeed quasinorms. Let us investigate what happens when || f ||, = 0 for
some homogeneous space X. In this case we must have Aj(f) =0, and using (6.5.4)
we conclude that f must be supported at the origin. Proposition 2.4.1 yields that f
must be a polynomial and thus f must be zero (since distributions whose difference
is a polynomial are identified in homogeneous spaces).

Remark 6.5.2. We interpret the previous definition in certain cases. According to
what we have seen so far, we have

Iigzz Fg’zsz, 1<p<es,
Fo? ~ HP, 0<p<y,
Fy? ~ LD, 1<p<oo,
F?~ LD, 1<p<oo,
BL™ ~ Ay, y>0,
B =~ Ay, y>0,

where = indicates that the corresponding norms are equivalent.

Although in this text we restrict attention to the case p < oo, it is noteworthy
mentioning that when p = o, F29 can be defined as the space of all f € .%'/ 27 that
satisfy

=3

flleca= s [ o 3 @elanne) <o
J

Q dyadic cube =—1log, £(Q)

In the particular case q = 2 and o = 0, the space obtained in this way is called BMO
and coincides with the space introduced and studied in Chapter 7; this space serves
as a substitute for L> and plays a fundamental role in analysis. It should now be
clear that several important spaces in analysis can be thought of as elements of the
scale of Triebel-Lizorkin spaces.

It would have been more natural to denote Besov—Lipschitz and Triebel-Lizorkin
spaces by Bg,q and FOF;q to maintain the upper and lower placements of the corre-
sponding indices analogous to those in the previously defined Lebesgue, Sobolev,
Lipschitz, and Hardy spaces. However, the notation in Definition 6.5.1 is more or
less prevalent in the field of function spaces, and we adhere to it.
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6.5.2 Equivalence of Definitions

It is not clear from the definitions whether the finiteness of the quasinorms defining
the spaces B§9, F5"9,Bg %, and Fg"% depends on the choice of the function ¥ (recall
that @ is determined by ¥). We show that if Q2 is another function that satisfies
(6.5.1) and O is defined in terms of Q in the same way that @ is defined in terms
of W, [i.e., via (6.5.2)], then the norms defined in Definition 6.5.1 with respect to
the pairs (@,%¥) and (©,€) are comparable. To prove this we need the following
lemma.

Lemma 6.5.3. Let 0 < ¢y < = and 0 < r < «. Then there exist constants C; and C,
(which depend only on n, co, and r) such that for all t > 0 and for all € functions
u on R" whose Fourier transform is supported in the ball |£| < cot and that satisfy
lu(z)| <B(1+]z|)7 for some B > 0 we have the estimate

1 |Vu(x—2)| <Cysu [u(x—2)
sern U (L4tfz)P

JeR (1+t|z|)|? <CoM(u) ()7 (6.5.6)

where M denotes the Hardy-Littlewood maximal operator. (The constants C; and
C, are independent of B.)

Proof. Select a Schwartz function y whose Fourier transform is supported in the

ball |&] < 2cy and is equal to 1 on the smaller ball |£| < cp. Then 1;7(%) is equal to
1 on the support of G'and we can write

u(x=2) = [ Cylt(x—z=y)u(y)dy.
Taking partial derivatives and using that v is a Schwartz function, we obtain
Vu(x—2)| <Oy [ 1" H(1+th—z—y]) Mu(y)loy,
where N is arbitrarily large. Using that for all x,y,z € R" we have

1< (1+t|x—z—y|)P (1 +tfz)r

(L+tx—yl)r’
we obtain
Vu(x — n
1| U(X Z|)1| SCN/ tn(1+t|X—Z—Y|)7_N |U(y)| . dy,
t (1+tz))r RN (L+tx—y])r

from which the first estimate in (6.5.6) follows easily.
Let |y| < 6 for some & > 0 to be chosen later. We now use the mean value theorem
to write
U(x—2) = (VU)(X—2—&) -y +u(x—2—y)

for some &y satisfying |&y| < |y| < 8. This implies that
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ux=2)| < sup |(Vu)(x—=w)[d +[u(x—z—Y)|.

wl<[z|+6

Raising to the power r, averaging over the ball |y| < &, and then raising to the power
1 .
; yields

1 1
_ ; —wWIé 7
Ju(x znsclwg?wuvww ILRS (s I TCE >|w)]

with ¢ = max(21/r 2"). Here vy, is the volume of the unit ball in R™. Then

1

1/ " )r

u(x—y)|"dy
k-2 _ o |wwa—yn5<w&'yg+ﬁ(n o)
L+tz)r = [wigvs (Ttfz])r (L+tfz))r

We now set 6 = g/t for some € < 1. Then we have

1 2

)
w| <z - < ,
WIS+ = iy S 14t

and we can use this to obtain the estimate

u(x—2)
(1+tz))

IN

n
r

1
t" ] )r
u(x—y)|"d
c P 1 {(Vu)(x—=w)| . <Vn£” /\3’\§§+\z\| (x—y)['dy

rn weRrn T (].—|—'[|W|)£l (1+t|Z|)P

with ¢, = max(21/7,27)2"/. 1t follows that

lu(x—2)] 1[(Vu)(x—w)] : s
zeRn(1+t|z|)?§Cr’”{wsg§nt attw)t ETF MU )7

Taking € = % (Cen Cl)‘l, where C; is the constant in (6.5.6), we obtain the second
estimate in (6.5.6) with C; = 2e~"/". At this step we used the hypothesis that

n
Ux=2)] _ ¢ B+ [2])r
sern (L+Htz)F ~ sern (L+tf2))F
This concludes the proof of the lemma. a

Remark 6.5.4. The reader is reminded that G'in Lemma 6.5.3 may not be a function;
for example, this is the case when u is a polynomial (say of degree [n/r]). If U
were an integrable function, then u would be a bounded function, and condition
lu(x)| <B(1+[x|)* would not be needed.

We now return to a point alluded to earlier, that changing ¥ by another bump
Q that satisfies similar properties yields equivalent norms for the function spaces
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given in Definition 6.5.1. Suppose that €2 is another bump whose Fourier transform
is supported in the annulus 1 — % < |€| < 2 and that satisfies (6.5.1). The support
properties of ¥ and Q imply the identity

AP = AP (Al +af +AL). (6.5.7)

Let 0 < p <eoand pick r < pand N > ! +n. Then we have

AY(F)(x—2) 2indz
A2AY(£)()| < Cu. / 47 (D]~ 21 Nt
Rn (1+2J|z|) (14 2ijz])
|AF(f) _zy 2indz (6.5.8)
< C Su / n
>~ N7QZ€RF|)1 1+21|Z| Rn 1+2J|Z| N—I’
1
< CnraM(Af () (x)r

where we applied Lemma 6.5.3. The same estimate is also valid for AQAJﬂ(f)

and thus for AQ(f), in view of identity (6.5.7). Armed with this observation and
recalling that r < p, the boundedness of the Hardy-Littlewood maximal operator
on LP/" yields that the homogeneous Besov-Lipschitz norm defined in terms of the
bump € is controlled by a constant multiple of the corresponding Besov-Lipschitz
norm defined in terms of W. A similar argument applies for the inhomogeneous
Besov-Lipschitz norms. The equivalence constants depend on ¥,2,n, p,q, and c.

The corresponding equivalence of norms for Triebel-Lizorkin spaces is more
difficult to obtain, and it is a consequence of the characterization of these spaces
proved later.

Definition 6.5.5. For b > 0 and j € R we introduce the notation

it = s ol

so that we have
My" (%) = supMgy(F; %),
t>0
in accordance with the notation in the previous section. The function My*(f;¥) is
called the Peetre maximal function of f (with respect to V).

We clearly have
A7 () < Mg (F¥),

but the next result shows that a certain converse is also valid.

Theorem 6.5.6. Letb > n(min(p,q))~* and 0 < p,q < . Let ¥ and Q be Schwartz
functions whose Fourier transforms are supported in the annulus % <]l <2and
satisfy (6.5.1). Then we have
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q a q a
j . q jo AP q
|(Z f2rmsif) |, <c|(Z l2ay )
jez jez

forall f € &/(R"), where C =Cq pgnbw.0-

5 (6.5.9)

Proof. We start with a Schwartz function ©® whose Fourier transform is nonnegative,
supported in the annulus 1 — § < |€] <2, and satisfies

Yoelgi=1, EecR"\{0}. (6.5.10)
jez

Using (6.5.10), we have

Qy x = Z(Qz—k *x Oy )k (Opjx ).
jez

It follows that
ok | (€21 T)(x = 2)]

(1+ 2K|z|)P
=32 [ 1@ 0,)0) '(@2(1' 1*+f>2<kX|Z—D§ Wy,
g e I
- ;ezzzka /R (26, (Y)] . iflzzkk';; z|)° l(fa(zlj:zfj |) ;:—;)—by)l

i 1420 Ky 20z))>
< ¥ 2k J>“/ Qx0, o)y ( dy21*M#% (F:0)(x
je% R“|( 2—(] k))( )| (1—|—2k|Z|)b b7j( )( )
< ZZ‘k‘”“/R (R0, ) (Y)] (14+217)° (1421 K)y|)Pdy21* My (£:0) (%)
jez " :
We conclude that
UM (F,2)(%) < X Vi 219Mi5 (F,0) (x), (6.5.11)
jez
where _ _ _
Vi=2 120 [ (250, )l @+2Tly)Pay.

We now use the facts that both 2 and © have vanishing moments of all orders and
the result in Appendix K.2 to obtain

2—ljlL

|(Q * @271)(y)| S CL,N,n,@,Q (1 + 2min(07j) |y|)N
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forall L,N > 0. We deduce the estimate

Vj| <CLmnoo2 1M
for all M sufficiently large, which, in turn, yields the estimate

2 |Vj|min(1,q) < oo,
jez

We deduce from (6.5.11) that for all x € R" we have

{2 MEi(£:2) 00 el 10 < Capanw.o {2M5i(F:0) () 1|0

We now appeal to Lemma 6.5.3, which gives
UM (1:0) < C2*M(|AP (F)])7 =CM(2a? (F)[")7

with b = n/r. We choose r < min(p,q). We use the LP/"(R", ¢9/") to LP/"(R", ¢9/T)
boundedness of the Hardy-Littlewood maximal operator, Theorem 4.6.6, to com-
plete the proof of (6.5.9) with the exception that the function ¥ on the right-hand
side of (6.5.9) is replaced by ©. The passage to ' is a simple matter (at least when
p > 1), since

A = A7 (AP 1+ 47 + A7)

For general 0 < p < < the conclusion follows with the use of (6.5.8). a

We obtain as a corollary that a different choice of bumps gives equivalent
Triebel-Lizorkin norms.

Corollary 6.5.7. Let ¥, 2 be Schwartz functions whose Fourier transforms are sup-
ported in the annulus 1 — % < |€] <2 and satisfy (6.5.1). Let @ be as in (6.5.2) and
let

50 Zi<0Q(2798)  when & #£0,
@(é)_{lj when & = 0.

Then the Triebel-Lizorkin quasinorms defined with respect to the pairs (¥,®) and
(Q,0) are equivalent.

Proof. We note that the quantity on the left in (6.5.9) is greater than or equal to

(5 o)

LP

for all f € /(R"). This shows that the homogeneous Triebel-Lizorkin norm de-
fined using €2 is bounded by a constant multiple of that defined using ¥'. This proves
the equivalence of norms in the homogeneous case.

In the case of the inhomogeneous spaces, we let S¢" and S{f be the operators
given by convolution with the bumps @ and O, respectively (recall that these are
defined in terms of ¥ and ). Then for f € .#’/(R") we have
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Oxf=0+(DPxf)+0Ox(F1xf), (6.5.12)

since the Fourier transform of the function @ + '¥,-1 is equal to 1 on the support of
©. Applying Lemma 6.5.3 (with t = 1), we obtain that

1
r

|©Ox (D f) <CM(|@=f|")

and also .
r

@5 (¥ 1+ )| <CM(| %1+ F[")
for any 0 < r < oo. Picking r < p, we obtain that
|@+ (@ )], <C|ISg (F)]|Lo

and also
@« (#sx Dllp <ClAF (D)o

Combining the last two estimates with (6.5.12), we obtain that ||S3*(f)||,, is con-
trolled by a multiple of the Triebel-Lizorkin norm of f defined using ¥. This gives
the equivalence of norms in the inhomogeneous case. O

Several other properties of these spaces are discussed in the exercises that follow.

Exercises

6.5.1. Let0< o <Q1 <o, 0< p<oo,e>0,and o € R. Prove the embeddings
Bgﬂo C Bgm’
|:F<)X,QO C F;C-,fh’
BngS-,QO C Bg-,fh’
F’;HS-,QO C F;&m’
where p and q; are allowed to be infinite in the case of Besov spaces.

6.5.2. Let0 < <, 0< p<e,and a € R. Show that

Bg,min(P,Q) C F;"q C Bg,max(pﬂ).

[Hint: Consider the cases p > g and p < g and use the triangle inequality in the
spaces LP/9 and ¢9/P, respectively. |

6.5.3. (a) Let0 < p,q < e and & € R. Show that . (R") is continuously embedded
in By %(R™) and that the latter is continuously embedded in .7/ (R").
(b) Obtain the same conclusion for Fg*4(R") when p,q < ce.
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6.5.4.0 < p,q < « and a € R. Show that the Schwartz functions are dense in all
the spaces By (R") and Fg"%(RM).

[Hint: Every Cauchy sequence { f}x in By is also Cauchy in .#/(R") and hence
convergesto some f in.’(R"). Then Aj(fx) — Aj(f) in.#/(R"). But Aj(fy) isalso
Cauchy in LP and therefore convergesto A;(f) in LP. Argue similarly for Fﬁ“q(R”).}

6.5.5. Letx € R, let0 < p,q <eo,and letN =[5 4 . " ]+ 1. Assume that m is

min(p.g) )
a&™ function on R"\ {0} that satisfies
jo7m(&)] < Cylg |

for all |y] < N. Show that there exists a constant C such that for all f € ./(R") we
have ~
H(m f )VHB’O)uq < CH f HB%’q .

[Hint: Pick r < min(p,q) such that N > J + . Write m = ¥ ;mj, where mj(&) =
O(271&)m(&) and O(271&) is supported in an annulus 2J < || < 21+1, Obtain the
estimate

|(mja;(1)" (x—2)| A (Hx-2)| [, o
su A <Csu . m: 1421y rd
s 0 it M1+ dy

<o/( [ @) mra+ ™)

Then use the hypothesis on m and apply Lemma 6.5.3.]

6.5.6. (Peetre [258] ) Let m be as in Exercise 6.5.5. Show that there exists a constant
C such that for all f € .#/(R") we have
| ) flega <]

|F’,§’"q :
[Hint: Use the hint of Exercise 6.5.5 and Theorem 4.6.6.]

6.5.7. (a) Suppose that Bp2'%® = BP-% with equivalent norms. Prove that o = oy
and po = p1. Prove the same result for the scale of F spaces.

(b) Suppose that BJY'% = B9 with equivalent norms. Prove that g = q;. Argue
similarly with the scale of F spaces.

[Hint: Part (a): Test the corresponding norms on the function ¥(21x), where ¥ is
chosen so that its Fourier transform is supported in % < |&| < 2. Part (b): Try a func-
tion f of the form (&) =3\, ajp(& —21,&,..., &), where ¢ is a Schwartz func-
tion whose Fourier transform is supported in a small neighborhood of the origin.}
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6.6 Atomic Decomposition

In this section we focus attention on the homogeneous Triebel-Lizorkin spaces
F,;x’q, which include the Hardy spaces discussed in Section 6.4. Most results dis-
cussed in this section are also valid for the inhomogeneous Triebel-Lizorkin spaces
and for the Besov-L.ipschitz via a similar or simpler analysis. We refer the interested
reader to the relevant literature on the subject at the end of this chapter.

6.6.1 The Space of Sequences f"¢

To provide further intuition in the understanding of the homogeneous Triebel—
Lizorkin spaces we introduce a related space consisting of sequences of scalars.
This space is denoted by fg’q and is related to Fr‘f"q in a way similar to that in which
(%(Z) is related to L?(]0,1]).

Definition 6.6.1. Let 0 < g < e and a € R. Let 2 be the set of all dyadic cubes in
R". We consider the set of all sequences {sq }qc such that the function

0"%({so}e) = ( T (IR # " Isel 20)?)* (66.)

Qe2

is in LP(R™). For such sequences s = {sq } we set

Isllga = llg* ) ogan -

6.6.2 The Smooth Atomic Decomposition of Fy"¢
Next, we discuss the smooth atomic decomposition of these spaces. We begin with
the definition of smooth atoms on R".

Definition 6.6.2. Let Q be a dyadic cube and let L be a nonnegative integer. A ¢
function ag on R" is called a smooth L-atom for Q if it satisfies

(a) ag is supported in 3Q (the cube concentric with Q having three times its side
length);

(o) / x"ag(x)dx = 0 for all multi-indices |y| <L;
RN

(c) [dag| < |Q|ern‘*% for all multi-indices vy satisfying |y| <L+n+1.

The value of the constant L+n+1 in (c) may vary in the literature. Any suffi-
ciently large constant depending on L will serve the purposes of the definition.
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We now prove a theorem stating that elements of Fr?"q can be decomposed as
sums of smooth atoms.

Theorem 6.6.3. Let 0 < p,g < =, o € R, and let L be a nonnegative integer
satisfying L > [nmax(1, ;, é) —n—«]. Then there is a constant Cy, p g, such that for
every sequence of smooth L-atoms {aq } oc » and every sequence of complex scalars

{sq}oe we have

< Cnpaall{se}alljea- (6.6.2)

| 2 sotol|ug <
Qe P

Conversely, there is a constant C,’Lp,q‘a such that given any distribution f in Iipo"q
and any L > 0, there exist a sequence of smooth L-atoms {aqg }qc» and a sequence

of complex scalars {sq } e such that

f= z SQaq,
Qey

where the sum converges in .’/ &2 and moreover,
Hse}allfga < Chpaall fllega- (6.6.3)

Proof. We begin with the first claim of the theorem. We let AJ'-” be the Littlewood—
Paley operator associated with a Schwartz function ¥ whose Fourier transform is
compactly supported away from the origin in R". Let ag be a smooth L-atom sup-
ported in a cube 3Q with center Cq and let the side length be £(Q) = 27#. It follows
trivially from Definition 6.6.2 that ag satisfies

oy a2 ¥ 2 6.6.4
< T2 .6.

| yaQ(y)| >~ UN)n (1+2“|y_CQ|)N ( )

for all N > 0 and for all multi-indices y satisfying |y| < L+ n+ 1. Moreover, the

functiony — ¥, j(y — x) satisfies

2il8]+ijn

)
Y ily—x)| < .
0y ¥o-i(y =X)| <Cnpns (1+2iy —x|)N

(6.6.5)
for all N > 0 and for all multi-indices 6. Using first the facts that ag has vanishing
moments of all orders up to and including L = (L+1) — 1 and that the function
y — ¥ j(y —X) satisfies (6.6.5) for all multi-indices 6 with |6| = L, secondly the
facts that the functiony — ¥ (y — x) has vanishing moments of all orders up to and
including L+n = (L+n+ 1) — 1 and that aq satisfies (6.6.4) for all multi-indices y
satisfying |y| = L+n+ 1, and the result in Appendix K.2, we deduce the following
estimate forall N > 0:
noomin(jun—|u—jlL’

v <Cu.1) -t
47 @)W < Cun 2 | T oo (6.6.6)
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where
L L+1 when j < u,
L+n when u < j.

Now fix 0 < b < min(1, p,q) so that

L+1>p—n—o. (6.6.7)
This can be achieved by taking b close enough to min(1, p,q), since our assumption
L > [nmax (1, é,cl‘) —n— o] impliesL+1 > nmax (1, t,cl‘) —n—a.

Using Exercise 6.6.6, we obtain

1
¥ L L E (TG e T

& (L42min(ia)jx —cq)) &
(Q=2* (Q=2*

whenever N > n/b, where M is the Hardy-Littlewood maximal operator. It follows
from the preceding estimate and (6.6.6) that

ol z z ol |A}P(aQ)(x)\ <C z omin(j.u)ng—|i—u|l o—uno(j—p)e
y4 y4

1
szax(uj,O)E{M( > (|sQ||Q|%‘r7)be)(X)}b-
(Q)=2*

Raise the preceding inequality to the power g and sum over j € Z; then raise to the

power 1/q and take || - ||, , norms in x. We obtain

e (g [E0- ool g v 1)

Lez Q€2
(Q)=27#

3

LP

where f = Y4 Sqag and
d(j—p)= c 2min(j—p,0)(n—g)+(j—m)a—|j-ulL"
We now estimate the expression inside the last LP norm by

{Saummaal ™5 fu( 3 (sallert20)}

jez uez Qey
(Q)=27#

and we note that the first term is a constant in view of (6.6.7). We conclude that
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| X o]0 < CH
Qe2 p

sc"{uez{ S (ol )z}

Qe2
(Q)=27*#

1
o q
=C'H2 ¥ (|sQ||Q|%n)“xQ}
uezZ Qez
(Q)=27H

= C'l[{selellga

LP

{m( 2 (IsQ||Q|—%—%‘)be)}g}q

:CH”GZ{M( S (sl 9)%0) )}

p
Lb

81

LP

p

Lb

where in the Iast inequality we used Theorem 4.6.6, which is valid under the as-

sumption 1 < b, b < oo, This proves (6.6.2).

We now turn to the converse statement of the theorem. It is not difficult to see that
there exist Schwartz functlons ¥ (unrelated to the previous one) and © such that 7
is supported in the annulus % 5 < &1 <2, ¥ is at least ¢ > 0 in the smaller annulus

3 <|&] < 3, and O is supported in the ball [x| < 1 and satisfies [ga X?O (X) dx =

for all |y] <L, such that the identity

pRta 1) =

jez

holds for all £ € R"\ {0}. (See Exercise 6.6.1.)
Using identity (6.6.8), we can write

f= 2?’24*@24*]‘.
jez

Setting 2j = {Q € 2 £(Q) =271}, we now have

f=3 /@z ix=y) (¥ f)(y)dy= " Y soaq,

JEZQE/J i€ZQe;
where we also set

1
so = |Q|Z sup| (¥ + )(y)| sup [|970|| 4
yeQ [vI<L

forQ in 7j and

(6.6.8)
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1 n
2000 = [ & x—y)(# 1+ N)dy.
Q J/Q

It is straightforward to verify that ag is supported in 3Q and that it has vanishing
moments up to and including order L. Moreover, we have

3

1 j |
[97aql < (/197 2" sup ¥y f] < Q=2

which makes the function ag a smooth L-atom. Now note that

Y (1QI F2soxo(x))"

(Q)=2"]
=C Y (2%sup|(¥-ix )(Y)lxo(x))
Q=21 YR
<C sup (214 202) 7P| (Foo x F)(x—2)]) (L + 20 [2])
j2l<yn2-

< C(2*Mg5(1,9)()",

where we used the fact that in the first inequality there is only one nonzero term in
the sum because of the appearance of the characteristic function. Summing over all
j € Z", raising to the power 1/q, and taking LP norms yields the estimate

1
l{se}ellige <C| (jezz|2Jang(f;T)‘q) q HLP <Cl[fllegea-

where the last inequality follows from Theorem 6.5.6. This proves (6.6.3). O

6.6.3 The Nonsmooth Atomic Decomposition of Fs

We now discuss the main theorem of this section, the nonsmooth atomic decomposi-
tion of the homogeneous Triebel-Lizorkin spaces F,f"q, which in particular includes
that of the Hardy spaces HP. We begin this task with a definition.

Definition 6.6.4. Let 0 < p < 1 and 1 < g < . A sequence of complex numbers
r = {rq}ocz is called an -atom for fg"9 if there exists a dyadic cube Qo such that

(@) ro=0ifQ Z Qo; )
(®) [|g*9(r)| - < 1Qol .

We observe that every co-atom r = {rq} for 5" satisfies ||r|| jwa < 1. Indeed,

7| Pea = [ 1g%9(r)[Pdx < |Qo| }Qo| =1.
P Qo
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The following theorem concerns the atomic decomposition of the spaces f,‘)’"q.

Theorem 6.6.5. Suppose o € R, 0 < q < o, 0 < p < o, and s = {sq}q is in f5"%.

Then there exist Cy pq > 0, a sequence of scalars A, and a sequence of eo-atoms
c={r: 00,

rj = {rjq}q for fp"" such that

s={so}o= D Ai{riqto = X, Ajfj
=1 =1

and such that . .
(2 141P) " <Copallslljea- (6.6.9)
i=1

Proof. We fix a, p,q, and a sequence s = {sq}o as in the statement of the theorem.
For a dyadic cube R in 2 we define the function

1

gR(S)(X) = (Q29(|Q|ﬁ_% |SQ|XQ(X)>q) q
RCQ

and we observe that this function is constant on R. We also note that for dyadic
cubes R; and R, with Ry C R, we have

Or, (5) < OR.(5).
Finally, we observe that

H o.,q _
e(g)rgng (s)(x) =0
XER

f(ligog;‘*%s)(x) — g*9(s)(x),

where g®9(s) is the function defined in (6.6.1).
For k € Z we set

={Re2: ga%s)(x) >2¢ forallxeR}.
We note that <41 C o for all k in Z and that

{xeR": g*(s)(x) > 2*} = |J R. (6.6.10)
Reg
Moreover, we have forall k € Z,

1

3 (|Q|*ﬁ*%|sQ|xQ(x))q)qgzk, forall x € R". (6.6.11)
Qe P\



84 6 Smoothness and Function Spaces

To prove (6.6.11) we assume that g*9(s)(x) > 2¥; otherwise, the conclusion is triv-
ial. Then there exists a maximal dyadic cube Rmax in % such that x € Rpax. Letting
Ro be the unique dyadic cube that contains Rmax and has twice its side length, we
have that the left-hand side of (6.6.11) is equal to g5 ?(s)(x), which is at most 2%,
since R is not contained in 4.

Since g*9(s) € LP(R"), by our assumption, and g*9(s) > 2X for all x € Q if
Q € o, the cubes in o7 must have size bounded above by some constant. We set

P«={Qe2: Qisamaximal dyadic cube in o\ .1} .

For J in % we define a sequence t(k,J) = {t(k,J)q}oc by setting

Q70 otherwise.

We can see that if

Q¢ |, then  sg=0,
kez

and the identity
s=Y Y tkJ) (6.6.12)
keZ Je By
is valid. For all x € R" we have

1

(3 (0" seliat)?)
Q4J
Qe \ i1

( Z (|Q|7g7%|SQ|XQ(X))q)q (6613)

dcs
QED\ A 11

k+1
27,

|9%9(t(k,9)) (x)]

IN

IN

where we used (6.6.11) in the last estimate. We define atoms r(k,J) = {r(k,J)o }ocz
by setting
1
r(k,d)o =273 rt(k,J)q, (6.6.14)
and we also define scalars
k+1)7) %
Mg =273]P.

To see that each r(k,J) is an «-atom for f,ﬁ’"q, we observe that r(k,J)o =0if Q Z J
and that )
g% 9(t(k, ) (x)| <|3|"p,  forallxeR",

in view of (6.6.13). Also using (6.6.12) and (6.6.14), we obtain that

S= z z )LkJ r(kﬂ‘])a

keZ Je %y
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which says that s can be written as a linear combination of atoms. Finally, we esti-
mate the sum of the pth power of the coefficients A ;. We have

S 3 ol = 32600 3

keZ Je %y kez Je Ay

<2?¥y2 |JQ
kez Qe.o

= 2P Y 2KP-D2KIx e RM: g*(s)(x) > 24}
kez

2k+l

< zpz/k 2KP-D|{x e R": g*9(s)(x) > 4} dA

kez /2

2k+l
< zpz/2k AP-Y{x e R": g*9(s)(x) > 4} dA

kez

22p
= el

22p
= 2" sl

Taking the pth root yields (6.6.9). The proof of the theorem is now complete. [
We now deduce a corollary regarding a new characterization of the space fg"q.

Corollary 6.6.6. Suppose oc € R, 0 < p <1, and p < g < . Then we have
oo 1 =
Hst-g.q ~ inf{(z |Aj|p) Prs=Y Ajrj, rjisanc-atom for f,‘j‘*q}.
j=1 j=1

Proof. One direction in the previous estimate is a direct consequence of (6.6.9). The
other direction uses the observation made after Definition 6.6.4 that every co-atom r
for 59 satisfies ||r|| jea <1 and that for p < 1 and p < q the quantity s — ||s|| ?a,q is

P.
subadditive; see Exercise 6.6.2. Then each s = Y71 A;rj (with rj co-atoms for fgd
and X774 [4j|P < ) must be an element of f5°9, since

| % am
j=1

p > >
0 < 2 AP il fea < X 1AGIP < eo.
| =

This concludes the proof of the corollary. O

The theorem we just proved allows us to obtain an atomic decomposition for the
space 5" as well. Indeed, we have the following result:

Corollary 6.6.7. Leta e R,0<p<1,L> [B —n—o] and let g satisfy p < g < .
Then we have the following representation:
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oo 1 oo
- p .
HfHFpa,qsz{(Zp’L”P) P f=Y AjA;, Aj= ) roag, agare
=1 =1 (0137

smooth L-atoms for Flf‘*q and {rq}q is an «-atom for fg“q} :

Proof. Let f =354 AjAj as described previously. Using Exercise 6.6.2, we have

[f][Raa < X [4[°|Aj || Eea < Cap X |2 1°(|r||Feca
p j:l p j:l p

where in the last estimate we used Theorem 6.6.3. Using the fact that every --atom
r = {ro} for 59 satisfies | r|| je-a < 1, we conclude that every element f in .7/(R")

that has the form X7, AjA; lies in the homogeneous Triebel-Lizorkin space g

1
[and has norm controlled by a constant multiple of ( i1 |Aj|”) P].

Conversely, Theorem 6.6.3 gives that every element of lip“’q has a smooth atomic
decomposition. Then we can write

f= z SQaq,
Qe

where each ag is a smooth L-atom for the cube Q. Using Theorem 6.6.5 we can now
write s = {sq }q as a sum of co-atoms for f§"9, that is,

S::EEAJH,
=1

where
(zw) <cflsfljea < f[eea

where the last step uses Theorem 6.6.3 again. It is simple to see that
f=2> ZMH QaQ = ZAJ( > rJ\QaQ>a
Q€7 j= 1 Q€2

and we set the expression inside the parentheses equal to A;. O

6.6.4 Atomic Decomposition of Hardy Spaces

We now pass to one of the main theorems of this chapter, the atomic decomposition
of HP(R") for 0 < p < 1. We begin by defining atoms for HP.

Definition 6.6.8. Let 1 < q < . A function A is called an L9-atom for HP(R") if
there exists a cube Q such that
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(a) Ais supported in Q;

1_1
(b) [|A][q <IQJa"P;

(c) /XYA(x)dx = 0 for all multi-indices y with |y| < [g —nJ.

Notice that any L"-atom for HP is also an L9-atom for HP whenever 0 < p <1
and 1 < g < r <o, Itis also simple to verify that an L%-atom A for HP is in fact in
HP. We prove this result in the next theorem for g = 2, and we refer the reader to
Exercise 6.6.4 for the case of a general q.

Theorem 6.6.9. Let 0 < p < 1. There is a constantC, p < oo such that every L2-atom
A for HP(R") satisfies
[All4e < Cnp-

Proof. We could prove this theorem either by showing that the smooth maximal
function M(A; @) is in LP or by showing that the square function (¥ |AJ-(A)|2)1/2
isin LP. The operators A; here are as in Theorem 5.1.2. Both proofs are similar; we
present the second, and we refer to Exercise 6.6.3 for the first.

Let A(x) be an atom that we assume is supported in a cube Q centered at the
origin [otherwise apply the argument to the atom A(x — cq), where cq is the center

of Q]. We control the LP quasinorm of (¥; |AJ-(A)|2)1/2 by estimating it over the
cube Q* and over (Q*)¢, where Q* = 2,/nQ. We have

</Q*(2j‘|Aj( de) (/ Z|A |2dx) Q" |p<z/p

1
Using that the square function f — (3;|A;j(f)[?)? is L* bounded, we obtain

1
p p 1
</Q* (XlAj(A)P)? dX) < Cn||A[| Q" |Pere
J 1 (6.6.15)

n_n 1 1 1_
< Ga(2vn)r2|QI2 P [Qr 2
=cl.

To estimate the contribution of the square function outside Q*, we use the cancella-
tion of the atoms. Let k = [ —n] + 1. We have

Aj(A)(X) = /Q A(y) ¥ (x — y) dy

_ oin iy _ iy _ B iy, (—20Y)P
2 [ aw)| (22 3 ek Joy

—21”/ [22 (9Bw)(2ix — 219y)( ij)ﬁ]dy,
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where 0 < 6 < 1. Taking absolute values, using the fact that 0¥ are Schwartz
functions, and that [x — 8y| > |x| — |y| > %|x| whenevery € Q and x ¢ Q*, we obtain

the estimate
C 2lylk
/ IA( a NI | ﬁ’ﬂ dy
\m K (L+205 XN B!

CN Dn21 (tc+m) 2 % 2k %
<
< 1y 20N (/IA V)l dy) (/Qlyl dy)

| /\

[Aj(A)(x)]

j(k+n)
N _ k1
_ Cnpn2ittm AR
(1+20x|)N

for x € (Q*)C. For such x we now have

1 . 1
2 2 - 1+$.—,1)< 221(l.<+n> )2
(EZIA X)| ) < Cn.pn|Q| jezz(1+21|x|)2N . (6.6.16)
It is a simple fact that the series in (6.6.16) converges. Indeed, considering the cases
21 <1/|x|and 21 > 1/|x| we see that both terms in the second series in (6.6.16) con-
tribute at most a fixed multiple of |x| ~2¥=2", It remains to estimate the LP quasinorm
of the square root of the second series in (6.6.16) raised over (Q*)®. This is bounded
by a constant multiple of

1 1
g 1 p oo p
dx] <cC / rp(k+“>+”ldr> ,

<~/(Q*)C [x[pltn) ) - n’p< ok

for some constant c, and the latter is easily seen to be bounded above by a constant

k
multiple of |Q|_1_n+l1). Here we use the fact that p(k+n) > n or, equivalently,
k> " —n, which is certainly true, since k was chosen to be [ —n] + 1. Combining
this estimate with that in (6.6.15), we conclude the proof of the theorem. O

We now know that L%-atoms for HP are indeed elements of HP. The main result
of this section is to obtain the converse (i.e., every element of HP can be decomposed
as a sum of L2-atoms for HP).

Applying the same idea as in Corollary 6.6.7 to HP, we obtain the following
result.

Theorem 6.6.10. Let 0 < p < 1. Given a distribution f € HP(R"), there exists a
sequence of L2-atoms for HP, {Aj}j_1, and a sequence of scalars {4}, such that

N
ZMAJ‘ — f in HP,
=1
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Moreover, we have

o . N
[l = inf{ (X 1411P)7 2 £ = lim 3 A,
j=1 j=1

Ajare L2-atoms for HP and the limit is taken in Hp} .

(6.6.17)

Proof. Let Aj be L2-atoms for HP and 35 [4j|P < . It follows from Theorem
6.6.9 that

N p N
H z AjAjHHp SCﬁ’p z 1Al
=1 =1

Thus if the sequence z'j“:l AjAj convergesto f in HP, then

oo

1
[ lle <Cap (T 12317) "

=1

which proves the direction < in (6.6.17). The gist of the theorem is contained in the
converse statement.

Using Theorem 6.6.3 (with L = [B —nJ), we can write every element f in Ii,g”z =
HP as a sum of the form f = Yo » Sgag, where each ag is a smooth L-atom for the
cube Q and s = {sg }qec is a sequence in f,972. We now use Theorem 6.6.5 to write
the sequence s = {sq}q as

S= z ljl‘j ,
=1

i.e., as a sum of co-atoms r; for f3?, such that

> 1
(S 141P) > <Cls]l g2 <€l (6.6.18)
j=1
Then we have
f= z SQag = z z )Lj rioaq = )LJ'AJ' R (6.6.19)
Q€2 Q€2 j=1 j=1
where we set
Aj = z rioaoQ (6.6.20)
Qe2

and the series in (6.6.19) converges in . (R"). Next we show that each Aj is a fixed
mult.ié)ge of an L?-atom for HP. Let us fix an index j. By the definition of the co-atom

for fy%, there exists a dyadic cube QJ such that rj g = 0 for all dyadic cubes Q not
contained in Q(‘). Then the support of each aq that appears in (6.6.20) is contained in

3Q, hence in SQ(J). This implies that the function A; is supported in SQ(‘). The same
is true for the function g%2(rj) defined in (6.6.1). Using this fact, we have
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Al ~ [[As][goa

e/l a2

IN

= c[|g®%(r)]|.
¢]|g®(rj)]| - 13Q) 2

H 1,1
< ¢[3Qp| P72,

IN

Since the series (6.6.20) defining Aj converges in L2 and Aj is supported in some
cube, this series also converges in L. It follows that the vanishing moment condi-
tions of A; are inherited from those of each ag. We conclude that each Aj is a fixed
multiple of an L2-atom for HP.

Finally, we need to show that the series in (6.6.19) converges in HP(R"). But

M M 1
| 3% 28l scn,p(zpr)p —0
i= j=

as M,N — oo in view of the convergence of the series in (6.6.18). This implies that
the series .7_; AjAj is Cauchy in HP, and since it convergesto f in #/(R"), it must
converge to f in HP. Combining this fact with (6.6.18) yields the direction > in
(6.6.17). O

Remark 6.6.11. Property (c) in Definition 6.6.8 can be replaced by
/xYA(x)dx =0 forall multi-indices y with |y| <L,

forany L > [g — nJ, and the atomic decomposition of HP holds unchanged. In fact,

in the proof of Theorem 6.6.10 we may take L > [ —n] instead of L = [ —n] and
then apply Theorem 6.6.3 for this L. Observe that Theorem 6.6.3 was valid for all
L>["—n].

—p

This observation can be very useful in certain applications.

Exercises

6.6.1. (a) Prove that there exists a Schwartz function © supported in the unit ball
x| < 1such that [z X7©(x)dx = 0 for all multi-indices y with |y| <N and such that
/6| > } onthe annulus § < || < 2.

(b) Prove there exists a Schwartz function ¥ whose Fourier transform is supported
in the annulus 3 < |&| < 2 and is at least ¢ > 0 in the smaller annulus 3 < || < 3

such that we have P
> Pigee g =1
jez
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forall £ ¢ R"\ {0}.

[Hint: Part (a): Let 6 be a real-valued Schwartz function supported in the ball
x| <1 and such that 6(0) = 1. Then for some & > 0 we have (&) > 3 for
all £ satisfying |£| < 2e < 1. Set @ = (—A)N(6¢). Part (b): Define the function

¥(E) = N(E)(Sjez (27 1€)6(271€)) " for asuitable n ]
6.6.2. Leta e R,0<p<1, p<qg< +oo,
(@) Forall f,g in ./(R") show that

I+ all2en < 1112+ lolEga-
(b) For all sequences {sq}oc# and {tg}oc» show that
[{s}o+ {tQ}QH?S"q < H{SQ}QH?gﬂ + ||{tQ}Q||?3"q :

[Hint: Use |a+b|P < [a|P + |b|P and apply Minkowski’s inequality on L%P (or on
gQ/p)_]

6.6.3. Let @ be a smooth function supported in the unit ball of R". Use the same
idea as in Theorem 6.6.9 to show directly (without appealing to any other theorem)
that the smooth maximal function M(-, @) of an L?-atom for HP lies in LP when
p < 1. Recall that M(f, @) = sup.q |t * f].

6.6.4. Extend Theorem 6.6.9 to the case 1 < g < . Precisely, prove that there is a
constant Cp p q such that every L9-atom A for HP satisfies

1Allwe < Cnpa-

[Hint: If 1 < g < 2, use the boundedness of the square function on L9, and for
2 < g < oo, its boundedness on L]

6.6.5. Show that the space Hf of all finite linear combinations of L2-atoms for HP
is dense in HP.
[Hint: Use Theorem 6.6.10.]

6.6.6. Show that for all i, j € Z, all N,b > 0 satisfying N > n/b and b < 1, all
scalars sq (indexed by dyadic cubes Q with centers cq), and all x € R" we have

Z |SQ|
&y (L4 2min(im)x — cg )N

£Q)=27#
. ;
<en N2 1M ( 3 sl o)}
Qey
(Q—2
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where M is the Hardy-L.ittlewood maximal operator and c¢(n,N,b) is a constant.
[Hint: Define Zo = {Q € 2: £(Q) =27*, |cq — x| 2M"J#) < 1} and for k > 1 de-
fine k= {Qe 2: £(Q)=27F, 2k < |cq —x|2MNU:H) < 2K} Break up the sum
on the left as a sum over the families f/_“k gnd use that Y oc 7, Iso| < (Zoe.s, |sQ|b) /b
and the fact that | Uge 7, Q| < cp2~ Minntkn |

6.6.7. Let A be an L?-atom for HP(R") for some 0 < p < 1. Show that there is a
constant C such that for all multi-indices o with |a| <k = [g —n] we have

e A _ 27P (k?;l 1)_1
sup [£[/“1|(9°R)(&)| < C|A ]| e "
EeRn

[Hint: Subtract the Taylor polynomial of degree k — || at O of the function x —
e—27rix-§ ]

6.6.8. Let A be an L2-atom for HP(R™) for some 0 < p < 1. Show that for all multi-
indices o and all 1 < r < « there is a constant C such that

2el 1112

- X
110 A gy < C 1Al afn °

Lr’(Rn
[Hint: In the case r = 1 use the L — L= boundedness of the Fourier transform and
in the case r = o use Plancherel’s theorem. For general r use interpolation.]

6.6.9. Let f be in HP(R") for some 0 < p < 1. Then the Fourier transform of f,
originally defined as a tempered distribution, is a continuous function that satisfies

[FE)N < Copl| | gp gy &1

for some constant C,, , independent of f.

[Hint: If f is an L2-atom for HP, combine the estimates of Exercises 6.6.7 and 6.6.8
with oo = 0 (and r = 1). In general, apply Theorem 6.6.10.]

6.6.10. Let A be an L~-atom for HP(R") for some 0 < p<landleto = | —n.
Show that there is a constant Cy, , such that for all g in Aa(R”) we have

A(x)g(x)dx
Rn

Scn,pHgHAa(R”)'

[Hint: Suppose that A is supported in a cube Q of side length 2~V and center cq.
Write the previous integrand as >; Aj(A)Aj(g) for a suitable Littlewood-Paley op-

erator Aj and apply the result of Appendix K.2 to obtain the estimate
1 omin(j,v)np—|j—v|D
|Aj(A)(x)| <CnlQI P - .
(1+2min(i-v) |x — cq)

where D = [o] + 1 when v > jand D = 0 when v < j. Use Theorem 6.3.6.]
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6.7 Singular Integrals on Function Spaces

Our final task in this chapter is to investigate the action of singular integrals on
function spaces. The emphasis of our study focuses on Hardy spaces, although with
no additional effort the action of singular integrals on other function spaces can also
be obtained.

6.7.1 Singular Integrals on the Hardy Space H?

Before we discuss the main results in this topic, we review some background on
singular integrals from Chapter 4.

Let K(x) be a function defined away from the origin on R" that satisfies the size
estimate

1
sup K(X)| [ dx < A (6.7.1)
0<R<e R [X|<R

the smoothness estimate, expressed in terms of Hormander’s condition,

sup [ K(x—y)—KX)|dx < Ay, (6.7.2)

YERM O 2oy

and the cancellation condition

sup
0<R1<Ry<eo

K(x)dx

Rl<‘.X‘<R2

<As, (6.7.3)

for some Ag, Az, Az < e=. Condition (6.7.3) implies that there exists a sequence €j | 0
as j — oo such that the following limit exists:

lim K(x)dx = Lo.
J=ee Jej<ix<1

This gives that for a smooth and compactly supported function f on R", the limit

lim [ Kx—y)fy)dy=T(Hx) (6.7.4)

J—roo

Xyl

exists and defines a linear operator T. This operator T is given by convolution with
a tempered distribution W that coincides with the function K on R"\ {0}.

By the results of Chapter 4 we know that such a T, initially defined on €;°(R"),
admits an extension that is LP bounded for all 1 < p < o and is also of weak type
(1,1). All these norms are bounded above by dimensional constant multiples of the
quantity A; + A, + As (cf. Theorem 4.4.1). Therefore, such a T is well defined on
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L1(R") and in particular on H(R™), which is contained in L*(R"). We begin with
the following result.

Theorem 6.7.1. Let K satisfy (6.7.1), (6.7.2), and (6.7.3), and let T be defined as in
(6.7.4). Then there is a constant Cy, such that for all f in H'(R") we have

[T(H)[] 2 < CnlA1+Az+Ag) | f| s - (6.7.5)

Proof. To prove this theorem we have a powerful tool at our disposal, the atomic
decomposition of HY(R"). It is therefore natural to start by checking the validity of
(6.7.5) whenever f is an L2-atom for H1.

Since T is a convolution operator (i.e., it commutes with translations), it suffices
to take the atom f supported in a cube Q centered at the origin. Let f = a be such
an atom, supported in Q, and let Q* = 2,/n Q. We write

[r@eie= [ Ta@oide [ T@wiec 676

and we estimate each term separately. We have

/ IT (a)(x)| dx <|Q|2(/ IT(a |2dx>%

1
1 2
< ColAr+Ag 4 ADIQ ( / |a<x>|2dx)
1 1 1
<Cn(A1+A2+A3)|Q"|2|Q]271 =C| (A1 + A2 +Asz),

where we used property (b) of atoms in Definition 6.6.8. Now note that if x ¢ Q*
and y € Q, then |x| > 2|y| and x —y stays away from zero; thus K(x —y) is well
defined. Moreover, in this case T (a)(x) can be expressed as a convergent integral of
a(y) against K(x —y). We have

Jo @I = [

/K (x—y)a dy‘dx
e o (K=Y =KE0)ay) dy | dx
< o[O3 =K 0xlay) dy

= /<2/x22y [K(x—=y) = K(x)[dx]a(y)|dy
SAz./Q|a(x)|dx

1

< aolQlé ([ jaoa)’

< AJQIE|QI 1 =Ay.
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Combining this calculation with the previous one and inserting the final conclusions
in (6.7.6) we deduce that L?-atoms a for H? satisfy

IT(@)]|1 < (Ch+1)(As+Az+Ag). (6.7.7)

We now pass to general functions in H™. In view of Theorem 6.6.10 we can write
an f eHlas

f= 2 /’Ljaj ,
j=1
where the series converges in H, the a; are L2-atoms for H?, and

][z = _ZII/H (6.7.8)
j=

Since T maps L! to weak L (Theorem 4.3.3), T(f) is already a well defined L1
function. We plan to prove that

f)= i AT (aj) a.e. (6.7.9)
i=1

We observe that the series in (6.7.9) converges in L. Once (6.7.9) is established, the
required conclusion (6.7.5) follows easily by taking L' norms in (6.7.9) and using
(6.7.7) and (6.7.8).

To prove (6.7.9), we show that T is of weak type (1,1). For a given § > 0 we
have

ACEMERCIED]

<[{IT() ZM (aj)| > 8/2}] + [{| Z AT (aj)| > 8/2}|

j=N-+1
2
< 5Tl ||f Zﬂtjaj 5 HJ > M@,
2 2 &
< STl Z?uaJH CChtL)(AtAr+A) Y (A,

j=N+1

Since ZJN:l)Ljaj converges to f in H! and Y521 |4j| < eo, both terms in the sum
converge to zero as N — oo, We conclude that

[T () im(aj)\ > 5| =
j=

for all 6 > 0, which implies (6.7.9). O



96 6 Smoothness and Function Spaces

6.7.2 Singular Integrals on Besov—Lipschitz Spaces

We continue with a corollary concerning Besov-Lipschitz spaces.

Corollary 6.7.2. Let K satisfy (6.7.1), (6.7.2), and (6.7.3), and let T be defined as
in (6.7.4). Let 1 < p <o, 0 << oo and o € R. Then there is a constant Cy p g«
such that for all f in . (R") we have

||T(f)||Bg,q S Cn(A1+A2+A3)|| f ||ng . (6710)

Therefore, T admits a bounded extension on all homogeneous Besov-Lipschitz
spaces Bg"q with p > 1, in particular, on all homogeneous Lipschitz spaces.

Proof. Let ¥ be a Schwartz function whose Fourier transform is supported in the
annulus 1 — 2 < |&| < 2 and that satisfies

Y P =1, £+£0.

jez

Pick a Schwartz function { whose Fourier transform Z is supported in the annulus
}1 < |&€| < 8 and that is equal to one on the support of ¥. Let W be the tempered
distribution that coincides with K on R™\ {0} so that T(f) = f «W. Then we have
& i+« i =¥ forall j and hence

45T (Do = 1G5 oo # W £

(6.7.11)

< (1G5 # Wil |45 ()] -
since 1 < p < o It is not hard to check that the function &,-; is in H with norm
independent of j. Therefore, {,; is in H'. Using Theorem 6.7.1, we conclude that

IT (&)l = 1% *Wjis < C[|G-sln =€

Inserting this in (6.7.11), multiplying by 2)%, and taking ¢% norms, we obtain the
required conclusion. O

6.7.3 Singular Integralson HP(R")

We are now interested in extending Theorem 6.7.1 to other HP spaces for p < 1. It
turns out that this is possible, provided some additional smoothness assumptions on
K are imposed.

For the purposes of this subsection, we fix a function K(x) on R"\ {0} that satis-
fies [K(x)| < A|x|~" for x # 0 and we assume that there is a distributionW in ./ (R")
that coincides with K on R"\ {0}. We make two assumptions about the distribution
W : first, that its Fourier transform W is a bounded function, i.e., it satisfies
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W (&)| <B, EcR", (6.7.12)

for some B < o; secondly, that W is obtained from the function K as a limit of
its smooth truncations. This allows us to properly define the convolution of this
distribution with elements of HP. So we fix a nonnegative smooth function n that
vanishes in the unit ball of R" and is equal to one outside the ball B(0,2). We assume
that for some sequence ¢ € (0,1) with g; | 0 the distribution W has the form

(W.p)=tim [ Kiym(y/e))o(y)dy (6713

for all ¢ € #(R"). Then we define the smoothly truncated singular integral associ-
ated with K and n by

00 = [ n(y/e)KmT—y)dy

for Schwartz functions f [actually the integral is absolutely convergent for every
f e LP and any p € [1,0)]. We also define an operator T given by convolution with
W by

T(f):jlim TE)(f) = f«W. (6.7.14)

This provides a representation of the operator T. If the function K satisfies condi-
tion (4.4.3), this representation is also valid pointwise almost everywhere for func-
tions f € L2, i.e., limj_.. T (&) (f)(x) = T(f)(x) for almost all x € R". This follows
from Theorem 4.4.5, Exercise 4.3.10, and Theorem 2.1.14 (since the convergence
holds for Schwartz functions).

Next we define T (f) for f € HP. One can write W =W + K., where Wy = @W
and K., = (1 — @)K, where @ is a smooth function equal to one on the ball B(0,1)
and vanishing off the ball B(0,2). Then for f in HP(R"), 0 < p < 1, we may define
a tempered distribution T (f) =W « f by setting

(T(£),0) = (f,0+Wo)+ (¢ f,K.) (6.7.15)

for ¢ in.7(R"). The function ¢ «Wp is in ., so the action of f on it is well defined.
Also ¢ = f is in L! (see Proposition 6.4.9), while K.. is in L™; hence the second
term on the right above represents an absolutely convergent integral. Moreover, in
view of Theorem 2.3.20 and Corollary 6.4.9, both terms on the right in (6.7.15) are
controlled by a finite sum of seminorms p,, 5(¢) (cf. Definition 2.2.1). This defines
T(f) as a tempered distribution.

The following is an extension of Theorem 6.7.1 for p < 1.

Theorem 6.7.3. Let 0 < p<land N = [B —n]+1. Let K be a &N function on
R"\ {0} that satisfies
10PK(x)| < Ax|~"IPl (6.7.16)
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for all multi-indices || < N and all x # 0. Let W be a tempered distribution that
coincides with K on R"\ {0} and satisfies (6.7.12) and (6.7.13). Then there is a
constant Cy,  such that the operator T defined in (6.7.15) satisfies, for all f € HP,

[T(5)]lLo < Cnp(A+B)[|f|,55-
Proof. The proof of this theorem is based on the atomic decomposition of HP.
We first take f = a to be an L?-atom for HP, and without loss of generality we

may assume that a is supported in a cube Q centered at the origin. We let Q* be the
cube with side length 2,/n¢(Q), where £(Q) is the side length of Q. We have

1 1

(/ IT(a |pdx)p < ClQ7|b" z(/ IT(a |2dx>2
1
< cpiQlh ([ aopax)

1 1 1 1
< CaBIQ[P2[Q[2 P
= CnB

For x ¢ Q* and y € Q, we have |x| > 2|y|, and thus x — y stays away from zero
and K(x —y) is well defined. We have

= [ KUx=y)al)oy.
JQ

Recall that N = [ —n]+ 1. Using the cancellation of atoms for HP, we deduce
T@0) = [ ay)Kx-y)dy
Q
_ L B (y)P
—/Qa<y>[r<<x - 3 (@00 %) |ay

[BI<N-1

s @ kx—oy Y [d ]

@ [ﬂ mt A

for some 0 < 6, < 1. Using that |x| > 2|y| and (6.7.23), we obtain the estimate

A n
T@01<eon e [ 10117y,

from which it follows that for x ¢ Q* we have

A 14 N_1
@)1 < cnp i[O 2
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via a calculation using properties of atoms (see the proof of Theorem 6.6.9). Inte-
grating over (Q*)¢, we obtain that

! 1
P N_1 1 p
p 1+n7 /
(/(Q*)c T dX) <CnpAlQ[TTM P (/((y)c P dx) < cppA.

We have now shown that there exists a constant Cp, , such that
|T(@)]|p <Cnp(A+B) (6.7.17)

whenever a is an L?-atom for HP. We need to extend this estimate to infinite sums
of atoms. To achieve this, it convenient to use operators with more regular kernels
and then approximate T by such operators.

Recall the smooth function n that vanishes when |x| < 1 and is equal to 1 when
|x| > 2. We fix a smooth function 0 with support in the unit ball having integral
equal to 1. We define 65(x) = 6 "0(x/9),

Keu(x) = K(x) (n(x/€) — 1 (ux))

and
K5£“=95*K5”

for 0 < 108 < & < (10u)~L. We make the following observations: first Ks .. uise™;
second, it has rapid decay at infinity, and hence it is a Schwartz function; third, |t
satisfies (6.7.16) for all || < N with constant a multiple of A, that is, mdependent

of 6, &, u. Let Ts ., be the operator given by convolution with K5 . ,, and let T
be the maximal smoothly truncated singular integral associated with the bump n.
Then for h € L? we have

[Ts.e.0 (M| 2 < 2[[ Ty (85 h)|| 2 < Cn(A+B)[|65h] . < Cn(A+B)[|n]| .

hence Ts ¢, maps L? to L? with norm a fixed multiple of A+ B. The proof of (6.7.17)
thus yields for any L?-atom a for HP the estimate

[ Ts.c.0(8)]| L <Chp(A+B) (6.7.18)

with a constant Cr/w,p that is independent of 0, ¢, 1.
Let f be in L2 HP, which is a dense subspace of HP, and suppose that f =
¥ i Ajaj, where aj are L?-atoms for HP, the series converges in HP, and we have

ZIMI" < CRIIlfn ey (6.7.19)

We set fy = 2'}":1 Ajaj. Then fy, f arein L? but fyy — f in HP; hence by Proposition
6.4.10, fv — f in.”". Acting on the Schwartz functions K5 . , (x—-), we obtain that

Tseu(fm)(X) = Ts e 0 (F)(X) asM — o forallx e R". (6.7.20)
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Recall the discussion in the introduction of this section defining T = limj_.. T (€
in an appropriate sense. Let h € L2(R"). Since h x Ks.e,u 1S @ continuous function,
Theorem 1.2.19 (b) gives that

Tsepu(n) — T () = T (h) (6.7.21)
()

pointwise as 6 — 0, where T,™" is the smoothly truncated singular integral associ-
ated with the bump n (cf. Exercise 4.3.10). The expressions on the right in (6.7.21)

are obviously pointwise bounded by 2T,§*>(h). Since T,g*) is an L2 bounded opera-
tor, and Tn(gﬂ (y)— Tn(l/”)(q/) — T () for every y € .(R"), it follows from The-

orem 2.1.14 that T,gs")(h) —T,M")(h) — T (h) pointwise a.e. as &j,u — 0. Thus
Ts.;.u(N) — T (h) pointwise a.e. as § — 0, 4 — 0, and &j — 0 in this order. Using

this fact, (6.7.20), and Fatou’s lemma, we deduce for the given f, fy,y € LZNHP that

Tt

e

HLp < 6||m£|nf HT§8 u

< I,Lms,m_»fo“mmeT‘”J” ()| -

The last displayed expression is at most (C,Cj, ,)P(A+B)P| f||{}, using the sublin-
earity of the pth power of the LP norm, (6.7.18), and (6.7.19).

This proves the required assertion for f € HP NL2. The case of general f € HP
follows by density and the fact that T () is well defined for all f € HP, as observed
at the beginning of this subsection. O

We discuss another version of the previous theorem in which the target space is
HP.

Theorem 6.7.4. Under the hypotheses of Theorem 6.7.3, we have the following con-
clusion: there is a constant C,, , such that the operator T satisfies, for all f € HP,

Tl < Cop(A+B)|[flyp-

s

Proof. The proof of this theorem provides another classical application of the
atomic decomposition of HP. However, we use the atomic decomposition only for
the domain Hardy space, while it is more convenient to use the maximal (or square
function) characterization of HP for the target HP space.

We fix a smooth function @ supported in the unit ball B(0,1) in R" whose mean
value is not equal to zero. For t > 0 we define the smooth functions

U= @ xW
and we observe that they satisfy
sup|W (&) < ||®||,.B (6.7.22)
t>0

and that
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sup|PW © (x)| < CpA x| "~ 1Al (6.7.23)
t>0

forall || <N, where

Co=sup [ |E|M@(&)dE.
ly|<N/R"

Indeed, assertion (6.7.22) is easily verified, while assertion (6.7.23) follows from
the identity

W00 = (@ =W)) (0 = [ e 4W (€) B(t&)ag

whenever |x| < 2t and from (6.7.16) and the fact that for |x| > 2t we have the integral
representation

PWO (x) = ./"m PK(x—y) Br(y)dy.

We now take f = a to be an L2-atom for HP, and without loss of generality we
may assume that a is supported in a cube Q centered at the origin. We let Q* be
the cube with side length 2,/n¢(Q), where £(Q) is the side length of Q. Recall the
smooth maximal function M(f; @) from Section 6.4. Then M(T (a); @) is pointwise
controlled by the Hardy-L.ittlewood maximal function of T (a). Using an argument
similar to that in Theorem 6.7.1, we have

ol ([, mcrancopo)”
<o ([ |M<T<a>><x>|2dx)%
ot ([, manker)’
el ([ |a<x>|2dx)%

1_1 1_1
CnBIQ[P2[Q[>»
- CnB

IN

( Q*|M<T<a>:a>><x>|pdx)%’

A

IN

IN

IN

It therefore remains to estimate the contribution of M(T (a); @) on the complement
of Q*.

Ifx ¢ Q* and y € Q, then |x| > 2|y| and hence x —y # 0. Thus K(x — ) is well
defined as an integral. We have

(T (@) * ®)(x) = (asWO /K (x—y)a(y)dy.
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Recall that N = [B —n] + 1. Using the cancellation of atoms for HP we deduce

' B
(@00 = [ aw [Km(x—y)—ﬁz @000 %) |ay
<N-1 -

_ By ap WP
/(ga(y)[ﬁzN@ KO0 o) %) [ay

for some 0 < 6, < 1. Using that x| > 2|y| and (6.7.23), we obtain the estimate
(T(@)* @) <canmn [ 12 y]Pld
> LhN |X|N+n.Q YLy Y,
from which it follows that for x ¢ Q* we have
A N_ 1
(T (@) @)00)| < enp QI

via a calculation using properties of atoms (see the proof of Theorem 6.6.9). Taking
the supremum over all t > 0 and integrating over (Q*)¢, we obtain that

(/ sup|(T (a) d})(x)|pdx>é<c A|Q|1+N_t1)</ L dx)é
>k n y
(Q*)e ’[>€ = >n.p (Q+)c |X|P(N+n)

and the latter is easily seen to be finite and controlled by a constant multiple of
A. Combining this estimate with the previously obtained estimate for the integral
of M(T (a); @) = sup;- |(T (a) = &| over Q* yields the conclusion of the theorem
when f = ais an atom.

We have now shown that there exists a constant Cp, , such that

IT(@)][14p <Cnp(A+B) (6.7.24)

whenever a is an L?-atom for HP. We need to extend this estimate to infinite sums
of atoms.

Let f be L2NHP which is a dense subspace of HP, and suppose that f = YjAjaj
for some L2-atoms a; for HP, where the series converges in HP and we have

> 12i[P < CBIIF o - (6.7.25)
]

We let fy = Z'J-V':l Ajaj and we recall the smooth truncations T(gvgwl of T.As fyy — f
in HP, Proposition 6.4.10 gives that fy — f in ./, and since the functions Ks.eju
are smooth with compact support, it follows that for all §,¢j, 1,

Toepu(fn) = Togu(f)  in7 asM — oo, (6.7.26)
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We show that this convergence is also valid for T. Given € > 0 and a Schwartz
function ¢, we find &, €j,, o such that

[T (), ) = (Toy e, (), @) | <€Cpl|f[[yp  forallM=1,2,.... (6.7.27)

To find such &, €j,, Lo, We write

(T (fu).0) — <T508J0/JO (fm); ‘<‘ZAJ (K 0.0 W)*aj,(p>‘
1

~ ~ p
< (B M Pl R~ W50
i=1

1

M _ ~ P
< (1P R 9 0
j=
< Cpl oK~ -

Now pick &, €j,, to such that

||(K507sjov“0 _W)* ¢||L2 = H((KEO7£J()7IIO)A_W)6 ||L2 <E.

This is possible, since this expression tends to zero when &,¢j,, o — 0 by the
Lebesgue dominated convergence theorem; indeed, the functions (K(goygj0 ) —W

are uniformly bounded and converge pointwise to zero as &, €j,, o — 0, while ¢
is square integrable. This proves (6.7.27).
Next we show that for this choice of dy, €j,, 1o We also have

\(T%,gjovyo(f),@ —(T(f),0)| <e]/f] - (6.7.28)
This is a consequence of the Cauchy-Schwarz inequality, since
[T 500 F): 0) = (T () 0)] < [[((Kt 5.0 [2]| 2
Using (6.7.26) we can find an M such that for M > Mg we have
[(Taoe1g 0 (1) @) — (T 010 (F), @) < €. (6.7.29)
Combining (6.7.27), (6.7.28), and (6.7.29) for M > My, we obtain

[T (), @) = (T (1), 0)| < e(L+Col|f o+ [[F]l12)

and this implies that T (fum) convergesto T (f) in ./(R").
Using the inequality,
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[T () =T ()| fp SCR(A+B)P > |27,
M<j<Mm/

one easily shows that the sequence {T (fm)}m is Cauchy in HP. Thus T (fm) con-
verges in HP to some element G € HP as M — <. By Proposition 6.4.10, T(fy)
converges to G in .. But as we saw, T (fy) convergesto T(f) in %" as M — oo
Hence T (f) = G and we conclude that T (fy) converges to T(f) in HP, i.e., the
series > A;T (aj) convergesto T (f) in HP. This allows us to estimate the HP quasi-
norm of T (f) as follows:

HT(f)Hzp(Rn) = HEJ_;AJ'T(B'J')HEP(R“)
< 2 I4PIT@))[Hpge)
j
< (Chp)P(A+B)P Y |2
i

< (ChpCo) A+ B[ ) -

This concludes the proof for f € HP N L2. The extension to general f € HP follows
by density and the fact that T (f) is well defined for all f € HP, as observed at the
beginning of this subsection. O

6.7.4 A Singular Integral Characterization of H1(R")

We showed in Section 6.7.1 that singular integrals map H! to L1. In particular, the
Riesz transforms have this property. In this subsection we obtain a converse to this
statement. We show that if Rj(f) are integrable functions for some f € L! and all
j=1,...,n, then f must be an element of the Hardy space H®. This provides a
characterization of H(R™) in terms of the Riesz transforms.

Theorem 6.7.5. For n > 2, there exists a constant C, such that for f in L1(R") we
have

n
Col[ fla < [l + 2 [[Re(F)|a - (6.7.30)
k=1
When n = 1 the corresponding statement is
Cal[Fllyz < [[Flla + [H(O]] o (6.7.31)

for all f € L*(R). Naturally, these statements are interesting when the expressions
on the right in (6.7.30) and (6.7.31) are finite.

Before we prove this theorem we discuss two corollaries.
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Corollary 6.7.6. An integrable function on the line lies in the Hardy space H!(R)
if and only if its Hilbert transform is integrable. For n > 2, an integrable function
on R" lies in the Hardy space H(R") if and only its Riesz transforms are also in
LL(R™).

Proof. The corollary follows by combining Theorems 6.7.1 and 6.7.5. O

Corollary 6.7.7. Functions in H(R"), n > 1, have integral zero.

Proof. Indeed, if f € HL(R"), we must have Ry (f) € LL(R"); thus Ry (T) is uni-
formly continuous. But since

Ri(TI(E) = ~ifiE) 3
it follows that R/l(f\) is continuous at zero if and only if f(&) = 0. But this happens
exactly when f has integral zero. O

We now discuss the proof of Theorem 6.7.5.

Proof. We consider the case n > 2, although the argument below also works in
the case n = 1 with a suitable change of notation. Let P; be the Poisson kernel.
In the proof we may assume that f is real-valued, since it can be written as f =
fi +ify, where fy are real-valued and Rj( fy) are also integrable. Given a real-valued
function f € LY(R") such that Rj(f) are integrable over R" for every j=1,...,n,
we associate with it the n+ 1 functions

U (x,t) = (R *Ra(F))(x),

ey

Un(x,t) = (R *Rn(F))(x),
Un+1(X,t) = (Rex F)(x),
which are harmonic on the space R”jl (see Example 2.1.13). It is convenient to

denote the last variable t by x,.1. One may check using the Fourier transform that
these harmonic functions satisfy the following system:

n+1 auj 0
j=1 OXi ’
o (6.7.32)
uj Ue . .
e  ax; =0, k,je{l,....,n+1}, k=#]j.

This system of equations may also be expressed as div F = 0 and curl F = 0, where
F = (ug,...,uns1) is a vector field in R“jl. Note that when n = 1, the equations
in (6.7.32) are the usual Cauchy—Riemann equations, which assert that the function
F = (u1,u2) = ug +iuy is holomorphic in the upper half-space. For this reason, when
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n > 2 the equations in (6.7.32) are often referred to as the system of generalized
Cauchy-Riemann equations.
The function |F| enjoys a crucial property in the study of this problem.

Lemma 6.7.8. Let u; be real-valued harmonic functions on R"1 satisfying the sys-
tem of equations (6.7.32) and let F = (ug,...,uUn+1). Then the function

n+1 q/2
Fio= (3
()

- - - - - . 1
is subharmonic when g > (n—1)/n, i.e., it satisfies A(|F|9) >0, on R}

Lemma 6.7.9. Let 0 < q < p < o. Suppose that the function |F(x,t)|? defined on
R is subharmonic and satisfies

/p
sup ( IF(X,UI"dX) <A< oo, (6.7.33)
t>0 R"

Then there is a constant Cp, p g < oo such that the nontangential maximal function

[F[*(X) = supi-q SUPy_x <t [F (¥;t)[, x € R", (cf. Definition 7.3.1) satisfies

IFT*[Loggn) < CrpaA-

Assuming these lemmas, whose proofs are postponed until the end of this section,
we return to the proof of the theorem.

Since the Poisson kernel is an approximate identity, the function X — upy1(X,t)
converges to f(x) in L' ast — 0. To show that f € HY(R"), it suffices to show that
the Poisson maximal function

M(F;P)(x) = sup[(R s+ f)(x)[ = sup |uni1(x,t)]
t>0 t>0

is integrable. But this maximal function is pointwise controlled by
n
SuplF(Xat)ISfuop[l(Pt*f)(X)I+ZI(Pt*Rj(f))(X)I ,
- :

t>0 j=1

and certainly it satisfies

sup [ [F(x,t)]dx < Ag, (6.7.34)
t>0 JR"

where .
At =[|f]l+ 2 [Re()]] 2
k=1

We now have

M(f;P) (%) < sup [unsa(x,t)] < sup|F(x,t)] <[F[*(x), (6.7.35)
t>0 t>0
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and using Lemma 6.7.8 with g = ”;l and Lemma 6.7.9 with p = 1 we obtain that

Combining (6.7.34), (6.7.35), and (6.7.36), one deduces that

MRy <o+ 3, IR s ).

from which (6.7.30) follows. This proof is also valid when n = 1, provided one
replaces the Riesz transforms with the Hilbert transform; hence the proof of (6.7.31)
is subsumed in that of (6.7.30). O

See Exercise 6.7.1 for an extension of this result to HP for ”;1 < p < 1. We now
give a proof of Lemma 6.7.8

Proof. Denoting the variable t by x,.1, we have

J oF
a_qlEl"2(E.
8xj|F| 4IF (F 8xj)

and also
02 0°F OJF OF JdF\2
q_ -2 E. . _ -4(E.
8x§|F| qlF| {F ox? +8xj 8x,-]+q<q 2)IF| (F 8xj)

forall j=1,2,...,n+ 1. Summing over all these j’s, we obtain
3 n+1 JF 12 n+1 JF 12
agep) =alF [P 0F fra-2 X o [ era
5119x] oo

since the term containing F - A(F) = er‘jujA(uj) vanishes because each uj is
harmonic. The only term that could be negative in (6.7.37) is that containing the
factor g — 2 and naturally, if g > 2, the conclusion is obvious. Let us assume that
"1 <qg<2 Sinceq> "t we musthave that 2—q < "I. Thus (6.7.37) is non-
negative if
n+1 JF 12 n n+1 JF 2
F- ‘ < "R ‘ . (6.7.38)
jgtl ‘ 8Xj n+1 ]gl an
This is certainly valid for points (x,t) such that F(x,t) = 0. To prove (6.7.38) for
points (x,t) with F(x,t) # 0, it suffices to show that for every vector v € R+ with
Euclidean norm |v| = 1, we have
1l JF 2 n "l 9F 2
‘ ] ‘ . (6.7.39)

V- <
=1 an n+1 =1 an
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Denoting by A the (n+ 1) x (n+ 1) matrix whose entries are ajx = dux/dxj, we

rewrite (6.7.39) as 0

n+1HAHZ, (6.7.40)

v <

where
n+1n+1

1Al =3 3 Jajul.
j=1k=1

By assumption, the functions u; are real-valued and thus the numbers a;  are real.
In view of identities (6.7.32), the matrix A is real symmetric and has zero trace (i.e.,
2'}2% aj,j = 0). A real symmetric matrix A can be written as A = PDP', where P
is an orthogonal matrix and D is a real diagonal matrix. Since orthogonal matrices
preserve the Euclidean distance, estimate (6.7.40) follows from the corresponding
one for a diagonal matrix D. If A = PDP!, then the traces of A and D are equal;
hence er‘ii Aj =0, where A; are entries on the diagonal of D. Notice that estimate
(6.7.40) with the matrix D in the place of A is equivalent to

n+1 n+1

n
> 1AilPIviP < n+1(j221|/%j|2), (6.7.41)

=1

Whgre we set v = (vl,.._.,vn+1) and we are assuming that |v|*> = er‘iﬂv”z =1
Estimate (6.7.41) is certainly a consequence of

2 n sy 2
Su Ailc < E Aj . 6.7.42
1§j§g 1| J| n+1(j 1| J|) ( )

But this is easy to prove. Let |4j,| = maxi<j<nt+1|Aj|. Then

A== 3 4P < (3 4 <n X 4P (6.7.43)
i#o i#o i#Jo

Adding n|}»j0|2 to both sides of (6.7.43), we deduce (6.7.42) and thus (6.7.38). O
We now give the proof of Lemma 6.7.9.
Proof. A consequence of the subharmonicity of |F|? is that
F(x.t+e) < (IF (&)« R)(x) (6.7.44)
forall xe R"andt,e > 0. To prove (6.7.44), fix € > 0 and consider the functions
Ut =[Fxt+e)?,  Vxt)=(F(.e) +R)(x).
Given n > 0, we find a half-ball

Br, = {(x,t) € RT™: [x|? +t? <R3}
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such that for (x,t) € R\ Bg, we have
Ut —V(xt)<n. (6.7.45)

Suppose that this is possible. Since U (x,0) =V (x,0), then (6.7.45) actually holds on
the entire boundary of Bg,. The functionV is harmonic and U is subharmonic; thus
U —V is subharmonic. The maximum principle for subharmonic functions implies
that (6.7.45) holds in the interior of Br,, and since it also holds on the exterior, it
must be valid for all (x,t) with x € R" and t > 0. Since i was arbitrary, letting
n — 0+ implies (6.7.44).

We now prove that Ry exists such that (6.7.45) is possible for (x,t) € R”jl \ Bry-
Let B((x,t),t/2) be the (n+ 1)-dimensional ball of radius t /2 centered at (x,t). The
subharmonicity of |F |9 is reflected in the inequality

FOOP< g (1:5) " dyds,

1 / F
(x,1),t/2)] JB(xt).t/2)

which by Hélder’s inequality and the fact p > q gives

F(x,t)]9 < ( F(y,s)|pdyds> "

/B
| ((X7t)7 t/ )| ((th)vt/z)

From this we deduce that

on+1 Stve) ;
[Vni1 /2 / |F(y,s)|pdyds} " (6.7.46)
Yz} te)

F(x,t+¢€)9<
IF( I [(t+s)”+l.g<t+8) .

If t4+ & > |x|, using (6.7.33), we see that the expression on the right in (6.7.46) is

bounded by ¢’e"A%~"%/P, and thus it can be made smaller than 1/2 by taking

t > Ry, for some Ry > ¢ large enough. Since Ry > €, we must have 2t > t+¢ > x|,

which implies that t > |x|/2, and thus with R, = v/5Ry, if |(x,t)| > R} thent > Ry.

Hence, the expression in (6.7.46) can be made smaller than 1 /2 for |(x,t)| > Ry,
Ift 4 & < |x| we estimate the expression on the right in (6.7.46) by

2n+1 1 g(tJrs) . g
F(y,s)|Pdy|ds ) |,
<Vn+l (t+€)”+l/%(t+s) [./y>§x| :9) y} )

and we notice that the preceding expression is bounded by

gt = ds \ ¢
p
(vn+l ,/%8 [/D%XIF(V,S)I dy} an) : (6.7.47)

Let G (s) be the function inside the square brackets in (6.7.47). Then G (s) —
0 as x| — o for all s. The hypothesis (6.7.33) implies that G, is bounded by a
constant and it is therefore integrable over the interval [és,oo) with respect to the
measure s~"~1ds. By the Lebesgue dominated convergence theorem we deduce that
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the expression in (6.7.47) converges to zero as |X| — oo and thus it can be made
smaller that n /2 for [x| > Ry, for some constant R,. Then with R} = v/2R, we have
that if |(x,t)| > Ry then (6.7.47) is at most /2. Since U —V < U, we deduce the
validity of (6.7.45) for |(x,t)| > Ro = max(Rg,Rj)-

Let r = p/q > 1. Assumption (6.7.33) implies that the functions x — |F(x, )|
are in L" uniformly in t. Since any closed ball of L" is weak* compact, there is a
sequence g — 0 such that |F(x,&)|% — h weakly in L" as k — e to some function
heL". Since P € L, this implies that

(IF (8013 +P)(x) = (h+P)(x)
for all x € R". Using (6.7.44) we obtain

|F(x,t)|9 = limsup|F (x,t 4+ &)|P < limsup (|F (x,&)[**R) (x) = (h*R)(X),

K—soo oo

which gives for all x € R",

IFI*(x) < [sup sup (Jh|«P)(x)] "% < ChM(h)(x)¥/9. (6.7.48)
t>0 ly—x|<t

Letg e L"”(R") with L norm at most one. The weak convergence yields

[ Foceargeax— [ hix)gix)dx
RN RN

as k — oo, and consequently we have

h(x) g(x) dx

Rn

1
Lr,s,up(/ |F(x,t)|pdx)r.
t>0 R"

Since g is arbitrary with L™ norm at most one, this implies that

<sup [ F(x.a0["9001dx < g

1
Il < sup ( L |F<x,t>|pdx) g (6.7.49)
>
Putting things together, we have
IF "]l < ChllMMY2l L,
= Cmp)|f
= Capalll’

. 1/qr
:cn,msup(/ |F(x,t)|pdx>
t>0 \/R"

< CnpgA,
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where we have used (6.7.48) and (6.7.49) in the last two displayed inequalities. O

Exercises

6.7.1. Prove the following generalization of Theorem 6.7.4. Let ¢ be a nonnegative
Schwartz function with integral one on R" and let ”;1 < p < 1. Prove that there
are constants ¢y, ¢p,Cy,Cp such that for bounded tempered distributions f on R" (cf.
Section 6.4.1) we have

n
Call e < sup [[l05 [l Lo + 3 (|05 R )| o] < Call 4o
6>0 k=1
when n > 2 and
e[ f|4p < 'sup [H%* fIILp+II¢5*H<f>HLp] < Ca|f]] o
6>0

whenn=1.

[Hint: One direction is a consequence of Theorem 6.7.4. For the other direction, de-
fine Fs = (U1 % @, ..., Unt1 % @), where uj(x,t) = (R *R;j(f))(x), j=1,...,n,and
Un+1(X,t) = (P * f)(x). Each uj = @ is a harmonic function on R and continu-
ous up to the boundary. The subharmonicity of |F5(x,t)|P has as a consequence that
[Fs(x,t+¢&)|P <|(Fs(-,&)|P«P)(x) in view of (6.7.44). Letting € — 0 implies that
|Fs (X, t)|P < |(Fs(-,0)|P«P)(x), by the continuity of Fs up to the boundary. Since
Fs(x,0) = (R1(f)*@g,...,Ra(f)*@s, T+ @s), the hypothesis that f = @z,R;(f) * @5
are in LP uniformly in 6 > 0 gives that sup; 5. Jrn [Fs(X,t)[P dx < c. Fatou’s lemma
yields (6.7.33) for F(x,t) = (ug,...,un+1). Then Lemma 6.7.9 implies the required
conclusion. |

6.7.2. (a) Let h be a function on R such that h(x) and xh(x) are in L?(R). Show that
h is integrable over R and satisfies

2
Ih[lLx < 8 il [xh 0Ol 2 -

(b) Suppose that g is an integrable function on R with vanishing integral and g(x)
and xg(x) are in L?(R). Show that g lies in H'(R) and that for some constant C we
have

lgllé < ¢ llg].2lIxa00)|2-

[Hint: Part (a): split the integral of |h(x)| over the regions |x| < R and |x| > R and
pick a suitable R. Part (b): Show that both H(g) and H (yg(y)) lie in L2. But since g
has vanishing integral, we have xH (g)(x) = H(yg(y))(x).]

6.7.3. (a) Let H be the Hilbert transform. Prove the identity

H(fg—H(f)H(g)) = fH(g) +gH(f)
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forall f,gin Uj<p<e LP(R).
(b) Show that the bilinear operators

(f,g) — fH(g)+H(f)g,
(f,9)— fg—H(f)H(9),

map LP(R) x LP(R) — HL(R) whenever 1 < p < o

[Hint: Part (a): Consider the boundary values of the product of the analytic exten-
sions of f +iH(f) and g+ iH(g) on the upper half-space. Part (b): Use part (a) and
Theorem 6.7.5.]

6.7.4. Follow the steps given to prove the following interpolation result. Let 1 <
p1 < e and let T be a subadditive operator that maps H!(R") +LP1(R") into mea-
surable functions on R". Suppose that there is Ay < o such that for all f ¢ H1(R")
we have

supA [{x e R": [T(f)(x)| > A }| < Aol f|

A>0
and that it also maps LP1(R") to LP2*(R") with norm at most A;. Show that for any
1< p < p1, T maps LP(R") to itself with norm at most

1.1 1
P b
1- 1-
P1 P1
CA, A ™,

where C=C(n, p, p1).
(@ Fix 1<g<p<p1r<e and f and let Q; be the family of all maximal
dyadic cubes such that 19 < [Qj|~! fQ,- |f|%dx. Write E; = (JQj and note that

E; C {M(|f|q)é > A} and that |f| < 2 a.e. on (E,)°. Write f as the sum of the
good function

91 = fxE, e +Z(AV9 f)xq;
~q,

Qj

and the bad function

bkzz‘bj, where bi:(f—%\/_gf)ij.
] i

(b) Show that g; liesin LPL(R") NL=(R"), |9z |, < 24, and that

o225 < [, _, 1001 dx 2 ¥ 27 E; <
JIf|<

(c) Show that for ¢ = 2a*, each ¢c~1A~1|Q; |_1bi is an L9-atom for H*. Conclude
that by lies in H'(R") and satisfies

[b2 ][y <€A 1Qjl S CA[Ex| <o
i
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(d) Start with
ITI% <pr® [ A7 2{T(@)] > bra}| a2
+pyp/0°oxp—1}{T(b,L)| > 1ya}|da

and use the results in parts (b) and (c) to obtain that the preceding expression is
P1 1

at most C(n, p,q, p1) max(A;yP—P1, yP~1Aq). Select y = Al A, " to obtain the
required conclusion.

(e) In the case p1 = e we have |T(g,)| < A123)L and pick y > 2A123 to make the
integral involving g, vanishing.

6.7.5. Let f be an integrable function on the line whose Fourier transform is also
integrable and vanishes on the negative half-line. Show that f lies in H(R).

HISTORICAL NOTES

The strong type LP — L% estimates in Theorem 6.1.3 were obtained by Hardy and Littlewood
[157] (see also [158]) when n = 1 and by Sobolev [285] for general n. The weak type estimate L1 —
Ln"s* first appeared in Zygmund [339]. The proof of Theorem 6.1.3 using estimate (6.1.11) is
taken from Hedberg [161]. The best constants in this theorem when p = nz_fs, q= nz_"s, and0<s<n
were precisely evaluated by Lieb [213]. A generalization of Theorem 6.1.3 for nonconvolution
operators was obtained by Folland and Stein [132].

The Riesz potentials were systematically studied by Riesz [270] on R" although their one-
dimensional version appeared in earlier work of Weyl [330]. The Bessel potentials were introduced
by Aronszajn and Smith [7] and also by Calderon [41], who was the first to observe that the
potential space % (i.e., the Sobolev space L) coincides with the space '—E given in the classical
Definition 6.2.1 when s =Kk is an integer. Theorem 6.2.4 is due to Sobolev [285] when s is a positive
integer. The case p = 1 of Sobolev’s theorem (Exercise 6.2.9) was later obtained independently by
Gagliardo [139] and Nirenberg [249]. We refer to the books of Adams [2], Lieb and Loss [214],
and Maz’ya [229] for a more systematic study of Sobolev spaces and their use in analysis.

An early characterization of Lipschitz spaces using Littlewood—Paley type operators (built from
the Poisson kernel) appears in the work of Hardy and Littlewood [160]. These and other charac-
terizations were obtained and extensively studied in higher dimensions by Taibleson [300], [301],
[302] in his extensive study. Lipschitz spaces can also be characterized via mean oscillation over
cubes. This idea originated in the simultaneous but independent work of Campanato [39], [40] and
Meyers [234] and led to duality theorems for these spaces. Incidentally, the predual of the space
A is the Hardy space HP with p = nﬂa, as shown by Duren, Romberg, and Shields [118] for the
unit circle and by Walsh [327] for higher-dimensional spaces; see also Fefferman and Stein [130].
We refer to the book of Garcia-Cuerva and Rubio de Francia [141] for a nice exposition of these
results. An excellent expository reference on Lipschitz spaces is the article of Krantz [199].

Taibleson in his aforementioned work also studied the generalized Lipschitz spaces A2% called
today Besov spaces. These spaces were named after Besov, who obtained a trace theorem and em-
beddings for them [24], [25]. The spaces B‘ﬁ’q, as defined in Section 6.5, were introduced by Peetre
[255], although the case p = q = 2 was earlier considered by Hormander [166]. The connection
of Besov spaces with modern Littlewood—Paley theory was brought to the surface by Peetre [255].
The extension of the definition of Besov spaces to the case p < 1 is also due to Peetre [256],
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but there was a forerunner by Flett [131]. The spaces F,f"q with 1 < p,q < o were introduced by
Triebel [316] and independently by Lizorkin [218]. The extension of the spaces F,;’"q to the case
0 < p<eand0 < q< e first appeared in Peetre [258], who also obtained a maximal character-
ization for all of these spaces. Lemma 6.5.3 originated in Peetre [258]; the version given in the
text is based on a refinement of Triebel [317]. The article of Lions, Lizorkin, and Nikol’skij [216]
presents an account of the treatment of the spaces F,;’"q introduced by Triebel and Lizorkin as well
as the equivalent characterizations obtained by Lions, using interpolation between Banach spaces,
and by Nikol’skij, using best approximation.

The theory of Hardy spaces is vast and complicated. In classical complex analysis, the
Hardy spaces HP were spaces of analytic functions and were introduced to characterize bound-
ary values of analytic functions on the unit disk. Precisely, the space HP(D) was introduced
by Hardy [1156] to consist of all analytic functions F on the unit disk D with the property that
SUPg<r<1 Jo [F(re?™9)|PdO < o0, 0 < p < eo. When 1 < p < oo, this space coincides with the
space of analytic functions Whose real parts are Poisson integrals of functions in LP(T?). But for
0 < p < 1this characterization fails and for several years a satisfactory characterization was miss-
ing. For a systematic treatment of these spaces we refer to the books of Duren [117] and Koosis
[195].

With the illuminating work of Stein and Weiss [293] on systems of conjugate harmonic func-
tions the road opened to higher-dimensional extensions of Hardy spaces. Burkholder, Gundy, and
Silverstein [38] proved the fundamental theorem that an analytic function F lies in HP(R2) [i.e.,
SUPy~o Jr |[F (X +iy)|Pdx < o] if and only if the nontangential maximal function of its real part
lies in LP(R). This result was proved using Brownian motion, but later Koosis [194] obtained an-
other proof using complex analysis. This theorem spurred the development of the modern theory
of Hardy spaces by providing the first characterization without the notion of conjugacy and indi-
cating that Hardy spaces are intrinsically defined. The pioneering article of Fefferman and Stein
[130] furnished three new characterizations of Hardy spaces: using a maximal function associ-
ated with a general approximate identity, using the grand maximal function, and using the area
function of Luzin. From this point on, the role of the Poisson kernel faded into the background,
when it turned out that it was not essential in the study of Hardy spaces. A previous character-
ization of Hardy spaces using the g-function, a radial analogue of the Luzin area function, was
obtained by Calderén [42]. Two alternative characterizations of Hardy spaces were obtained by
Uchiyama in terms of the generalized Littlewood-Paley g-function [319] and in terms of Fourier
multipliers [320]. Necessary and sufficient conditions for systems of singular integral operators
to characterize HY(R") were also obtained by Uchiyama [318]. The characterization of HP using
Littlewood—Paley theory was observed by Peetre [257]. The case p = 1 was later independently
obtained by Rubio de Francia, Ruiz, and Torrea [276].

The one-dimensional atomic decomposition of Hardy spaces is due to Coifman [72] and its
higher-dimensional extension to Latter [206]. A simplification of some of the technical details in
Latter’s proof was subsequently obtained by Latter and Uchiyama [207]. Using the atomic de-
composition Coifman and Weiss [86] extended the definition of Hardy spaces to more general
structures. The idea of obtaining the atomic decomposition from the reproducing formula (6.6.8)
goes back to Calderén [44]. Another simple proof of the L2-atomic decomposition for HP (starting
from the nontangential Poisson maximal function) was obtained by Wilson [332]. With only a little
work, one can show that L9-atoms for HP can be written as sums of L*-atoms for HP. We refer
to the book of Garcia-Cuerva and Rubio de Francia [141] for a proof of this fact. Although finite
sums of atoms are dense in H1, an example due to Y. Meyer (contained in [233]) shows that the
H* norm of a function may not be comparable to ian’}Ll |Aj|, where the infimum is taken over all
representations of the function as finite linear combinations Zszl Ajaj with the a; being L=-atoms
for HL. Based on this idea, Bownik [34] constructed an example of a linear functional on a dense
subspace of H! that is uniformly bounded on L=-atoms for H! but does not extend to a bounded
linear functional on the whole H®. However, if a Banach-valued linear operator is bounded uni-
formly on all L9-atoms for HP with 1 < q < e and 0 < p < 1, then it is bounded on the entire HP
as shown by Meda, Sjogren, and Vallarino [230]. This fact is also valid for quasi-Banach-valued
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linear operators, and when q = 2 it was obtained independently by Yang and Zhou [338]. A re-
lated general result says that a sublinear operator maps the Triebel-Lizorkin space Fg,q(R”) toa
quasi-Banach space if and only if it is uniformly bounded on certain infinitely differentiable atoms
of the space; see Liu and Yang [217]. Atomic decompositions of general function spaces were
obtained in the fundamental work of Frazier and Jawerth [135], [136]. The exposition in Section
6.6 is based on the article of Frazier and Jawerth [137]. The work of these authors provides a solid
manifestation that atomic decompositions are intrinsically related to Littlewood—Paley theory and
not wedded to a particular space. Littlewood—Paley theory therefore provides a comprehensive and
unifying perspective on function spaces.

Main references on HP spaces and their properties are the books of Baernstein and Sawyer [12],
Folland and Stein [133] in the context of homogeneous groups, Lu [219] (on which the proofs of
Lemma 6.4.5 and Theorem 6.4.4 are based), Stromberg and Torchinsky [298] (on weighted Hardy
spaces), and Uchiyama [321]. The articles of Calderon and Torchinsky [45], [46] develop and
extend the theory of Hardy spaces to the nonisotropic setting. Hardy spaces can also be defined in
terms of nonstandard convolutions, such as the “twisted convolution” on R2". Characterizations of
the space H? in this context have been obtained by Mauceri, Picardello, and Ricci [226]

The localized Hardy spaces hp, 0 < p <1, were introduced by Goldberg [146] as spaces of
distributions for which the maximal operator supg.1|®; * f| lies in LP(R") (here @ is a Schwartz
function with nonvanishing integral). These spaces can be characterized in ways analogous to those
of the homogeneous Hardy spaces HP; in particular, they admit an atomic decomposition. It was
shown by Bui [37] that the space hP coincides with the Triebel-Lizorkin space F,?‘Z(R”); see also
Meyer [232]. For the local theory of Hardy spaces one may consult the articles of Dafni [100] and
Chang, Krantz, and Stein [59].

Interpolation of operators between Hardy spaces was originally based on complex function
theory; see the articles of Calderon and Zygmund [48] and Weiss [328]. The real-interpolation
approach discussed in Exercise 6.7.4 can be traced in the article of Igari [174]. Interpolation be-
tween Hardy spaces was further studied and extended by Riviere and Sagher [271] and Fefferman,
Riviere, and Sagher [128].

The action of singular integrals on periodic spaces was studied by Calderon and Zygmund [47].
The preservation of Lipschitz spaces under singular integral operators is due to Taibleson [299].
The case 0 < oo < 1 was earlier considered by Privalov [268] for the conjugate function on the
circle. Fefferman and Stein [130] were the first to show that singular integrals map Hardy spaces to
themselves. The boundedness of fractional integrals on HP was obtained by Krantz [198]. The case
p = 1 was earlier considered by Stein and Weiss [293]. The action of multilinear singular integrals
on Hardy spaces was studied by Coifman and Grafakos [75] and Grafakos and Kalton [149]. An
exposition on the subject of function spaces and the action of singular integrals on them was written
by Frazier, Jawerth, and Weiss [138]. For a careful study of the action of singular integrals on
function spaces, we refer to the book of Torres [315]. The study of anisotropic function spaces and
the action of singular integrals on them has been studied by Bownik [33]. Weighted anisotropic
Hardy spaces have been studied by Bownik, Li, Yang, and Zhou [35].



Chapter 7
BMO and Carleson Measures

The space of functions of bounded mean oscillation, or BMO, naturally arises as
the class of functions whose deviation from their means over cubes is bounded.
L= functions have this property, but there exist unbounded functions with bounded
mean oscillation. Such functions are slowly growing, and they typically have at
most logarithmic blowup. The space BMO shares similar properties with the space
L=, and it often serves as a substitute for it. For instance, classical singular inte-
grals do not map L™ to L™ but L* to BMO. And in many instances interpolation
between LP and BMO works just as well between LP and L. But the role of the
space BMO is deeper and more far-reaching than that. This space crucially arises in
many situations in analysis, such as in the characterization of the L? boundedness
of nonconvolution singular integral operators with standard kernels.

Carleson measures are among the most important tools in harmonic analysis.
These measures capture essential orthogonality properties and exploit properties of
extensions of functions on the upper half-space. There exists a natural and deep
connection between Carleson measures and BMO functions; indeed, certain types
of measures defined in terms of functions are Carleson if and only if the underlying
functions are in BMO. Carleson measures are especially crucial in the study of L2
problems, where the Fourier transform cannot be used to provide boundedness via
Plancherel’s theorem. The power of the Carleson measure techniques becomes ap-
parent in Chapter 8, where they play a crucial role in the proof of several important
results.

7.1 Functions of Bounded Mean Oscillation

What exactly is bounded mean oscillation and what kind of functions have this
property? The mean of a (locally integrable) function over a set is another word
for its average over that set. The oscillation of a function over a set is the absolute
value of the difference of the function from its mean over this set. Mean oscillation is
therefore the average of this oscillation over a set. A function is said to be of bounded
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mean oscillation if its mean oscillation over all cubes is bounded. Precisely, given a
locally integrable function f on R" and a measurable set Q in R", denote by

1 n
Avg f = f(x)d
v NALCE

the mean (or average) of f over Q. Then the oscillation of f over Q is the function
| f — Avgq f|, and the mean oscillation of f over Q is

1
f(x) — Avg | dx.
IQI/Q|(><) gg\x

7.1.1 Definition and Basic Properties of BMO

Definition 7.1.1. For f a complex-valued locally integrable function on R", set

1
f =su / f(x) — Avg f| dx,
H ||BMO Qp |Q| Q‘ () Qg |

where the supremum is taken over all cubes Q in R". The function f is called of
bounded mean oscillation if | f||5,,o < e and BMO(R") is the set of all locally
integrable functions f on R™ with || f{|5,,o < e

Several remarks are in order. First it is a simple fact that BMO(R") is a linear
space, that is, if f,g € BMO(R") and A € C, then f +gand A f are also in BMO(R")
and

IN

I +9llewmo < lIfllemo +19lemo
12 lemo = 1211t llamo-

But || ||y is NOt @ norm. The problem is that if || || 5,,, = O, this does not imply
that f = 0 but that f is a constant. See Proposition 7.1.2. Moreover, every constant
function c satisfies ||c||,,o = 0. Consequently, functions f and f +-¢ have the same
BMO norms whenever c is a constant. In the sequel, we keep in mind that elements
of BMO whose difference is a constant are identified. Although || |5, is only a
seminorm, we occasionally refer to it as a norm when there is no possibility of
confusion.
We begin with a list of basic properties of BMO.

Proposition 7.1.2. The following properties of the space BMO(R") are valid:
(1) 1 || || g0 = 0. then f is a.e. equal to a constant.
(2) L*(R") is contained in BMO(R") and || || 5,0 < 2|/ ]| -

(3) Suppose that there exists an A > 0 such that for all cubes Q in R there exists a
constant cq such that
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sup ~ /|f(x) coldx < A (7.1.1)
Q Qo =T -

Then f € BMO(R") and || f||5,,o < 2A.

(4) For all f locally integrable we have
oo <sup - inf/|f(x)—c dx < f]
2 BMO — Q |Q| ¢ Jg Q = BMO®

(5) If f e BMO(R"), he R", and t"(f) is given by 7" ()(x) = f(x—h), then 7"(f)
is also in BMO(R") and
I =|f

f)HBMO HBMO'

(6) If f € BMO(R") and A > 0, then the function §*(f) defined by 8*(f)(x) =
f(Ax) is also in BMO(R") and
||6l(f)HBMO = ||fHBMO'

(7) If f e BMO thenso is | f|. Similarly, if f,g are real-valued BMO functions, then
so are max(f,g), and min(f,g). In other words, BMO is a lattice. Moreover,

IN

lllemo = 21[*llgmo-

3
[max(f,9)|[guo < 2 (HfHBMO+ HgHBMO) 7

3
2 (HfHBMO+ HgHBMO) :

(8) For locally integrable functions f define

A

IN

[ min(f,9)|guo

1
[ llamon, =5UP g /B [0 —Avg |dx, (7.12)

where the supremum is taken over all balls B in R". Then there are positive
constants c,,C,, such that

C”HfHBMO < HfHBMOba”S SC“HfHBMO'

Proof. To prove (1) note that f has to be a.e. equal to its average cy over every cube
[—N,N]". Since [-N,N]" is contained in [-N —1,N +1]", it follows that cy = Cn+1
for all N. This implies the required conclusion. To prove (2) observe that

Avg|f —Avg f| <2Avg|f| <2|f]| ..
Q Q Q

For part (3) note that
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1
|f—Avg f| < |f—co|+ |Avg f —co| < |f —col + /|f(t)—cQ|dt.
Q Q Q[ Jo

Averaging over Q and using (7.1.1), we obtain that || f||5,,, < 2A. The lower in-
equality in (4) follows from (3) while the upper one is trivial. Property (5) is imme-
diate. For (6) note that Avg, 84 (f) = Avg,q f and thus

1 1
f(AX) — Avg8* ()] dx = f(x) — Avg f| dx.
o) | — Aot (k= o [ 1100~ Avg|ox

Property (7) is a consequence of the easy fact that

||| —Avg|f|| <|f—Avgf|+Avg|f —Avgf|.
Q Q Q Q

Also, the maximum and the minimum of two functions can be expressed in terms of
the absolute value of their difference. We now turn to (8). Given any cube Q in R",
we let B be the smallest ball that contains it. Then |B|/|Q| = 2~ "vnv/n", where v, is
the volume of the unit ball, and

1 Bl 1 Vay/nn
|Q|/Q\f(x)—A¥gf\dxg |Q||B|/B\f(x)—A¥gf|dxg 1 enone

It follows from (3) that || || 5,0 < 21 "Vav/nP Hf”BMObaus' To obtain the reverse

conclusion, given any ball B find the smallest cube Q that contains it and argue
similarly using a version of (3) for the space BMOpgjis. O

Example 7.1.3. We indicate why L=(R") is a proper subspace of BMO(R"). We
claim that the function log [x| is in BMO(R") but not in L=*(R"). To prove that it is
in BMO(R"), for every xo € R" and R > 0, we must find a constant Cy, r such that
the average of | log|x| —Cy, r| Over the ball {x: |x—xo| <R} is uniformly bounded.
Since
1

. ) .
VnR" / [1og | —Cror|dx = / |log|z| —Cy, & +logR| dz,

[x=Xp|<R lz—R—1xg|<1

we may take Cy, r = Cg-1,, 1 +10gR, and things reduce to the case that R =1 and
Xo is arbitrary. If R =1 and |xo| < 2, take Cy, 1 = 0 and observe that

|log ||| dx < / |logx||dx=C.
\X*;(o\ﬁl \x\.§3
When R =1and |xg| > 2, take Cy, 1 = log|Xo|. In this case notice that

1
Vn

X

lo
9 ol

\Iog|x|—|og|x0|\dx:vl / dx < log2,
n

[X—x%p|<1 [x—xXg|<1
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since when |x —xo| < 1 and |xo| > 2 we have that log “XX“ < log ‘X‘(’X‘Jl <log3 and
log “XO“ <log X | ‘0‘1 log2. Thus log|x| is in BMO.
The function log|x| turns out to be a typical element of BMO, but we make this

statement a bit more precise later. It is interesting to observe that an abrupt cutoff of
a BMO function may not give a function in the same space.

Example 7.1.4. The function h(x) = yx~olog )1( is notin BMO(R). Indeed, the prob-
lem is at the origin. Consider the intervals (—¢,¢), where 0 < € < ; We have that

1 lo
Avgh= } h() /Iog dx— L t1o9;
VO™ 2 2
But then
1 1+1log!

" Iho)— Avghldx= ~ [ | Avg h[d
X) — AV X > WV X = ,
2¢ ./78 ‘ ( ) (,82) | T~ 2¢ ./75 ‘ (,S% | 4
and the latter is clearly unbounded as € — 0.

Let us now look at some basic properties of BMO functions. Observe that if a
cube Qq is contained in a cube Q-, then

|Avgf— Avgf| < /\f AV dx
Q1 Q2 Q1
< f —Avgf|dx 7.1.3
|Ql|/Qz‘ ng ‘ ( )
Q2|
< f .
< 12y

The same estimate holds if the sets Q; and Q; are balls.

A version of this inequality is the first statement in the following proposition.
For simplicity, we denote by || f | 5, the expression given by || f ||BNIoballs in (7.1.2),
since these quantities are comparable. For a ball B and a > 0, aB denotes the ball
that is concentric with B and whose radius is a times the radius of B.

Proposition 7.1.5. (i) Let f be in BMO(R"). Given a ball B and a positive integer
m, we have

|Avg f —Avg | < 2"m||f||s10- (7.1.4)
B 2mB
(ii) For any 6 > 0 there is a constant C,, 5 such that for any ball B(xo,R) we have

5 / [£00) = AV, ) f|
RN

(R+ [x —Xo|)"+0 dx < Ca 5[t [mo- (7.1.5)

An analogous estimate holds for cubes with center Xy and side length R.
(iii) There exists a constant C, such that for all f € BMO(R") we have
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supsup [ [F(x) = (Rex )(Y)[R(x—y) dx < Ca || gpo- (7.1.6)
yeRM t>0 JR"

Here P, denotes the Poisson kernel introduced in Chapter 2.
(iv) Conversely, there is a constant Cf, such that for all f € L _(R") for which

[f(x)]
dx < oo
/Rn (L4 [x[)n+t
we have

< supsup [ 1)~ (Rex 1)(y) (- y)d. (7.17)

f
€l o < s st

Proof. (i) We have

|Avg f —Avg f| = L
B 2B

AL
< f(t)— Avgf|dt
- |ZB|/ZB‘ ®) z\ég |

2" *llgmo-

(f(t)—Avgf)dt‘
B 2B

IN

Using this inequality, we derive (7.1.4) by adding and subtracting the terms

Avgf, Avgf, ..., Avgf.
2B 228 om-1p

(ii) In the proof below we take B(xp,R) to be the ball B = B(0,1) with radius 1
centered at the origin. Once this case is known, given a ball B(xp, R) we replace the
function f by the function f(Rx+Xg). When B = B(0, 1) we have

| f(x) —Avg f|
B
R (14 [x|)n+9
|f(x)—Avg f| . [ f(x) — ﬁvgf\+|€\vgf—Avgf\
dx 4 / 2k+1p 2k+1p dx
B (14 [x|)n+o gbsz\sz (14 |x|)n+o

< [ 1160~ Avg | dx
B B

+i2’k(”+5>/(\f( Avgf\+|Avgf_Avgf|)
k=0 SKi1p 2k+1g 2k+1g

<Vallfllawo + 3, 27 (1427 1) @) | o

= Crsllfllamo:
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(iii) The proof of (7.1.6) is a reprise of the argument given in (ii). Set B; = B(y,t).
We first prove a version of (7.1.6) in which the expression (P, « f)(y) is replaced by
Avgg, f. For fixed y,t we have
t|f(x)— Avg f|
Bt

R (24 [ —y)"s

t|f(x)—Avgf\
<
S -y
t(\f( Avgf|+}Avgf—Avgf|)
< [ 2k+1By 2k+1By
+2/ n+1 dX
K=0/2+1Br\2kBy (t2+x—y[?) 2 (7.1.8)
|f(x)—Avg f|
g/ B dx
Bt t
oo o—k(n+1)
f(x)— Avg f Avg f —Avgf
; /k+lB (| 2k+\§gt |+‘2k+\ig Vg ‘)

=3

<V fllamo 2 K1) (1+2n(k+1))(2k+1 )™allf{[amo

:CanHBMO'

Using the inequality just proved, we also obtain
[ 1R D)~ Avg R (x—y)ax = |(Rex 1)) — Avar|
t t

< [ Rlx=y)| 700 — Avg | ox
R" Bt
< Gl fllemo-

which, combined with the inequality in (7.1.8), yields (7.1.6) with constant 2C;,.
(iv) Conversely, let A be the expression on the right in (7.1.7). For |[x —y| <t we

have Py(x —y) > cat (2t2)~ "% = c/t~", which gives

A>/ 1100 — (R )R —y)dx > o /‘X_y‘g|f(x)—(Pt*f)(y)|dx.

Z i
Proposition 7.1.2 (3) now implies that

HfHBMO < 2A/(vacy).-

This concludes the proof of the proposition. O
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7.1.2 The John—Nirenberg Theorem

Having set down some basic facts about BMO, we now turn to a deeper property of
BMO functions: their exponential integrability. We begin with a preliminary remark.
As we saw in Example 7.1.3, the function g(x) = log|x|~! is in BMO(R™). This
function is exponentially integrable over any compact subset K of R" in the sense

that
/ ec\g(x)l dx < =
K

for any ¢ < n. It turns out that this is a general property of BMO functions, and this
is the content of the next theorem.

Theorem 7.1.6. For all f € BMO(R"), for all cubes Q, and all o > 0 we have

Hx €Q: [f(x)—Avgf|> a}‘ < e|Qle~A%/lfllavo (7.1.9)
Q

with A = (2"e)~1.

Proof. Since inequality (7.1.9) is not altered when we multiply both f and o by the
same constant, it suffices to assume that H f = 1. Let us now fix a closed cube
Q and a constant b > 1 to be chosen later.

We apply the Calderon-Zygmund decomposition to the function f — Avgq f in-
side the cube Q. We introduce the following selection criterion for a cube R:

HBMO

|;| / I£(x) — Avg f|dx > b. (7.1.10)
JR Q

Since 1
f(x)—Avgfldx < | f =1<b,
|Q|/Q| (X) gg ‘ X—H HBMO <

the cube Q does not satisfy the selection criterion (7.1.10). Set Q©© = Q and sub-
divide Q(© into 2" equal closed subcubes of side length equal to half of the side
length of Q. Select such a subcube R if it satisfies the selection criterion (7.1.10).
Now subdivide all nonselected cubes into 2" equal subcubes of half their side length
by bisecting the sides, and select among these subcubes those that satisfy (7.1.10).

Continue this process indefinitely. We obtain a countable collection of cubes {an}j
satisfying the following properties:

(A-1) The interior of every le) is contained in Q(0),

(B-1) b< |Q(jl)|‘l/<1) |(x) — Avg | dx < 2"b.
Qi (0)
i Q
(C-1) |Avgf—Avgf| < 2.
ol QO
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1 1 g 1
(0-1) ¥ IQY| < bz.,/Q<_1> 70— Avg flax < | Q)]
) ) Q)
(E-1) |[f—Avgf| <bae. ontheset Q\ Q<jl>'
Q)

We call the cubes Q(jl> of first generation. Note that the second inequality in (D-1)
requires (B-1) and the fact that Q(%) does not satisfy (7.1.10).

We now fix a selected first-generation cube Q(jl> and we introduce the following
selection criterion for a cube R:

R / I£(x) Avgf|dx>b (7.1.11)

Observe that QED does not satisfy the selection criterion (7.1.11). We apply a similar
Calderon-Zygmund decomposition to the function

f—Avgf
QY

inside the cube Q(jl). Subdivide Q(jl> into 2" equal closed subcubes of side length
equal to half of the side length of le) by bisecting the sides, and select such a
subcube R if it satisfies the selection criterion (7.1.11). Continue this process indef-
initely. Also repeat this process for any other cube le) of the first generation. We

obtain a collection of cubes {Q|(2>}| of second generation each contained in some

le) such that versions of (A-1)—(E-1) are satisfied, with the superscript (2) replac-
ing (1) and the superscript (1) replacing (0). We use the superscript (k) to denote
the generation of the selected cubes.

For a fixed selected cube Ql(2> of second generation, introduce the selection cri-
terion

IRI/|f Avgf\dx>b

and repeat the previous process to obtain a collection of cubes of third generation
inside Q|(2>. Repeat this procedure for any other cube Q§2> of the second generation.
Denote by {Q@}S the thus obtained collection of all cubes of the third generation.

We iterate this procedure indefinitely to obtain a doubly indexed family of cubes
Q§k> satisfying the following properties:

(A-k) The interior of every ng) is contained in a unique lef_l)

B4 b< Q1 [ |100~ Avg f[ax <2,
QJ le)
JI
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(C-k) |Avgf— Avg f| < 2.

(k) (k=1)
o

1 _
0O X[ <, TR
] i

(E-k) |f— Avg f| <ba.e. on the set Q(j‘f_”\uj Q§k>.
(k-1)
Qy
We prove (A-k)—(E-k). Note that (A-k) and the lower inequality in (B-k) are sat-
isfied by construction. The upper inequality in (B-k) is a consequence of the fact
that the unique cube Q(-k> with double the side length of Q(-k> that contains it was not

selected in the process.oNow (C-k) follows from the upper inequality in (B-k). (E-k)
is a consequence of the Lebesgue differentiation theorem, since for every point in

lef_l) \Uj Q(jk) there is a sequence of cubes shrinking to it and the averages of

|f — Avg f|
(k-1)

Qj

over all these cubes is at most b. It remains to prove (D-k). We have

() o1 / f(x)— Avg f|d
2j,|QJ | < ij, ng)| (x) Q(};\f% | dx
]

1
= f(x)— Avg f|d
02 3 fwlte A 1]

j’ jcorresp.toj’ 9
j

1
< f(x)— Avg f|d
< W yalo- o
]
1 _
< L 215 1t llewo
J/

1 _
=2l
J/

Having established (A-k)—(E-k) we turn to some consequences. Applying (D-k) suc-
cessively k — 1 times, we obtain

Q¥ <b*|QO]. (7.1.12)
]
j

For any fixed j we have that ]Angu) f—Avgqo f| <2"band |f —Avg fl <b
i j
a.e.on le) \ U Ql(z). This gives
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[f—Avgf| <2"b+b ae.  on le)\UQfa,
Q) |

which, combined with (E-1), yields

|f —Avg f| <2"2b ae. on  QO\|JQ®. (7.1.13)
Q©® |

For every fixed | we also have that | f — AV 2 f| <ba.e.on Q'?\ Us @, which
|
combined with \AngQ) f—Avg,a f| < 2" and \Angu) f —Avgqo f| < 2"
| U |
yields

|f—Avgf| <2"3b ae. on  Q7\|Jo¥.
QO s

In view of (7.1.13), the same estimate is valid on Q) \ (J Q§3>. Continuing this
reasoning, we obtain by induction that for all k > 1 we have

|f — Avg f| < 2"kb ae. on  QO\|Jol. (7.1.14)
Q(O) S

This proves the almost everywhere inclusion
. _ n (k)
xeQ: [f(x)—Avgf|>2"%b; C| Q]
Q i

forallk=1,2,3,.... (Thisalso holds when k =0.) We now use (7.1.12) and (7.1.14)
to prove (7.1.9). We fix an o > 0. If
2"kb < o < 2"(k+1)b
for some k > 0, then
erQ: |f—Avgf| > a}’ < erQ: |f —Avg f| >2”kb}’
Q Q
W 150
= 2lo7 = o127
— |Q|efk|ogb
< |Q|be—alogb/(2”b)’

since —k <10, . Choosing b = e > 1 yields (7.1.9). O
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7.1.3 Consequences of Theorem 7.1.6

Having proved the important distribution inequality (7.1.9), we are now in a position
to deduce from it a few corollaries.

Corollary 7.1.7. Every BMO function is exponentially integrable over any cube.
More precisely, for any y < 1/(2"e), for all f € BMO(R"), and all cubes Q we have

2"e?y

1 / f(X)—
o100 ~Avg 11/ flvo g < 1 ,
Q[ Jo - 1-2%y

Proof. Using identity (1.1.7) with ¢(t) = et — 1, we write
! /ehdx—1+ ! /(eh—l)dx—l+ ! /we“|{er' ()| > a}|da
Ql /o IQl Ja Q[ Jo '

for a measurable function h. Then we take h = y|f — Avgq [/ f|lsmo and we use
inequality (7.1.9) with y < A = (2"e)~! to obtain

1 g e _A(O
|Q|./Qeﬂf(x)*AVQQf\/HfHBMOdXS./0 eee A5 IMlowo)/Iflavogg, _ ¢,

where C,, 5 is a unit less than the constant in the statement of the inequality. O
Another important corollary of Theorem 7.1.6 is the following.

Corollary 7.1.8. For all 0 < p < o, there exists a finite constant B,  such that

1
1 o\
sgp<|Q|/Q|f(x)—A(\?/gf| dx) < Bpal|fl[amorn)- (7.1.15)

Proof. Thisresult can be obtained from the one in the preceding corollary or directly
in the following way:

1 _ p p ~ p—-1 . _
|Q|/Q|f(x) Aggf| dx |Q|/0 @ H{x<Q: 1100 —Avg 1] > o}l da

IN

P elg) /wap—le—Aa/HfHBMOda
Q| 0

€
pr(p)Ap HngMO’

where A = (2"e) 1. Setting By = (pI°(p) x») - (pT(p)) peptl 2", we conclude
the proof of (7.1.15). O

Since the inequality in Corollary 7.1.8 can be reversed when p > 1 via Holder’s
inequality, we obtain the following important LP characterization of BMO norms.
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Corollary 7.1.9. For all 1 < p < = we have

1

1 r p
su fx—Avfpdx)zf .
00 (g 1160~ 11°0) "

Proof. Obvious. O

Exercises

7.1.1. Prove that BMO is a complete space, that is, every BMO-Cauchy sequence
converges in BMO.

[Hint: Use Proposition 7.1.5 (ii) to show first that such a sequence is Cauchy in Lt
of every compact set.|

7.1.2. Find an example showing that the product of two BMO functions may not be
in BMO.
7.1.3. Prove that
o
11 lemo = 21 llamo

whenever 0 < o < 1.

7.1.4. Let f be a real-valued BMO function on R". Prove that the functions

K if f(x) <K,
fue(x) =< f(x) IFK<T(x) <L,
L if f(x)>L,

satisfy || fkL|/gyo < ZHfHBMO'

7.15. Let a > 1, let B be a ball (or a cube) in R", and let aB be a concentric ball
whose radius is a times the radius of B. Show that there is a dimensional constant
C,, such that for all f in BMO we have

|Avg f — Avg f| <Cqlog(a+1) || f|[gyo -
aB B
7.1.6. Leta > 1 and let f be a BMO function on R". Show that there exist dimen-
sional constants Cp, C/, such that
(a) for all balls B; and B, in R™ with radius R whose centers are at distance aR we
have
\Ang f —Aévgf| <Cplog(a+1)||f||gmo-
1 2

(b) Conclude that

| Avg f—A‘\Bng|SCnIOQ(a+1)"f"BMO'
2

(a+1)B1
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[Hint: Part (a): Consider the balls 2/B; and 2!B, for j =0,1,2,... and find the
smallest j such that these intersect. Use (7.1.3) and Exercise 7.1.5. }

7.1.7. Let f be locally integrable on R". Suppose that there exist positive constants
m and b such that for all cubes Q in R" and for all 0 < p < « we have

a’{er: \f(x)—A(\?/gf| >oc}"1) gbpm|Q|;l).

Show that f satisfies the estimate

’{XEQZ |f(X)—A(\?/gf| > a}’ < |Q|e’°°‘1/m

with ¢ = (2b)~Y™log2.
[Hint: Try p = (or/2b)Y/™]

7.1.8. Prove that | log || |” is not in BMO(R) when 1 < p < co.
[Hint: Show that if { log |x||p were in BMO, then estimate (7.1.9) would be violated
for large .

7.1.9. Let f € BMO(R) have mean value equal to zero on the fixed interval I. Find
a BMO function g on R such that

(Dg=fonl.
(2 g=00nR\ 3l.
®3) ||9//gmo < Cl| f|lgmo for some constant C independent of f.

[Hint: Let Iy be the middle third of I. Let I, I, be the middle thirds of I'\ Ip. Let I3,
lg, ..., Ig be the middle thirds of I\ (loU 11 Uly), etc. Also let Ji be the reflection of
I with respect to the closest endpoint of I and set g = Avg, f onJc fork>1,g=f

on |, and zero otherwise.]

7.2 Duality between H! and BMO

The next main result we discuss about BMO is a certain remarkable duality rela-
tionship with the Hardy space H*. We show that BMO is the dual space of H*. This
means that every continuous linear functional on the Hardy space H' can be real-
ized as integration against a fixed BMO function, where integration in this context
is an abstract operation, not necessarily given by an absolutely convergent integral.
Restricting our attention, however, to a dense subspace of H* such as the space of
all finite sums of atoms, the use of the word integration is well justified. Indeed, for
an L2 atom for H! a and a BMO function b, the integral
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/|a(x)b(x)|dx <oo

converges absolutely, since a(x) is compactly supported and bounded and b(x) is
locally (square) integrable.

Definition 7.2.1. Denote by H3(R") the set of all finite linear combinations of L2
atoms for HY(R"). For b € BMO(R") we define a linear functional Ly on H3(R")
by setting

Lo(@) = [ gbob)dx,  geHg. (7.2.1)
Certainly the integral in (7.2.1) converges absolutely and is well defined in this case.
This definition is also valid for general functions g in H(R") if the BMO function b
is bounded. Note that (7.2.1) remains unchanged if b is replaced by b +c, where c is
an additive constant; this makes this integral unambiguously defined for b € BMO.

To extend the definition of Ly, on the entire H® for all functions b in BMO we
need to know that

|lLo|[y2 e <Cnl[b|lgyo. ~ Whenever b is bounded, (7.2.2)

a fact that will be proved momentarily. Assuming (7.2.2), take b € BMO and let
bm (X) = byjpj<m for M =1,2,3,..... Since ||bm ||z < 3||b|/guo: the sequence of
linear functionals {Ly,, }m lies in a multiple of the unit ball of (H!)* and there is a
subsequence Ly; that converges weakly to a bounded linear functional L on HL.
This means that for all f in HY(R") we have

Loy, (f) = Lo (f)
as j — oo. Observe that for g € H} we also have
Low, (9) — Lo(9).

and since each Lij satisfies (7.2.2), Ly is a bounded linear functional on HZ. Since
H is dense in H, Ly, is the unique bounded extension of L, on H™.

Having set the definition of Ly, we proceed by showing the validity of (7.2.2).
Let b be a bounded BMO function. Given f in H%, find a sequence ay of L2 atoms
for H® supported in cubes Qy such that

k=1

and N
2 1Al < 2| f |2
k=1

Since the series in (7.2.3) converges in H, it must converge in L, and then we have
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Le(f)] = | [ fob(x)dx

RN

gkk /Qk ax(x) (b(x) — AQ\igb) dx

IN

1

oo 1 2 2

Al || %( / b(x) — Avgb dx)
kg,l| k| |a][ 2| Ql Q| Qk‘ (x) ng |

2||fHHlBZngHBMo’

IN

where in the last step we used Corollary 7.1.8 and the fact that L? atoms for H?
satisfy ||| » < |Qu|~ 2. This proves (7.2.2) for bounded functions b in BMO.

We have proved that every BMO function b gives rise to a bounded linear func-
tional Ly, on H(R") (from now on denoted by Ly) that satisfies

||LbHHl~>C SCn”bHBMO' (7.2.4)

The fact that every bounded linear functional on H? arises in this way is the gist of
the equivalence of the next theorem.

Theorem 7.2.2. There exist finite constants C,, and C/, such that the following state-
ments are valid:

(a) Given b € BMO(R"), the linear functional Ly, is bounded on H(R") with norm
at most Cy||b|| g0

(b) For every bounded linear functional L on H? there exists a BMO function b such
that for all f € H} we have L(f) = Ly(f) and also

HbHBMO < CIIWHLbHHlHC'

Proof. We have already proved (a) and so it suffices to prove (b). Fix a bounded
linear functional L on H(R™) and also fix a cube Q. Consider the space L?(Q) of
all square integrable functions supported in Q with norm

ol = [ fa007ex)”

We denote by L3(Q) the closed subspace of L?(Q) consisting of all functions in
L2(Q) with mean value zero. We show that every element in L3(Q) is in H1(R")
and we have the inequality

loly: < calQI2gl]-- (7.2.5)

To prove (7.2.5) we use the square function characterization of H!. We fix a
Schwartz function ¥ on R" whose Fourier transform is supported in the annulus
3 < |&| < 2 and that satisfies (6.2.6) for all & # 0 and we let Aj(g) = ¥, *g. To

estimate the L* norm of (¥; |A,—(g)|2)l/2 over R", consider the part of the integral
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over 3,/nQ and the integral over (3,/nQ)°. First we use Holder’s inequality and an
L? estimate to prove that

/MQ(;mj(g)(xnz)zdxgcn|Q|z||gHLz.

Now for x ¢ 3,/nQ we use the mean value property of g to obtain

cal|g]] o2M I [Q[n 2

145(9)(X)| < (14 21x—cg)2 (7.2.6)

where cq is the center of Q. Estimate (7.2.6) is obtained in a way similar to that we
obtained the corresponding estimate for one atom; see Theorem 6.6.9 for details.
Now (7.2.6) implies that

1

Ly (Z141@00F) dx < o0l ]
]

which proves (7.2.5).

Since L%(Q) is a subspace of H1, it follows from (7.2.5) that the linear functional
L: H! — Cis also a bounded linear functional on L3(Q) with norm

HLHLé(Q)—»C < calQY2|IL 11 - (7.2.7)

By the Riesz representation theorem for the Hilbert space L%(Q), there is an element
FQin (L3(Q))* = L?(Q)/{constants} such that

L@ = | F(g(dx (7.28)
JQ
for all g € L3(Q), and this F satisfies
IF2lz0) < ILllz(0)—c- (7.2.9)

Thus for any cube Q in R", there is square integrable function FQ supported in Q
such that (7.2.8) is satisfied. We/observe that if a cube Q is contained in another
cube @', then FQ differs from FQ by a constant on Q. Indeed, for all g € L3(Q) we
have

L F g0 ax=Lig) = | FReg00dx
Q Q

and thus
/Q(FQ/ (x) —FQ(x))g(x)dx = 0.

Consequently,
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9 [ (FY 0 ~F200)g00) ox

is the zero functional on L3(Q); hence FQ' — FQ must be the zero function in the
space (L3(Q))*, i.e., F€ —FQ is a constant on Q.

Let Qm = [—m,m]" form =1,2,.... We define a locally integrable function b(x)
on R" by setting )
Q1] Jou
whenever X € Qn. We check that this definition is unambiguous. Let 1 < ¢ < m.
Then for x € Q, b(x) is also defined as in (7.2.10) with ¢ in the place of m. The
difference of these two functions is

b(x) = FOm(x) — FOm(t)dt (7.2.10)

EQm _ EQ —AVg(FQm _ FQ[) =0
Q1

)

since the function FOm — FQ is constant in the cube Q, (which is contained in Qp),
as indicated earlier.

Next we claim that there is a locally integrable function b on R" such that for any
cube Q there is a constant Cq such that

FQ=b-Cq on Q. (7.2.11)

Indeed, given a cube Q pick the smallest m such that Q is contained in Q™ and
let Cqg = —Angl(FQm) +D(Q,Qm), where D(Q, Q) is the constant value of the
function F@n — FQ on Q.

We have now found a locally integrable function b such that for all cubes Q and
all g € L3(Q) we have

/ b(x)g(x)dx:/(FQ(X)+CQ)g(x)dx:/FQ(x)g(x)dx:L(g), (7.2.12)
JQ Q Q

as follows from (7.2.8) and (7.2.11). We conclude the proof by showing that b €
BMO(R"). By (7.2.11), (7.2.9), and (7.2.7) we have

1 o1 o
U o /Q|b<x>—cq|dx = /Q|F (x)]dx

< SL(J?p|Q|_1|Q|%HFQHL2(Q)

N

IN

1
sgp|Q| ZHLHL(Z)(Q)—C

IN

Cal|L e <

Using Proposition 7.1.2 (3), we deduce that b € BMO and ||b|| 5, < 2¢a||L |1 c-
Finally, (7.2.12) implies that



7.3 Nontangential Maximal Functions and Carleson Measures 135
L(g) = |, bX)g(x)dx = Ls(9)

forallg e H&(R“), proving that the linear functional L coincides with L, on a dense

subspace of H. Consequently, L = Ly, and this concludes the proof of part (b). O

Exercises

7.2.1. Use Exercise 1.4.12(a) and (b) to deduce that

)

HbHBMO% sup |Lo(f)

Iflly2<t

HfHHlm sup  |Lp(f)].

[[bllsmo<1

7.2.2. Suppose that a locally integrable function u is supported in a cube Q in R"
and satisfies

/ u(X)g(x)dx =0
Q

for all square integrable functions g on Q with mean value zero. Show that u is
almost everywhere equal to a constant.

7.3 Nontangential Maximal Functions and Carleson Measures

Many properties of functions defined on R" are related to corresponding properties
of associated functions defined on R”jl in a natural way. A typical example of
this situation is the relation between an LP(R") function f and its Poisson integral
f « P, or more generally f x &, where {® }1-¢ is an approximate identity. Here @
is a Schwartz function on R" with integral 1. A maximal operator associated to the
approximate identity { f & }i~0 is

f—sup|fxdy,

t>0

which we know is pointwise controlled by a multiple of the Hardy-L ittlewood max-
imal function M(f). Another example of a maximal operator associated to the pre-
vious approximate identity is the nontangential maximal function

f— M*(f;@)(x) =sup sup [(fxd)(y)l.

t>0 ly—x|<t

To study nontangential behavior we consider general functions F defined on R”jl
that are not necessarily given as an average of functions defined on R". Throughout
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this section we use capital letters to denote functions defined on R, When we
write F(x,t) we mean thatx € R"and t > 0.

7.3.1 Definition and Basic Properties of Carleson Measures

Definition 7.3.1. Let F be a measurable function on R, For x in R" let I"(x) be
the cone with vertex x defined by

rx)={(yt)eR"xR": |y—x| <t}.

A picture of this cone is shown in Figure 7.1. The nontangential maximal function
of F is the function
F')= sup [F(y.t)|
(Her(x)
defined on R". This function is obtained by taking the supremum of the values of F
inside the cone I'(x).

We remark that if F*(x) = 0 for almost all x € R", then F is identically equal to
zero on R,

N4

Fig. 7.1 The cone I'"(x) trun-
cated at height t.

Definition 7.3.2. Given a ball B = B(xo,r) in R" we define the tent or cylindrical
tent over B to be the “cylindrical set”

T(B)={(xt)eR}™:xeB, 0<t<r}.
For a cube Q in R" we define the tent over Q to be the cube
T(Q)=Qx(0,£(Q)].

A tent over a ball and over a cube are shown in Figure 7.2. A positive measure u on
R is called a Carleson measure if
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1
il =sup o (T (Q)) <= (7:3.1)

where the supremum in (7.3.1) is taken over all cubes Q in R". The Carleson func-
tion of the measure u is defined as

)0 =sup - u(T(Q), (73.2)
Q>ox |Q|

where the supremum in (7.3.2) is taken over all cubes in R" containing the point x.
Observe that || (u)|| .. = |||,
We also define
1

where the supremum is taken over all balls B in R". One should verify that there
exist dimensional constants ¢, and C,, such that

cylinder

1
w = Sup |B|u(T(B)), (7.3.3)

cylinder
¢

SCnH,U

Collufly < flu %
for all measures p on R”jl, that is, a measure satisfies the Carleson condition (7.3.1)
with respect to cubes if and only if it satisfies the analogous condition (7.3.3) with
respect to balls. Likewise, the Carleson function %’(u) defined with respect to cubes

is comparable to %' (1) defined with respect to cylinders over balls.

B(XO!r) Q

Fig. 7.2 The tents over the ball B(xo,r) and over a cube Q in R?.

Examples 7.3.3. The Lebesgue measure on R is not a Carleson measure. Indeed,
it is not difficult to see that condition (7.3.1) cannot hold for large balls.

Let L be aline in R2. For A measurable subsets of R2 define 1 (A) to be the linear
Lebesgue measure of the set LN A. Then u is a Carleson measure on R2 . Indeed,
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the linear measure of the part of a line inside the box [xo —r,Xo +r] x (0, r] is at most
equal to the diagonal of the box, that is, v/5r.

Likewise, let P be an affine plane in R"*! and define a measure v by setting
v(A) to be the n-dimensional Lebesgue measure of the set ANP for any A C R,
A similar idea shows that v is a Carleson measure on R 2.

We now turn to the study of some interesting boundedness properties of functions
on R with respect to Carleson measures.

A useful tool in this study is the Whitney decomposition of an open set in R".
This is a decomposition of a general open set Q in R" as a union of disjoint cubes
whose lengths are proportional to their distance from the boundary of the open set.
For a given cube Q in R", we denote by £(Q) its length.

Proposition 7.3.4. (Whitney decomposition) Let €2 be an open nonempty proper
subset of R". Then there exists a family of closed cubes {Q;}; such that

(@) UjQj =« and the Q;’s have disjoint interiors;

(b) vnt(Qj) < dist(Qj,Q°) <4y/n¢(Qj);

(c) if the boundaries of two cubes Q; and Qi touch, then
1 _4Qj)
47 Q)

(d) for a given Qj there exist at most 12" Qi’s that touch it.

<4;

The proof of Proposition 7.3.4 is given in Appendix J.

Theorem 7.3.5. There exists a dimensional constant C,, such that for all o > 0, all
measures u > 0 on R™1, and all u-measurable functions F on R, we have

p({(xt) R [F(x,1)] > a}) <Cy /{Fw}ff(u)(x)dx. (7.3.4)

In particular, if u is a Carleson measure, then

u({|F|>a}) <Cyu

Proof. We prove this theorem by working with the equivalent definition of Carleson
measures and Carleson functions using balls and cylinders over balls. As observed
earlier, these quantities are comparable to the corresponding quantities using cubes.
We begin by observing that for any function F the set Q, = {F* > o} is open,
and in particular, F* is Lebesgue measurable. Indeed, if Xy € €, then there is a
(Yo,to) € R such that |F (yo,to)| > e. If dg is the distance from yq to the sphere
formed by the intersection of the hyperplane to -+ R" with the boundary of the cone
I"(Xo), then |xo — Yo| < to — do. It follows that the open ball B(xg,dg) is contained in
Qg since for z € B(xg,dg) we have |z —yg| < to, hence F*(z) > |F(yo,to)| > c.

(F* > all.

¢
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Let {Qx} be the Whitney decomposition of the set Q. For each x € Qg, set
Oa (X) = dist (x,5). Then for z € Qy we have

80(2) < vn(Qi) + dist (Qi, ) < 5v/n€(Qy) (7.3.5)

in view of Proposition 7.3.4 (b). For each Q, let B be the smallest ball that contains
Q. Then the radius of By is \/n#(Qx)/2. Combine this observation with (7.3.5) to
obtain that

16Q¢ = B(z,84(z)) C12By.

This implies that

U T(B(z8x(2))) CUT(12By). (7.3.6)
2€Qq k
Next we claim that
{|IF|>a} C U T (z,00(z ))) (7.3.7)
2€Qq

Indeed, let (x,t) € R such that |F(x,t)| > o. Then by the definition of F* we

have that F*(y) > o for all y € R" satisfying |[x —y| < t. Thus B(x,t) C Q, and so

8a(x) > t. This gives that (x,t) € T (B(X, 8(X))), which proves (7.3.7).
Combining (7.3.6) and (7.3.7) we obtain

{IF| > a} C|JT(12By).
k

Applying the measure p and using the definition of the Carleson function, we obtain

L({IF|>a}) < Zu( (12By))

2|12 BK| inf 1 () ()
k

IN

By| i
12" | cgcyllnder X) dx
Z|Qk| Q )k

Cn /Qa € (1) (x)dx

since |Byx| = 2~"n"/?v,|Qk|. This proves (7.3.4). O

IN

IN

Corollary 7.3.6. For any Carleson measure p and every p-measurable function F
on R™"! we have

/RT1|F(x,t)|de(x,t) gCnHuH%./F;n(F*(x))de

forall0 < p < eo.

Proof. Simply use Proposition 1.1.4 and the previous theorem. |
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A particular example of this situation arises when F(x,t) = f x @& (x) for some
nice integrable function @. Here and in the sequel, @ (x) = t~"®(t~1x). For in-
stance one may take @; to be the Poisson kernel P,.

Theorem 7.3.7. Let @ be a function on R" that satisfies for some 0 < C, 8 < <o,

C

PON= (1 s

(7.3.8)

Let i be a Carleson measure on R’le. Then for every 1 < p < o there is a constant
Cpn(u) such that for all f € LP(R") we have

[ 1@ 00t <Con(u) [ 1P A, (739
JR™ R

where Cpn (1) <C(p,n) ||y - conversely, suppose that @ is nonnegative and sat-
isfies (7.3.8) and [, <, @(x)dx > 0. If  is a measure on R such that for some

1 < p < o there is a constant Cp n(u) such that (7.3.9) holds for all f € LP(R"),
then u is a Carleson measure with norm at most a multiple of Cp n(1t).

Proof. If u isa Carleson measure, we may obtain (7.3.9) as a consequence of Corol-
lary 7.3.6. Indeed, for F (x,t) = (@ * f)(x) we have

F*(x) =sup sup |(Pxxf)(y)|.
t>0 yeR"
ly—x|<t

Using (7.3.8) and Corollary 2.1.12, this is easily seen to be pointwise controlled by
the Hardy-L.ittlewood maximal operator, which is LP bounded. See also Exercise
7.3.4.

Conversely, if (7.3.9) holds, then we fix a ball B = B(xg,r) in R" with center xq
and radius r > 0. Then for (x,t) in T(B) we have

@20 = [ aydyz [ amdy= [ ey)dy=c >0,
B(0t) B

x—28B 0,1)
since B(0,t) C x — 2B(Xo, r) whenevert < r. Therefore, we have

pu(T(B)) < Clﬁ /Rn++l|(q>[*x23)(x)|pdu(x,t)
Cp,gré#) /Rn|9528(x)|pdx

2"Cpn(m)
cP
n

IN

Bl

This proves that y is a Carleson measure with ||u

» < 2nCerCp,n(.u)- O
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7.3.2 BMO Functions and Carleson Measures

We now turn to an interesting connection between BMO functions and Carleson
measures. We have the following.

Theorem 7.3.8. Let b be a BMO function on R" and let ¥ be an integrable function
with mean value zero on R" that satisfies

P (x)| <A1+ |x)™"? (7.3.10)

for some 0 < A,§ < . Consider the dilations ¥ = t~"¥(t~1x) and define the
Littlewood—Paley operators Aj(f) = f x ¥,-;.

(a) Suppose that

sup Y [P(271E) P <B? < oo (7.3.11)

¢eRMjez
and let 8,-;(t) be Dirac mass at the point t = 2~1. Then there is a constant Cns
such that

xt) = 3 |(¥o-1+D)(x)[7dx G- (t)

jez
is a Carleson measure on R’ with norm at most C, 5(A + B)2||b||gMo.
(b) Suppose that
t
sup |'P(t’g’)|2 2 < oo, (7.3.12)

EcRnJ0

Then the continuous version dv(x,t) of du(x,t) defined by
dt
dv(x,t) = (Hxb) (x)[dx

for some

is a Carleson measure on R':"* with norm at most C,, 5 (A + B)2||b||gMO

constant C, 5.

(c) Let 6,A > 0. Suppose that {K; };~o are functions on R" x R" that satisfy
At?

(t+[x—y[n+e

forallt > 0and all x,y € R". Let R; be the linear operator

Kt (X,¥)| < (7.3.13)

/Kth y)dy,

which is well defined for all f € (J;<p<..LP(R"). Suppose that R(1) = 0 for all
t > 0 and that there is a constant B > 0 such that

d dt
//R”‘t )2 < B (7.3.14)
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for all f € L2(R™). Then for all b in BMO the measure

2 dxdt
Reb)o0*
2
1b/l5mo-
We note that if in addition to (7.3.10), the function ¥ has mean value zero and
satisfies |[V¥(x)| < A(1+ |x|)~"~9, then (7.3.11) and (7.3.12) hold and therefore
conclusions (a) and (b) of Theorem 7.3.8 follow.

is Carleson with norm at most a constant multiple of (A + B)?|

Proof. We prove (a). The measure u is defined so that for every u-integrable func-
tion F on R we have

L Fotaumn =3 [0 5eb)0PFx2 D (1.319)

jez

For a cube Q in R" we let Q* be the cube with the same center and orientation whose
side length is 3,/n¢(Q), where £(Q) is the side length of Q. Fix a cube Q in R", take
F to be the characteristic function of the tent of Q, and split b as

b= (b—Avgb)xq- + (b — Avgb) x(q-)c + Avgh.
Q Q Q

Since ¥ has mean value zero, ‘¥, * Avgg b = 0. Then (7.3.15) gives

uTQ)= 3 /IA X)|2dx < 23 + 23,
2= J<E
where
zlzz/ (b~ Avap)za:) (%) dx,
JEZ
=Y /|A (b~ Avab)z (%) dx.
2-1<0(Q

Using Plancherel’s theorem and (7.3.11), we obtain

3 < supZ|‘P -ig) |2/ |((b— Ang xq) (€ ‘ )|"de
£ jez
< 52 (X) — Avgb\ dx
< 252/ Ib(x) — Avgb|®dx-+ 2A2Q*|| Avgb — Avgb]|
< 8 [ |o(0) - Avgbl’ b+ o8 b0 1Q
Jor o
< CoB? b /g0 Q1
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in view of Proposition 7.1.5 (i) and Corollary 7.1.8. To estimate X, we use the size
estimate of the function ¥. We obtain

-js
(-1 (b= Avgb) 1i0:ye) (9] < /( e Az(zijﬁﬂyx)__ yﬁ\)vrﬁ%b‘ dy.  (7:3.16)
But note that if cq is the center of Q, then
27 x=y| > ly =¥
> |y —cql —[eQ—X|
> gy + Y Q) e
R ART( IR ()

(v + Y, @)

when y € (Q*)¢ and x € Q. Inserting this estimate in (7.3.16), integrating over Q,
and summing over j with 271 < £(Q), we obtain

9] [b(y) — Avgg b )2
met 3 20 gy siea s ™)

2-18<4(Q)

2i01( [ {(Q°Iby)—Avgab|  \?
< o oty et )

Ch51Q1 15130

in view of (7.1.5). This proves that

IN

31+ 3, <Cy5(A%+B?)|Q| HbHéMO’

which implies that 4£(T(Q)) < Cy 5(A+ B)ZHbHZBMO|Q|.
The proof of part (b) of the theorem is obtained in a similar fashion. Finally, part
(c) is a generalization of part (b) and is proved likewise. We sketch its proof. Write

Q Q Q

and note that Rt (Avgq b) = 0. We handle the term containing Ry ((b— Avgob)xq+)
using an L2 estimate over Q* and condition (7.3.14), while for the term containing
Rt ((b— Avggb)x(g+)) We use an L* estimate and condition (7.3.13). In both cases
we obtain the required conclusion in a way analogous to that in part (a). O
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Exercises
7.3.1. Let aj,bj be sequences of positive real numbers such that 3;bj < . Define
a measure (L on R”jl by setting
= YhjEN{(xa)): xR,
j

where E is a subset of R and | | denotes n-dimensional Lebesgue measure on the
affine planes t = a;. Show that p is a Carleson measure with norm

lind
e = el = X
]

7.3.2. Letxo € R"and u = iy, 1) be the Dirac mass at the point (xo,1). Show that

lind
u is Carleson measure and compute ||u || and ||u

larger?

% Which of these norms is

7.3.3. Define conical and hemispherical tents over balls in R" as well as pyrami-
dal tents over cubes in R" and define the expressions ||u /g™, ||u | FemIsPRETe

| Show that

[

where all the implicit constants in the previous estimates depend only on the dimen-
sion.

cone
~

||N hemisphere
4 ~

pyramid
% ~|

ullz ™ A |

(78]

7.3.4. Suppose that @ has a radial, bounded, symmetrically decreasing integrable
majorant. Set F(x,t) = (f x & )(x), where f is a locally integrable function on R".
Prove that

F*(x) <CM()(x),

where M is the Hardy-L ittlewood maximal operator and C is a constant that depends
only on the dimension.

[Hint: If @(|x|) is the claimed majorant of @(x), then the function y(|x|) = ¢(0)
for |x| <1land w(|x]) = ¢(|x| — 1) for |x| > 1 is a majorant for the function ¥(x) =

supjy<1 [ P(x—u)l.]

7.3.5. Let F be a function on R}, let F* be the nontangential maximal function
derived from F, and let u > 0 be a measure on R/, Prove that

1/r 1/r
IF e <68 ([ 00R 007a)

where Cj, is the constant of Theorem 7.3.5and 0 < r < oo,
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7.3.6. (a) Given A a closed subset of R" and 0 < y < 1, define

. JANB(x,1)]
Al = R": f| P>y y
v {Xe o Boen| <7
Show that A* is a closed subset of A and that it satisfies
3n
AN < A°|.
[COEN

[Hint: Consider the Hardy-Littlewood maximal function of yac.]
(b) For a function F on R and 0 < a < o, set

Fi(x)=sup sup [F(y,t)|.

t>0 ly—x|<at
Let 0 < a < b < = be given. Prove that for all L > 0 we have
{Fa > A < {Ry >4} <3"a"(a+Db)"[{F > A}|.

7.3.7. Let u be a Carleson measure on R”jl. Show that for any zo € R" and t > 0
we have

n+1

cylinder 70 2
Z—Zo|2 t2—|— )n+1 H H n+l)'
[Hint: Begin by writing
t = dr
=(n+1) t/ ,
(J2— 202 +12+52)"" 2

where Q = /|2 — 2|2 +t2 +s2. Apply Fubini’s theorem to estimate the required
expression by

oo ' dr lind nodr
t(n+1)/t / d‘u(LS) Mm+2 — (I’H—anH HCV'” er/t (r _t) m+2”

T (B(zo,;/rLtZ))

where v, is the volume of the unit ball in R". Reduce the last integral to a beta
function. |

7.3.8. (Verbitsky [325]) Let u be a Carleson measure on R”jl. Show that for all
p > 2 there exists a dimensionless constant C, such that

cylmder/ 1£00)[P dx.

/Rn+1|(Pt* f)(x)|Pdu(xt) <C
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[Hint: It suffices to prove that the operator f — P+ f maps L2(R") to L2~ (R, d )
with a dimensionless constant C, since then the conclusion follows by interpolation
with the corresponding L= estimate, which holds with constant 1. By duality and
Exercise 1.4.7 this is equivalent to showing that

/R [//Pt(x—y)du(y,t)/ .Ps(x—z)du(z,s)} dx < Cu(E)
E E

forany setE in R”jl with u(E) < . Apply Fubini’s theorem, use the identity
[ RX=Y)Px—2)dx = Pia(y—2).

and consider the casest < sands < t.]

7.4 The Sharp Maximal Function

In Section 7.1 we defined BMO as the space of all locally integrable functions on
R" whose mean oscillation is at most a finite constant. In this section we introduce
a quantitative way to measure the mean oscillation of a function near any point.

7.4.1 Definition and Basic Properties of the Sharp Maximal
Function

The local behavior of the mean oscillation of a function is captured to a certain
extent by the sharp maximal function. This is a device that enables us to relate
integrability properties of a function to those of its mean oscillations.

Definition 7.4.1. Given a locally integrable function f on R", we define its sharp
maximal function M*(f) as

M (£)(x) = sup /|f )— Avg f|dt,
Q9X|Q| Q

where the supremum is taken over all cubes Q in R" that contain the given point x.

The sharp maximal function is an analogue of the Hardy-Littlewood maximal
function, but it has some advantages over it, especially in dealing with the endpoint
space L. The very definition of M*(f) brings up a connection with BMO that is
crucial in interpolation. Precisely, we have

BMO(R") = {f € Lie(R") : M*(f) € L"(R")},
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and in this case
#
||f||BMO = HM (f)|||_°°'
We summarize some properties of the sharp maximal function.
Proposition 7.4.2. Let f,g be a locally integrable functions on R". Then

(1) M#(f) < 2M¢(f), where M, is the Hardy-Littlewood maximal operator with
respect to cubes in R".

2) For all cubes Q in R" we have
(

Lv# (1)) ) < sup inf /|f —aldy < M*(F)(x).
2 XeQae

(3) M*([f]) < 2M*(f).
(4) We have M#(f 4-g) < M#(f) +M*(g).

Proof. The proof of (1) is trivial. To prove (2) we fix € > 0 and for any cube Q we
pick a constant ag such that

1/ P

f(y) —ao|dy < inf / f(y)—aldy+e.
Q| Q| (¥) —aq| a1€Q|Q|.QI (y)—al

Then

1/ 1 1
f(y)— Avg f|dy < /fy—a dy + /Avgf—a dy
0 o TV =AaTloy < o Jo [T —aaldy= g Jo [AveT —aq

1 1
f(y)— d f(y)— d
|Q|/Q| () - aq y+|Q|/Q| (y) —aoldy

1
2 inf /f —aldy+ 2¢.
int o 1100~ alay

IN

Taking the supremum over all cubes Q in R", we obtain the first inequality in (2),
since € > 0 was arbitrary. The other inequality in (2) is simple. The proofs of (3)
and (4) are immediate. O

We saw that M#(f) < 2Mc(f), which implies that

M) < Cop(p— 1) 1, 7.41)

for 1 < p < o. Thus the sharp function of an LP function is also in LP whenever
1 < p < . The fact that the converse inequality is also valid is one of the main
results in this section. We obtain this estimate via a distributional inequality for the
sharp function called a good lambda inequality.
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7.4.2 A Good Lambda Estimate for the Sharp Function

A useful tool in obtaining the converse inequality to (7.4.1) is the dyadic maximal
function.

Definition 7.4.3. Given a locally integrable function f on R", we define its dyadic
maximal function My(f) by

1
Mo = sup [ ()]t
Qox Q[ Ja
Q dyadic cube

The supremum is taken over all dyadic cubes in R" that contain a given point x.
Recalling the expectation operators Ex from Section 5.4, we have

Mg (f)(x) = supEx(f)(x).

kez

Obviously, one has the pointwise estimate
Mg (f) < Mo(f) (7.4.2)

for all locally integrable functions. This yields the boundedness of My on LP for
1 < p < oo and the weak type (1,1) property of My. More precise estimates on the
norm of My can derived. In fact, in view of the result of Exercise 2.1.12, My is of
weak type (1,1) with norm at most 1. By interpolation (precisely Exercise 1.3.3(a)),
it follows that Mg maps LP(R") to itself with norm at most

p
HMdHLP(R“)—»LP(R“) < p—1
when 1 < p < eo.

One may wonder whether an estimate converse to (7.4.2) holds. But a quick ob-
servation shows that for a locally integrable function f that vanishes on certain open
sets, My (f) could have zeros, but Mc( f) never vanishes. Therefore, there is no hope
for My(f) and Mc(f) to be pointwise comparable. Although the functions My(f)
and M(f) are not pointwise comparable, we will show that they are comparable in
norm.

The next result provides an example of a good lambda distributional inequality.

Theorem 7.4.4. For all v > 0, all A > 0, and all locally integrable functions f on
R", we have the estimate

[{x €R™: Mg(f)(x) > 24, M*(f)(x) <yA}| < 2"y[{x € R": Mg(f)(x) > A }|.

Proof. We may suppose that the set 2; = {x € R": Mqy(f)(x) > A} has finite mea-
sure; otherwise, there is nothing to prove. Then for each x € , there is a maximal
dyadic cube Q* that contains x such that
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o L ITwldy > A (1.43)
1Q*| Jox ’ -

otherwise, €2, would have infinite measure. Let Q; be the collection of all such
maximal dyadic cubes containingall x in £, , i.e., {Qj}; = {Q*: x € 2, }. Maximal
dyadic cubes are disjoint; hence any two different Q;’s are disjoint; Moreover, we
note that if x,y € Qj, then Qj = Q* = Q. It follows that £, = J;Qj. To prove the
required estimate, it suffices to show that for all Q; we have

[{xeQj: Ma(f)(x) > 24, M*(f)(x) <yA}| <2"y|Qj|, (7.4.4)

for once (7.4.4) is established, the conclusion follows by summing on j.
We fix j and x € Qj such that Mq(f)(x) > 2A. Then the supremum

Mg (f)(X) = sup / I (y)|dy (7.4.5)
rox [R|
is taken over all dyadic cubes R that either contain Q; or are contained in Qj (since
QjNR#0).IfR 2 Qj, the maximality of Q; implies that (7.4.3) does not hold for
R; thus the average of |f| over R is at most A. Thus if My(f)(x) > 2A, then the
supremum in (7.4.5) is attained for some dyadic cube R contained (not properly)
in Qj. Therefore, if x € Qj and Mgy (f)(x) > 24, then we can replace f by fyq; in
(7.4.5) and we must have My (f xq;)(x) > 2A. We let Q] be the unique dyadic cube
of twice the side length of Q;. Therefore, for x € Q;j we have

Md((f—Ang)XQj)( )>Md(fXQJ |Ang‘ >2A—A=21,
Q/

i J

since |Ang,j f| < Ang,j |f| < A because of the maximality of Q;. We conclude that

[{x€ Qi My(1)(0) >22}| < |{x € Qj:Ma((f —AQ\{gf)ij)(x) >2}|, (7.46)

and using the fact that My is of weak type (1, 1) with constant 1, we control the last
expression in (7.4.6) by

17 2"Qi| 1
)L/ [ f(y) —Avg f|dy < |)L’||Q,| | f(y) —Avg f|dy
2"Qj] B

< “IM(DE)

for all &; € Qj. In proving (7.4.4) we may assume that for some &; € Q; we have
M#(f)(éj) < yA; otherwise, there is nothing to prove. For this ;, using (7.4.6) and
(7.4.7) we obtain (7.4.4). a

Good lambda inequalities can be used to obtain LP bounds for quantities they
contain. For example, we use Theorem 7.4.4 to obtain the equivalence of the LP
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norms of My (f) and M#(f). Since M#(f) is pointwise controlled by 2M(f) and
M) o < CPMII < Co.m Mo (1)
we have the estimate
HM#(f)HLP(R”) < Zc(p’n)HMd(f)HLp(Rn)
for all f in LP(R"). The next theorem says that the converse estimate is valid.

Theorem 7.4.5. Let 0 < pg < e. Then for any p with py < p < o there is a constant
Cn(p) such that for all functions f with My (f) € LPo(R") we have

||Md(f)||LP(R”) Scn(p)HM#(f)HLP(R”)' (7.4.8)
Proof. For a positive real number N we set
N
I :/ pAPH{x e R": Mg(f)(x) > A }|dA.
0
We note that Iy is finite, since p > pg and it is bounded by

NP

pripo N po—1 n p ~Po Po
o0 /Opoko [{xeR": Mg(f)(x) >A}|da < %0 [[Ma (£)]| 5y < oo

We now write
®
Iy = 2P/ PAPL|{x € R": My(f)(x) > 24 }|dA
JO
and we use Theorem 7.4.4 to obtain the following sequence of inequalities:

29/0'9 pAPTH{x € R": Mq(f)(x) > 24, M*(f)(x) < yA }|dA

IN

In

N
+2P/02 pAP~L{x € R": M¥()(x) > yA}|dA

IN

N
292“;/./02 PAPL|{x € R": My(f)(x) > A }|dA

N
+2P/02 pAP~L{x € R": M¥()(x) > yA}|dA

IN

pon 2P Nzy p—1 n. #
22yIN+yp/0 pAP-Y{x € R": M*(f)(x) > A}|dA.

At this point we pick a y such that 2P2"y = 1/2. Since ly is finite, we can subtract
from both sides of the inequality the quantity %IN to obtain
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Nzy
Iy < 2p+12p<“+P+1>/ AP {x € R": MF(f)(x) > A}|dA,
0

from which we obtain (7.4.8) with C,(p) = NP2+ letting N — oo. |

Corollary 7.4.6. Let 0 < pg < e. Then for any p with pg < p < = and for all locally
integrable functions f with Mg (f) € LP°(R") we have

||fHLP(Rn) SCn(p)|||\/|#(1:)||Lp(Rn)7 (749)

where C,(p) is the constant in Theorem 7.4.5.

Proof. Since for every point in R" there is a sequence of dyadic cubes shrinking to
it, the Lebesgue differentiation theorem yields that for almost every point x in R"
the averages of the locally integrable function f over the dyadic cubes containing x
converge to f(x). Consequently,

[f| < Mg(f) a.e.
Using this fact, the proof of (7.4.9) is immediate, since
1oy < [IMa ()] orn) -
and by Theorem 7.4.5 the latter is controlled by Cy(p) ||M#(f)HLp(Rn). O

Estimate (7.4.9) provides the sought converse to (7.4.1).

7.4.3 Interpolation Using BMO

We continue this section by proving an interpolation result in which the space L* is
replaced by BMO. The sharp function plays a key role in the following theorem.

Theorem 7.4.7. Let 1 < pg < . Let T be a linear operator that maps LP(R") to
LPo(R™) with bound Ag, and L=(R") to BMO(R") with bound A;. Then for all p
with po < p < oo there is a constant Cy,  such that for all f € LP we have

p P
T( < CoppAy Ar ’$||f (7.4.10)

f)||Lp(Rn) HLP(R")'

Remark 7.4.8. In certain applications, the operator T may not be a priori defined
on all of LPo 4 L= but only on some subspace of it. In this case one may state that
the hypotheses and the conclusion of the preceding theorem hold for a subspace of
these spaces.

Proof. We consider the operator
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S(f) =M*(T(f))

defined for f € LPo+ L. It is easy to see that S is a sublinear operator. We prove
that S maps LPo to itself and L™ to itself. For f € LPo we have

[1S(F)liro = [IM*(T(F))]| oo < 2[Me(T ()] po
Copo [ T(F)][ Lpo < Cirpool | F] oo »

IN

while for f € L* one has

IS = IM*T ()= = [T ¢ <At

f)HBMO— HL°°'

Interpolating between these estimates using Theorem 1.3.2, we deduce

MET (N = 1S(F)] o < Co o AP ALY B (1
|| ( ())HLp—H ( )HLP— P;Po0 M1 H ||LP

forall f € LP, where pp < p < . Consider now a function h € LPNLPo. In the case
po > 1, Mg(T (h)) € LPo; hence Corollary 7.4.6 is applicable and gives

Po ]_,pO
[Tl <Cn(P)Cppo A AL ||

Density yields the same estimate for all f € LP(R"). If po = 1, one applies the same
idea but needs the endpoint estimate of Exercise 7.4.6, since Mg (T (h)) € L=, O

7.4.4 Estimatesfor Singular I ntegrals I nvolving the Sharp
Function

We use the sharp function to obtain pointwise estimates for singular integrals. These
enable us to recover previously obtained estimates for singular integrals, but also to
deduce a new endpoint boundedness result from L> to BMO.

Let us recall some facts from Chapter 4. Suppose that K is defined on R"\ {0}
and satisfies

KX < Aglx|™", (7.4.11)

IK(x—y)—K(X)| < Aaly[®|x|™™%  whenever [x| > 2|y| >0, (7.4.12)

sup / Kx)dx| < Ag. (7.4.13)
r<R<e I Jr<|x|<R

Let W be a tempered distribution that coincides with K on R"\ {0} and let T be the
linear operator given by convolution with W.

Under these assumptions we have that T is L? bounded with norm at most a
constant multiple of Ay + A, + A3 (Theorem 4.4.1), and hence it is also LP bounded
with a similar norm on LP for 1 < p < o (Theorem 4.3.3). Furthermore, under
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the preceding conditions, the maximal singular integral T*) is also bounded from
LP(R™) to itself for 1 < p < e (Theorem 4.3.4).

Theorem 7.4.9. Let T be given by convolution with a distribution W that coincides
with a function K on R"\ {0} satisfying (7.4.12). Assume that T has an extension
that is L2 bounded with a norm B. Then there is a constant C, such that for any s > 1
the estimate

M*(T (£))(x) < Cn(Az +B) max(s,(s— 1)) M(|f|5)%(x) (7.4.14)
is valid for all f in Us< <o LP and almost all x € R".

Proof. In view of Proposition 7.4.2 (2), given any cube Q, it suffices to find a con-
stant a such that

Q| / IT(F)(y) —aldy < Csn(A2 +B)M(|f[)5 (x) (7.4.15)

for all x € Q. To prove this estimate we employ a theme that we have seen several
times before. We write f = 3+ f3, where £ = f x5 n and f5 = f x5 nq)c. Here
6+/nQ denotes the cube that is concentric with Q, has sides parallel to those of Q,
and has side length 6,/n¢(Q), where £(Q) is the side length of Q.

We now fix an f in Us<p..LP and we select a =T (f3)(x). Then a is finite for
almost all x € Q. It follows that

|Q|/|T _a|dy
|Q|/IT ldy+|Q|/|T f5)(y) —T(f5)(x)|dy.  (7.4.16)

In view of Theorem 4.3.3, T maps L® to L® with norm at most a dimensional constant
multiple of max(s, (s — 1) ~1)(B 4 A). The first term in (7.4.16) is controlled by

1 v s s - 1 : 1
(|Q|./Q|T(f8)(Y)| dy) < Comax(s,(s—1) l)(B+A2)<|Q| /Rn|f8(y)| dy)
< Cimax(s, (s—1) 1) (B+A)M(| )5 ().

To estimate the second term in (7.4.16), we first note that

/QIT(fS’)( T(fg)(x Idy</‘ —2) —K(x—2))f(z)dz| dy.

(6v/nQ)°

We make a few geometric observations. Since both x and y are in Q, we have
[x—y| < +/n¢(Q). Also (see Figure 7.3), since z ¢ 6,/nQ and x € Q, we must have

K—2] > dist (Q. (6V1Q)%) > (3vn— 5)((Q) > 2Vn(Q) > 21x ).
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Therefore, we have |x —z| > 2|x —y]|, and this allows us to conclude that

x—y|®

[K(y—2) = K(x=2)| = [K(0x=2) = (-y) K- <2 T

using condition (7.4.12). Using these observations, we bound the second term in
(7.4.16) by

1 : Aglx—yl® Ay [ Q)3
f(z)|dzdy < C f(2)d
1 o oo - aoes 119 < Coig [ gpra 11

Q)
2 o 0@+ ayss "I

CrAM(£)(X)
CrA2(M(| %) (X))*

IN

N

IN

where we used the fact that |x — z| is at least £(Q) and Theorem 2.1.10. This proves
(7.4.15) and hence (7.4.14). O

Fig. 7.3 The cubes Q and 64T Q
6./nQ. The distance d is

equal to (3y/n— ) £(Q).

The inequality (7.4.14) in Theorem 7.4.9 is noteworthy, since it provides a point-
wise estimate for T (f) in terms of a maximal function. This clearly strengthens the
LP boundedness of T. As a consequence of this estimate, we deduce the following
result.

Corollary 7.4.10. Let T be given by convolution with a distribution W that coin-
cides with a function K on R"\ {0} that satisfies (7.4.12). Assume that T has an
extension that is L? bounded with a norm B. Then there is a constant C, such that
the estimate

IT(

isvalid for all f € LN (U1<p<eL?).

t)|lgmo < Cn(A2+B)||f|| - (7.4.17)
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Proof. We take s = 2 in Theorem 7.4.9 and we observe that

= ||M*(T(£))]] - < CalAz +B)[[M(|f[?)?

1
IT(H)llsmo I I

and the last expression is easily controlled by Cy (A2 4 B)|| f|| .. a

At this point we have not defined the action of T (f) when f lies merely in L**; and
for this reason we restricted the functions f in Corollary 7.4.10 to be also in some
LP. There is, however, a way to define T on L™ abstractly via duality. Theorem 6.7.1
gives that T and thus also its adjoint T* map H! to L. Then the adjoint operator
of T* (i.e.,, T) maps L™ to BMO and is therefore well defined on L™. In this way,
however, T (f) is not defined explicitly when f is in L™. Such an explicit definition
is given in the next chapter in a slightly more general setting.

Remark 7.4.11. In the hypotheses of Theorem 7.4.9 we could have replaced the
condition that T maps L2 to L2 by the condition that T maps L" to L"* with norm B
forsome 1 <r < eo,

Exercises

7.4.1. Let 0 < q < . Prove that for every p with q < p < <o there is a constant
Chn,p,q such that for all functions f on R" with My(f) € L9(R") we have

115 < Copall e

I 1fllswmo

1-6
q

7.4.2. Let u be a positive Borel measure on R".

(a) Show that the maximal operator

where ‘1, =

ME()00 = sup /|f )l du(t)

Q dyadlc cube

maps L*(R",du) to LY*(R",du) with constant 1.

(b) For a p-locally integrable function f, define the sharp maximal function with
respect to u,

M (F)(x) = sup /’f — Avgf|du),
Q=x H(Q Qu

where Avgg , f denotes the average of f over Q with respect to u. Assume that
u is a doubling measure with doubling constant C(u) [this means that 1 (3Q) <
C(u)u(Q) for all cubes QJ. Prove that for all y > 0, all A > 0, and all u-locally
integrable functions f on R" we have the estimate

p({x: ME(F)(x) > 24, M (F)(x) <yA}) <C(u)yu({x: MI(F)(x)>2}).
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[Hint: Part (a): For any x in the set {x € R": Mﬂ(f)(x) > A}, choose a maximal
dyadic cube Q = Q(x) such that fo [f(t)|du(t) > Au(Q). Part (b): Mimic the proof
of Theorem 7.4.4.]

7.4.3. Let0 < pg < oo and let Mﬂ and Mﬁ be as in Exercise 7.4.2. Prove that for any
p with pg < p < oo there is a constant C,(p, i) such that for all locally integrable
functions f with M (f) € LPo(R") we have

HMg(f)HLP(R”,du) SC“(p’l’l)HMz(f)HLP(R",dp)'

7.4.4. We say that a function f on R" is in BMOy (or dyadic BMO) if

1 "

f = su / f(x) — Avg f|dx < oo,
| HBMOd Qdyadi?cube QI . Q‘ ) Qg |

(a) Show that BMO is a proper subset of BMOy.

(b) Suppose that A is a finite constant and that a function f in BMQyq satisfies

|Avg f —Avg f| <A
Q

1 Q2

for all adjacent dyadic cubes of the same length. Show that f is in BMO.
[Hint: Consider first the case n = 1. Given an interval I, find adjacent dyadic inter-
vals of the same length I; and I, such that | g LUl and |11] < 1| < 2|I1|.}

7.4.5. Suppose that K is a function on R"\ {0} that satisfies (7.4.11), (7.4.12), and
(7.4.13). Let 1 be a smooth function that vanishes in a neighborhood of the origin

and is equal to 1 in a neighborhood of infinity. For € > 0 let Kff)(x) =Kx)n(x/€)

and let T,§8> be the operator given by convolution with K,(f>. Prove that for any
1 < s < e there is a constant Cy s such that for all p withs < p <eand f in LP we
have

sup M* (T, (1))

e>0

LP(RY) S Cms(Al +A2 +A3) H f HLP(R“) .

[Hint: Observe that the kernels Kff) satisfy (7.4.11), (7.4.12), and (7.4.13) uni-
formly in € > 0 and use Theorems 4.4.1 and 7.4.9.]

7.4.6. Let 0 < pp < = and suppose that for some locally integrable function f we
have that Mg (f) lies in LPo-=(R"). Show that for any p in (pg,c°) there exists a
constant Cy(p) such that

HfHLP(R”) = HMd(f)HLP(R“) Scn(p)HM#(f)HLP(R”)’

where C,(p) depends only on n and p.

Hint: With the same notation as in the proof of Theorem 7.4.5, use the hypothesis
[Ma ()| pp= < o= to prove that Iy < e whenever p > po. Then the arguments in
the proofs of Theorem 7.4.5 and Corollary 7.4.6 remain unchanged.}
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7.4.7. Prove that the expressions

are uniformly bounded in N and x. Then use Corollary 7.4.10 to prove that

N A2mikx

sup K

N>1

<C < oo,

k=1 BMO

Deduce that the limit of Xy (x) as N — e can be defined as an element of BMO.
[Hint: Use that the Hilbert transform of sin(27kx) is cos(2zkx). Also note that the
series Y4 5'”(2k”kx> coincides with the periodic extension of the (bounded) function

=n(3-x)on[0,1)]

7.5 Commutators of Singular Integrals with BMO Functions

The mean value zero property of H!(R") is often manifested when its elements are
paired with functions in BMO. It is therefore natural to expect that BMO can be
utilized to express and quantify the cancellation of expressions in H®. Let us be
specific through an example. We saw in Exercise 6.7.3 that the bilinear operator

(f,g) — fH(9) +H(f)g

maps L?(R") x L?(R") to HY(R"); here H is the Hilbert transform. Pairing with a
BMO function b and using that H' = —H, we obtain that

(fH(9)+H(f)g,by=(f,H(g)b—H(gh)),

and hence the operator g — H(g)b —H(gb) should be L? bounded. This expression
H(g)b —H(gb) is called the commutator of H with the BMO function b. More
generally, we give the following definition.

Definition 7.5.1. The commutator of a singular integral operator T with a function
b is defined as
b, TI(f)=bT(f)—T(bf).

If the function b is locally integrable and has at most polynomial growth at infinity,
then the operation [b, T] is well defined when acting on Schwartz functions f.

In view of the preceding remarks, the L boundedness of the commutator [b, T]
for b in BMO exactly captures the cancellation property of the bilinear expression

(f,)—T(f)g—fTY(g).
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As in the case with the Hilbert transform, it is natural to expect that the commutator
[b,T] of a general singular integral T is LP bounded for all 1 < p < . This fact
is proved in this section. Since BMO functions are unbounded in general, one may
surmise that the presence of the negative sign in the definition of the commutator
plays a crucial cancellation role.

We introduce some material needed in the study of the boundedness of the com-
mutator.

7.5.1 An Orlicz-Type Maximal Function

We can express the LP norm (1 < p < o) of a function f on a measure space X by

1
1o, = </X|f|”du)p:inf{l>0: /X"diugl}.

Motivated by the second expression, we may replace the function tP by a general
increasing convex function @(t). We give the following definition.

Definition 7.5.2. A Young’s function is a continuous increasing convex function @
on [0,e0) that satisfies @(0) = 0 and lim;_... @(t) = . The Orlicz norm of a mea-
surable function f on a measure space (X, i) with respect to a Young’s function @
is defined as

[P i”f{l >0: /x O(|f[/A)du < 1}.

The Orlicz space @ (L) (X, i) is then defined as the space of all measurable functions
f on X such that || f ||¢1')(L)(X <o

We are mostly concerned with the case in which the measure space X is a cube
in R" with normalized Lebesgue measure |Q|~1dx. For a measurable function f on
a cube Q in R", the Orlicz norm of f is therefore

. 1
[fllawog =inf{r>0: o [@af/aax<i},

which is simply denoted by || f ||®(L>(Q>, since the measure is understood to be nor-
malized Lebesgue whenever the ambient space is a cube.
Since for C > 1 convexity gives @(t/C) < @(t)/C forall t > 0, it follows that

<C|f (7.5.1)

Ifllc o) o

which implies that the norms with respect to @ and C @ are comparable.

A case of particular interest arises when @(t) = tlog(e +t). This function is
pointwise comparable to t(1+ log*t) for t > 0. We make use in the sequel of a
certain maximal operator defined in terms of the corresponding Orlicz norm.
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Definition 7.5.3. We define the Orlicz maximal operator
M f)(x) =sup||f ;
Llog(e+L>( )(%) an” HLIog(e+L)(Q)

where the supremum is taken over all cubes Q with sides parallel to the axes that
contain the given point x.

The boundedness properties of this maximal operator are a consequence of the
following lemma.

Lemma 7.5.4. There is a positive constant c(n) such that for any cube Q in R" and
any nonnegative locally integrable function w, we have

c(n)
HWHLIog(eJrL)(Q)S Q| /QMC(W)dX7 (7.5.2)

where M, is the Hardy-Littlewood maximal operator with respect to cubes. Hence,
for some other dimensional constant ¢’(n) and all nonnegative w in L} (R") the
inequality

M iog(e-+t) (W) (x) < ¢/(n) M*(W)(x) (7.5.3)

is valid, where M2 = M o M and M is the Hardy-Littlewood maximal operator.

Proof. Fix a cube Q in R" with sides parallel to the axes. We introduce a maximal
operator associated with Q as follows:

MO()() = sup 2 L1y,

Rax

where the supremum is taken over cubes R in R" with sides parallel to the axes.
The key estimate follows from the following local version of the reverse weak type
(1,1) estimate of Exercise 2.1.4(b). For each nonnegative function f on R" and
a > Avgg f, we have

1 i .
a/Qﬂ{f>a}fdx§2 {x € Q:MR(F)(x) > a}|. (7.5.4)

Indeed, to prove (7.5.4), we apply Corollary 2.1.21 to the function f and the num-
ber . With the notation of that corollary, we have Q\ (U;Qj) € {f < a}. This
implies that QN {f > o} C [J;Qj, which is contained in {x € Q ME(f)(x) > a}.
Multiplying both sides of (2.1.20) by |Qj|, summing over all j, and using these
observations, we obtain (7.5.4).

Using the definition of My oge.1), (7.5.2) follows from the fact that for some
constant ¢ > 1 independent of w we have

|(13| /Q 7\LNQ log (e+ ;LV(VQ) du <1, (755)
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where ¢
Ao = /M w)dx = ¢ AvgMc(w).
Q 1Ql /o (W) Q (W)

We let f =w/Aq; by the Lebesgue differentiation theorem we have that 0 <
Avgq f <1/c. Recall identity (1.1.7),

/X(p(f)dv:/o o) v({xeX: F(x)>t))dt,
where v > 0, (X,v) is a measure space, and ¢ is an increasing continuously

differentiable function with ¢(0) = 0. We take X = Q, dv = |Q|1fxqdx, and
¢(t) =log(e+t) — 1 to deduce

1 1 1~ 1
flog(e + f)dx = /fdx+ (/ fdx)dt
o Jyfeatenax= o [rexe o 70 (L
=lp+1l1+12,

where

1
lp = /fdx,
7 1Ql/e
Avgg f
= 1/ o 1 (/ fdx)dt,
Q| Jo e+t \ Jon(fsty

1 r= 1 '
ly = / fdx ) dt.
2 Q| Javgg f €+t (.Qm{f>t} )

We now clearly have that lo = Avgg f < 1/c, while I; < (Avgg )2 < 1/c?. For I,
we use estimate (7.5.4). Indeed, one has

1 /= 1 '
I, = / fdx ) dt
2 |Q|.Angfe+t(.Qﬁ{f>t} >

2N e t
~ Q] Javg fe+t|{X€Q:M8(f)(X)>t}|dt
VQ

| HxeQ:MA(H(x) > 4|2

2n
Q|
2" Q
T Ql /QM° (f)dx
2" 1 2
using the definition of Aq. Combining all the estimates obtained, we deduce that

n

|+|—|—|<1—|—1+ <1
oth+lhs +,+ .1

provided c is large enough. O
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7.5.2 A Pointwise Estimate for the Commutator

For 6 > 0, M§ denotes the following modification of the sharp maximal operator
introduced in Section 7.4:

ME(f) = M*(|f[°)"/°.

It is often useful to work with the following characterization of M# [see Proposition
7.4.2 (2)]:

M#(£)(x) ~ supinf /|f —cldy.
Qax © |Q|

We also need the following version of the Hardy—L.ittlewood maximal operator:
Me(f) =M(|F[*)"/e.

The next lemma expresses the fact that commutators of singular integral op-
erators with BMO functions are pointwise controlled by the maximal function
M2 =MoM.

Lemma 7.5.5. Let T be a linear operator given by convolution with a tempered dis-
tribution on R" that coincides with a function K(x) on R"\ {0} satisfying (7.4.11),
(7.4.12), and (7.4.13). Let b be in BMO(R"), and let 0 < § < €. Then there exists
a positive constant C = Cs . , such that for any smooth function f with compact
support we have '

M3 ([b, T]()) < C||b]|gyo {Me (T (£)) +M?(f)}. (7.5.6)

Proof. Fix a cube Q in R" with sides parallel to the axes centered at the point x.

Since for 0 < § < 1 we have |||’ — |B|°| < \a—ﬁf for o, B € R, itis enough to
show for some complex constant ¢ = cq that there exists C = Cg5 > 0 such that

<|(1?|/Q|[b,T](f)(y>—C|5dy>‘S <C||b|gpo tMe (T (F))(x) +M?(F)(x)}. (7.5.7)

Denote by Q* the cube 5,/nQ that has side length 5,/n times the side length of Q
and the same center x as Q. Let f = f; + f,, where f; = f yo+. For an arbitrary
constant a we write

b, T](f) = (b—a)T(f) -T((b—-a)fy) —T((b—-a)fz).

Selecting
c=AvgT((b—a)f;) and a=Avgb,
Q Q*

we can estimate the left-hand side of (7.5.7) by a multiple of Ly + L, + L3, where
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1

1 )
Ly = <|Q|/Q|<b< ~AYgD)T (1)) dy) ,

1

1 5 o
Ly = / T ((b—Avgb)f dy| |
e G AR y>
5
Ly = ! /|T((b—Avgb)f2)—Ang((b—Avgb)f2)|6dy
Q[ Jq Q Q o
To estimate L;, we use Holder’s inequality with exponents r and r’ for some

l<r<e/o:
<|<19|/Q‘b(”‘%v*gb‘6r/d> (g Tnoe )

< CHbHBMOM5r(T(f))(X)
< C|[b||gmoMe (T (£))(x),

IN

Ly

recalling that x is the center of Q. Since T : LY(R") — LY¥*(R") and 0 < § < 1,
Kolmogorov’s inequality (Exercise 2.1.5) yields

Lo

IN

C
|Q|/Q|(b( - AvgD) i(y )| dy

-~ b(y) — Avgb)f (y)|d
Q| Jo 1O0) = vg (y)|dy

2C' ||b— Avng

IA

(eL-1)(Q") HLIog(1+L)(Q*)7
using Exercise 7.5.2(c).

For some 0 < y < (2"e)7 %, let Cn,y > 2 be a constant larger than that appearing
on the right-hand side of the inequality in Corollary 7.1.7. We setco =C y — 1 > 1.
We use (7.5.1) and we claim that
(7.5.8)

|b— Avng <c0Hb Avng

(eL—1)(Q*) o (eb—1) (Q*) =y HbHBMO'

Indeed, the last inequality is equivalent to
17 71[ b(y)—
c1|g¥lb(y)—Avgq«bl/[Ibllemo _1} dy <1,
Q[ Jor

which is a restatement of Corollary 7.1.7. We therefore conclude that

L,<C HbHBMoMLIOQ(HL)(f)(x)-
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Finally, we turn our attention to the term L3. Note that if z,y € Q and w ¢ Q*,
then |z —w| > 2|z —y|. Using Fubini’s theorem and property (7.4.12) succesively,
we control L3 pointwise by

o1 JoT ((0 = Avg) 2)(5) - AvgT (o~ Avg) )y

< 12/// (=) K (2= |(b(w) ~ Avgb) (w) awazay
Q| RMQ*
Azly
b(w) — Avgb| | f(w)|dwdzd
|Q|2//QJEE)/ZJ+1Q*\2JQ* W|“+5| Q*g |If(w)] y

= QP
<CR Y, i oo

b(w) — Avgb| | f(w)|dw
Q*

oo 2 jo
< .
<Ch2 (2, iy g 124~ A1 bl ()

+ Y 2719 Avg b— Avgb / fwdw)
Eb g g|m Q) oo | TW

f HLIog(1+L)(21+1Q*)

<CA Zz_me AVg bH (eL—1)(2J+1Q*)
i—o

+C'Az[|b][gyo Z 2}5 M(f)(x)

<C'Az HbHBMOMUOQ(l"f'L)(f)( )+C"A; HbHBMO M(f)(x)
< C"Ag [[b]|groM? () (),

where we have used inequality (7.5.8), Lemma 7.5.4, and the simple estimate

Avg b— AVQb‘ < Cnillbllgmo
2]+1Q*

of Exercise 7.1.5. O

7.5.3 LP Boundedness of the Commutator

We note that if f has compact support and b is in BMO, then bf lies in L%(R")
for all g < « and therefore T (bf) is well defined whenever T is a singular integral
operator. Likewise, [b, T] is a well defined operator on %;° for all b in BMO.

Having obtained the crucial Lemma 7.5.5, we now pass to an important result
concerning its LP boundedness.
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Theorem 7.5.6. Let T be as in Lemma 7.5.5. Then for any 1 < p < o there exists a
constant C = Cp  such that for all smooth functions with compact support f and all
BMO functions b, the following estimate is valid:

1o, TICO Loy < C P llenao | FllLogrey- (7.5.9)
Consequently, the linear operator
fi— b, T](f)

admits a bounded extension from LP(R") to LP(R") for all 1 < p < e with norm at
most a multiple of ||b||5yo-

Proof. Using the inequality of Theorem 7.4.4, we obtain for functions g, with |g|5
locally integrable,

[{Ma(gl®)s > 254} N{ME(g) < 72} < 2" |{My(lg]®)5 > A}|  (7.5.10)

forall A,y,6 > 0. Then a repetition of the proof of Theorem 7.4.5 yields the second
inequality:

IM(1g1%) 3|, < Cal[Ma(191%)3 || < Ca(p)||ME(@)]|,, (75.11)

for all p € (po,e), provided Md(|g|5)§ € LPo(R™) for some po > 0.
For the following argument, it is convenient to replace b by the bounded function

k ifh(x) <k,
be(x) =< b(x) if —k <b(x) <k,
—k ifb(x) > —k,

which satisfies ||by||gyo < ||b|lgmo fOr any k > 0; see Exercise 7.1.4.

For given 1 < p < oo, select pp such that 1 < pg < p. Given a smooth function
with compact support f, we note that the function by f lies in LPo; thus T (byf)
also lies in LPo. Likewise, b T (f) also lies in LPo. Since Mg is bounded on LPe for
0 < 0 < 1, we conclude that

M5 (b, TI(F) | oo < Cs ([ (0T (F))]] op + [|Ms (T (bicF)) [ oo ) < oo

This allows us to obtain (7.5.11) with g = [by, T](f). We now turn to Lemma 7.5.5,
in which we pick 0 < 6 < & < 1. Taking LP norms on both sides of (7.5.6) and using
(7.5.11) with g = [b, T](f) and the boundedness of M, T, and M? on LP(R"), we
deduce the a priori estimate (7.5.9) for smooth functions with compact support f
and the truncated BMO functions by.

The Lebesgue dominated convergence theorem gives that b, — b in L? of every
compact set and, in particular, in L?(suppf). It follows that by f — bf in L? and
therefore T (bxf) — T(bf) in L? by the boundedness of T on L?. We deduce that
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for some subsequence of integers kj, T (by; f) — T(bf) a.e. For this subsequence
we have [by;, T](f) — [b,T](f) a.e. Letting j — « and using Fatou’s lemma, we
deduce that (7.5.9) holds for all BMO functions b and smooth functions f with
compact support.

Since smooth functions with compact support are dense in LP, it follows that the
commutator admits a bounded extension on LP that satisfies (7.5.9). O

We refer to Exercise 7.5.4 for an analogue of Theorem 7.5.6 when p = 1.

Exercises

7.5.1. Use Jensen’s inequality to show that M is pointwise controlled by My joq(1+1)-

7.5.2. (a) (Young’s inequality for Orlicz spaces) Let ¢ be a continuous, real-valued,
strictly increasing function defined on [0,<) such that ¢(0) = 0 and lim_... ¢(t) =
oo, Let y = @1 and for x € [0,) define

X X
o= [Tomdt, W= [y,
0 0
Show that for s,t € [0, <) we have
st < D(s)+WP(t).

(b) (cf. Exercise 4.2.3) Choose a suitable function ¢ in part (a) to deduce for s,t in
[0,0) the inequality

st<(t+1)log(t+1)—t+e*—s—1<tlog(t+1)+e°—1.

(c) (Holder’s inequality for Orlicz spaces) Deduce the inequality

[(Fol <2 tlollollw)-

[Hint: Give a geometric proof distinguishing the cases t > ¢(s) and t < ¢(s). Use
that for u > 0 we have [ o(t)dt + [ y(s)ds = ug(u). ]

7.5.3. Let T be as in Lemma 7.5.5. Show that there is a constant C, < o such that
forall f € LP(R") and g € LP(R") we have

IT(fg- th(g)HHl(R“) = CHfHLP(Rn)HgHLP’(Rn)'

In other words, show that the bilinear operator (f,g) — T(f)g— fT'(g) maps
LP(R") x LP'(R") to HL(R").

7.5.4. (Pérez [260]) Let @(t) =tlog(1+t). Then there exists a positive constant
C, depending on the BMO constant of b, such that for any smooth function with
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compact support f the following is valid:
1
@(;)

7.5.5. Let Ry, R, be the Riesz transforms in R2. Show that there is a constant C < oo
such that for all square integrable functions g1, g2 on R? the following is valid:

1
Zli%(p(é)HHb,T](f)‘>oc}‘§C(qu>% [{M?(f) > a}].

[[R1(91)R2(92) — R1(92)R2(91) | y1 < Cp||gall 2]/92llL2 -
[Hint: Consider the pairing (g1,R2([b,R1](g2)) — R1([b,R2](92))) with b € BMO]

7.5.6. (Coifman, Lions, Meyer, and Semmes [78]) Use Exercise 7.5.5 to prove that
the Jacobian Js of amap f = (f1, ;) : R? — R?,

B o fi ofy
Js = det (al f 9 fz) ,

lies in HY(R?) whenever f1, f, € L3(R?).
[Hint: Set gj = AY/2(fj).]

7.5.7. Let @(t) =t(1+log™t)* where 0 < o < . Let T be a linear (or sublinear)
operator that maps LPo(R") to LPo-*(R") with norm B for some 1 < pg < e and also
satisfies the following weak type Orlicz estimate: for all functions f in @(L),

{xeR": [T(£)(x)| > A} gA./l;nq)(”iXﬂ)dX,

for some A < o and all A > 0. Prove that T is bounded from LP(R") to itself,
whenever 1 < p < po.

[Hint: Set f4 = ¢, and f; = f — f2. When py < oo, estimate |{|T (f)| > 24}
by [{IT ()] > A3+ [{IT (£)] > 2} <A fiop (3 )t Bo gy 1700 dx.
Multiply by p, integrate with respect to the measure A P~*d A from 0 to infinity, apply
Fubini’s theorem, and use that fol ®(1/A)AP~1dA < o to deduce that T maps LP to
LP=. When po = e, use that |{|T ()| > 2BA}| < |{|T(f*)| > BA}| and argue as in
the case pg < . Boundedness from LP to LP follows by applying Theorem 1.3.2.]

HISTORICAL NOTES

The space of functions of bounded mean oscillation first appeared in the work of John and
Nirenberg [177] in the context of nonlinear partial differential equations that arise in the study of
minimal surfaces. Theorem 7.1.6 was obtained by John and Nirenberg [177]. The relationship of
BMO functions and Carleson measures is due to Fefferman and Stein [130]. For a variety of issues
relating BMO to complex function theory one may consult the book of Garnett [142]. The duality
of H! and BMO (Theorem 7.2.2) was announced by Fefferman in [124], but its first proof appeared
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in the article of Fefferman and Stein [130]. This article actually contains two proofs of this result.
The proof of Theorem 7.2.2 is based on the atomic decomposition of H®, which was obtained
subsequently. An alternative proof of the duality between H! and BMO was given by Carleson
[57]. Dyadic BMO (Exercise 7.4.4) in relation to BMO is studied in Garnett and Jones [144]. The
same authors studied the distance in BMO to L™ in [143].

Carleson measures first appeared in the work of Carleson [53] and [54]. Corollary 7.3.6 was
first proved by Carleson, but the proof given here is due to Stein. The characterization of Carleson
measures in Theorem 7.3.8 was obtained by Carleson [53]. A theory of balayage for studying BMO
was developed by Varopoulos [323]. The space BMO can also be characterized in terms Carleson
measures via Theorem 7.3.8. The converse of Theorem 7.3.8 (see Fefferman and Stein [130]) states
that if the function Y satisfies a nondegeneracy condition and | f * ¥ dxtdt is a Carleson measure,
then f must be a BMO function. We refer to Stein [292] (page 159) for a proof of this fact, which
uses a duality idea related to tent spaces. The latter were introduced by Coifman, Meyer, and Stein
[83] to systematically study the connection between square functions and Carleson measures.

The sharp maximal function was introduced by Fefferman and Stein [130], who first used it to
prove Theorem 7.4.5 and derive interpolation for analytic families of operators when one endpoint
space is BMO. Theorem 7.4.7 provides the main idea why L™ can be replaced by BMO in this con-
text. The fact that L2-bounded singular integrals also map L= to BMO was independently obtained
by Peetre [254], Spanne [286], and Stein [290]. Peetre [254] also observed that translation-invariant
singular integrals (such as the ones in Corollary 7.4.10) actually map BMO to itself. Another inter-
esting property of BMO is that it is preserved under the action of the Hardy—L.ittlewood maximal
operator. This was proved by Bennett, DeVore, and Sharpley [19]; see also the almost simultaneous
proof of Chiarenza and Frasca [60]. The decomposition of open sets given in Proposition 7.3.4 is
due to Whitney [331].

An alternative characterization of BMO can be obtained in terms of commutators of singular
integrals. Precisely, we have that the commutator [b, T](f) is LP bounded for 1 < p < o if and
only if the function b is in BMO. The sufficiency of this result (Theorem 7.5.6) is due to Coifman,
Rochberg, and Weiss [85], who used it to extend the classical theory of HP spaces to higher di-
mensions. The necessity was obtained by Janson [176], who also obtained a simpler proof of the
sufficiency. The exposition in Section 7.5 is based on the article of Pérez [260]. This approach is
not the shortest available, but the information derived in Lemma 7.5.5 is often useful; for instance,
it is used in the substitute of the weak type (1,1) estimate of Exercise 7.5.4. The inequality (7.5.3)
in Lemma 7.5.4 can be reversed as shown by Pérez and Wheeden [263]. Weighted LP estimates for
the commutator in terms of the double iteration of the Hardy-L.ittlewood maximal operator can be
deduced as a consequence of Lemma 7.5.5; see the article of Pérez [261].

Orlicz spaces were introduced by Birbaum and Orlicz [26] and furher elaborated by Orlicz
[251], [252]. For a modern treatment one may consult the book of Rao and Ren [269]. Bounded
mean oscillation with Orlicz norms was considered by Strémberg [297].

The space of functions of vanishing mean oscillation (V MO) was introduced by Sarason [277]
as the set of integrable functions f on T? satisfying lims_qsupy. <5 ! |71 J;|f — Avg, f|dx=0.
This space is the closure in the BMO norm of the subspace of BMO(T?) consisting of all uniformly
continuous functions on T*. One may define V MO(R") as the space of functions on R" that satisfy
lims o SUPg: joj<5 Q1 2 Jo | — Avdg f|dx =0, limy .. SUPg. 1gy=n [Q1 L o |f — Avgg fldx=0,
and IimRHmsupQ:QmB(o_’R):w|Q\*1fQ\f — Avgg f[dx = 0; here I denotes intervals in T* and Q
cubes in R". Then VMO(R") is the closure of the the space of continuous functions that vanish at
infinity in the BMO(R™) norm. One of the imporant features of V MO(R") is that it is the predual of
H(R"), as was shown by Coifman and Weiss [86]. As a companion to Corollary 7.4.10, singular
integral operators can be shown to map the space of continuous functions that vanish at infinity
into VMO. We refer to the article of Dafni [101] for a short and elegant exposition of these results
as well as for a local version of the VMO-H? duality.



Chapter 8
Singular Integrals of Nonconvolution Type

Up to this point we have studied singular integrals given by convolution with cer-
tain tempered distributions. These operators commute with translations. We are now
ready to broaden our perspective and study a class of more general singular integrals
that are not necessarily translation invariant. Such operators appear in many places
in harmonic analysis and partial differential equations. For instance, a large class of
pseudodifferential operators falls under the scope of this theory.

This broader point of view does not necessarily bring additional complications
in the development of the subject except at one point, the study of L? boundedness,
where Fourier transform techniques are lacking. The L? boundedness of convolution
operators is easily understood via a careful examination of the Fourier transform of
the kernel, but for nonconvolution operators different tools are required in this study.
The main result of this chapter is the derivation of a set of necessary and sufficient
conditions for nonconvolution singular integrals to be L? bounded. This result is
referred to as the T (1) theorem and owes its name to a condition expressed in terms
of the action of the operator T on the function 1.

An extension of the T (1) theorem, called the T (b) theorem, is obtained in Section
8.6 and is used to deduce the L? boundedness of the Cauchy integral along Lipschitz
curves. A variant of the T (b) theorem is also used in the boundedness of the square
root of a divergence form elliptic operator discussed in Section 8.7.

8.1 General Background and the Role of BMO

We begin by recalling the notion of the adjoint and transpose operator. One may
choose to work with either a real or a complex inner product on pairs of functions.
For f,g complex-valued functions with integrable product, we denote the real inner
product by

(f.9)=

f(x)g(x)dx.
RN
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This notation is suitable when we think of f as a distribution acting on a test function
g. We also have the complex inner product

(flg)= [ f09g00dx.
which is an appropriate notation when we think of f and g as elements of a Hilbert
space over the complex numbers. Now suppose that T is a linear operator bounded
on LP. Then the adjoint operator T* of T is uniquely defined via the identity

(T(Hlg)=(fIT"(0))

forall finLPandgin L. The transpose operator T of T is uniquely defined via

the identity
(T(f),9) = (£,7'9)) = (T(9), f)

for all functions f in LP and g in LP". The name transpose comes from matrix theory,
where if Al denotes the transpose of a complex n x n matrix A, then we have the
identity

n n
(Ax,y) =Y (AX)jyj =Ax-y =x-Aly =Y xj(Aly)j = (x,Aly)
=1 =1

for all column vectors X = (X1,...,%n), ¥ = (Y1,---,Yn) in C". We may easily check
the following intimate relationship between the transpose and the adjoint of a linear
operator T:

T =T,

indicating that they have almost interchangeable use. However, in many cases, it is
convenient to avoid complex conjugates and work with the transpose operator for
simplicity. Observe that if a linear operator T has kernel K(x,y), that is,

T(H00 = [Kxy) ) dy.

then the kernel of T is K'(x,y) = K(y,x) and that of T* is K*(x,y) = K(y, ).

An operator is called self-adjoint if T = T* and self-transpose if T = T*. For
example, the operator iH, where H is the Hilbert transform, is self-adjoint but not
self-transpose, and the operator with kernel i(x +y)~? is self-transpose but not self-
adjoint.

8.1.1 Standard Kernels

The singular integrals we study in this chapter have kernels that satisfy size and
regularity properties similar to those encountered in Chapter 4 for convolution-type
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Calderon—-Zygmund operators. Let us be specific and introduce the relevant back-

ground. We consider functions K(x,y) defined on R" x R"\ {(x,x)

satisfy for some A > 0 the size condition

Ky <

and for some 6 > 0 the regularity conditions

Alx—x|

K(x,y) —K(X,y)| < ;
[K(x,y) = K(x.,y)| (X—y[+ X — y|)+d
whenever [x — x| < 2max (Jx—y],|x' —y|) and

Aly—y'°

Kxay _vay/ S )
KOOV =KOYITS (g 4 —yppnes

whenever |y —y'| < 2 max (|x—yl, |[x—y').
Remark 8.1.1. Observe that if
1
k=X < max (jx—yl, [¥ ~y]).

then
max (Ix —y|,[x'—y|) < 2min([x—y|,|X —y]),

: x € R"} that

(8.1.1)

(8.1.2)

(8.1.3)

implying that the numbers |x —y| and |x' —y| are comparable. This fact is useful in

specific calculations.

Another important observation is that if (8.1.1) holds and we have

IVxK(%,y)[+[VyK(x,y)| < x—y[nt+1

for all x #y, then K is in SK(1,4"1A).

Definition 8.1.2. Functions on R" x R"\ {(x,x) : x € R"} that satisfy (8.1.1),
(8.1.2), and (8.1.3) are called standard kernels with constants 6, A. The class of all
standard kernels with constants 8, A is denoted by SK(8,A). Given a kernel K(x,y)
in SK(8,A), we observe that the functions K(y,x) and K(y,x) are also in SK(J,A).

These functions have special names. The function
K'(x,y) = K(y,x)
is called the transpose kernel of K, and the function

K*(va) = K(yv X)

is called the adjoint kernel of K.
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Example 8.1.3. The function K(x,y) = [x —y|~" defined away from the diagonal of
R" x R"is in SK(1,n4"*1). Indeed, for

1
=X < max ([x—=yl, [x' - vl)

the mean value theorem gives

- / - n|x—x/|
[x=y[" =X =y < 0 yjnt
for some 6 that lies on the line segment joining x and X'. But then we have |6 —y| >
2 max (|x—yl,|x' —y|), which gives (8.1.2) with A = n4"*1,

Remark 8.1.4. The previous example can be modified to give that if K(x,y) satisfies
VK (x,y)] < AJx—y| "

for all x £y in R", then K(x,y) also satisfies (8.1.2) with § = 1 and A controlled by
a constant multiple of A’. Likewise, if

[VyK(x,y)| < AJx—y| "

for all x £y in R", then K(x,y) satisfies (8.1.3) with with § = 1 and A bounded by
a multiple of A’

We are interested in standard kernels K that can be extended to tempered distribu-
tions on R" x R™. We begin by observing that given a standard kernel K(x,y), there
may not exist a tempered distribution W on R" x R" that coincides with the given
K(x,y) on R" x R"\ {(x,x) : x € R"}. For example, the function K(x,y) = |[x—y|™"
does not admit such an extension; see Exercise 8.1.2.

We are concerned with kernels K(x,y) in SK(8,A) for which there are tempered
distributionsW on R" x R" that coincide with K on R" x R"\ {(x,X) : x € R"}.. This
means that the convergent integral representation

W.F) = /R /R K(x,y)F (x,y) dxdy (8.1.4)

is valid whenever the Schwartz function F on R" x R" is supported away from the
diagonal {(x,x) : x € R"}. Note that the integral in (8.1.4) is well defined and ab-
solutely convergent whenever F is a Schwartz function that vanishes in a neighbor-
hood of the set {(x,x) : x € R"}. Also observe that there may be several distributions
W coinciding with a fixed function K(x,y). In fact, if W is such a distribution, then
so is W + 6y—y, Where &,y denotes Lebesgue measure on the diagonal of R2". (This
is some sort of a Dirac distribution.)
We now consider continuous linear operators

T:.7(R") - .7 (R
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from the space of Schwartz functions .#(R") to the space of all tempered distribu-
tions ./ (RM). By the Schwartz kernel theorem (see Hormander [168, p. 129]), for
such an operator T there is a distribution W in ./ (R?") that satisfies

(T(f),0) = (W, fo o) when f,pc.7(R"), (8.1.5)

where (f ® ¢)(x,y) = f(X)@(y). Furthermore, as a consequence of the same theo-
rem, there exist constants C,N, M such that for all f,g € (R") we have

|<T<f>,g>|=|<w,f®g>|<c[ v pa,ﬁm” 3 pa,ﬁ<g>] (8.16)

loxf,|BI<N o, |Bl<M

where p,, g(@) = SUPycgrn | (xB ) (x)| is the set of seminorms for the topology in
<. Adistribution W that satisfies (8.1.5) and (8.1.6) is called a Schwartz kernel.

We study continuous linear operators T : .(R") — ./(R") whose Schwartz
kernels coincide with standard kernels K(x,y) on R" x R™\ {(x,x) : x € R"}. This
means that (8.1.5) admits the absolutely convergent integral representation

(T(1.0) = [ [ Koy T(y)o(x)dxdy 6.17)

whenever f and ¢ are Schwartz functions whose supports do not intersect.

We make some remarks concerning duality in this context. Given a continuous
linear operator T : .(R") — ./(R") with a Schwartz kernel W, we can define
another distribution W' as follows:

(WEF) = (W),
where Ft(x,y) = F(y,x). This means that for all f, ¢ € .7 (R") we have
(W, fee)=(Woxf).
It is a simple fact that the transpose operator Tt of T, which satisfies
(T(o),f)=(T'(f),0) (8.1.8)

for all f,¢@ in #(R"), is the unique continuous linear operator from .(R") to
<'(R™) whose Schwartz kernel is the distribution Wt, that is, we have

(T'(F),0) =(T(p), F)=W,paf) =W, foe). (8.1.9)

We now observe that a large class of standard kernels admits extensions to tem-
pered distributions W on R?",

Example 8.1.5. Suppose that K(x,y) satisfies (8.1.1) and (8.1.2) and is antisymmet-
ric, in the sense that

K(va) = —K(y,x)
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forall x £y in R". Then K also satisfies (8.1.3), and moreover, there is a distribution
W on R?" that extends K on R" x R".
Indeed, define

= I|m // K(x,y)F (x,y)dydx (8.1.10)
\X y|>€
for all F in the Schwartz class of R?". In view of antisymmetry, we may write
' 1
]| KoyFoyayax= 5[] Kixy) (Foey) - Fyo) dyax.
x-y|>e x-y|>e
Using (8.1.1), the observation that

2[x—y| sup
(LX) ) cren

|F(x7y)—F(y7x)| <

Vi (L4 P+ R )

and the fact that the preceding supremum is controlled by a finite sum of Schwartz
seminorms of F, it follows that the limit in (8.1.10) exists and gives a tempered
distribution on R?". We can therefore define an operator T : .#(R") — .#/(R")
with kernel W as follows:

(T(f) —I|m // K(x,y)f(x)o(y)dydx.

\x y|>¢e

Example 8.1.6. Let A be a Lipschitz function on R. This means that it satisfies the
estimate |A(X) —A(y)| <L|x—y| forsome L < andall x,y € R. Forx,y € R, x#Y,

we let
1

K(x,y) = X—y+i(A(X) —A(y))

and we observe that K(x,y) is a standard kernel in SK(1,4 4 4L). The details are left
to the reader. Note that the kernel K defined in (8.1.11) is antisymmetric.

(8.1.11)

Example 8.1.7. Let the function A be as in the previous example. For each integer
m > 1 we set

. (A(X))(:?(y))mxiw X.yER. (8.1.12)

Clearly, Kn is an antisymmetric function. To see that each Ky, is a standard kernel,
we use the simple fact that

(2m+1)L"™

max (|Vme(X7Y)|7 |Vme(X’y)|> < Ix—y|?
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and the observation made in Remark 8.1.1. It follows that Ky, lies in SK(8,C) with
8 =1and C = 16(2m+ 1)L™. The linear operator with kernel (7i) 1Ky, is called
the mth Calderén commutator.

8.1.2 Operators Associated with Standard Kernels

Having introduced standard kernels, we are in a position to define linear operators
associated with them.

Definition 8.1.8. Let 0 < §,A < eoand K in SK(0,A). A continuous linear operator
T from . (R") to ./ (R") is said to be associated with K if it satisfies

T(F)(x) = - K(x,y)f(y)dy (8.1.13)
for all f € €5° and x not in the support of f. If T is associated with K, then the
Schwartz kernel W of T coincides with K on R" x R™\ {(x,x) : x € R"}.

If T is associated with K and admits a bounded extension on L?(R"), that is, it
satisfies
1Tz B (©.1.14)

forall f € (R"), then T is called a Calder6n-Zygmund operator associated with
the standard kernel K. In this case we use the same notation for the L? extension.

In the sequel we denote by CZO(J,A,B) the class of all Calderon—Zygmund
operators associated with standard kernels in SK(§,A) that admit L2 bounded ex-
tensions with norm at most B.

We make the point that there may be several Calderon—Zygmund operators as-
sociated with a given standard kernel K. For instance, we may check that the zero
operator and the identity operator have the same kernel K(x,y) = 0. We investigate
connections between any two such operators in Proposition 8.1.11. Next we discuss
the important fact that once an operator T admits an extension that is L? bounded,
then (8.1.13) holds for all f that are bounded and compactly supported whenever x
does not lie in its support.

Proposition 8.1.9. Let T be an element of CZO(§, A, B) associated with a standard
kernel K. Then for all f in L* with compact support and every x ¢ supp f we have
the absolutely convergent integral representation

T(f)(x)= /R“ K(x,y)f(y)dy. (8.1.15)

Proof. Identity (8.1.15) can be deduced from the fact that whenever f and ¢ are
bounded and compactly supported functions that satisfy

dist (supp ¢,supp f) > 0, (8.1.16)
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then we have the integral representation

T(f) dx_/ / K (%,y) f (y) @ (x) dydx. (8.1.17)

To see this, given f and ¢ as previously, select fj, pj € €, such that ¢; are uni-
formly bounded and supported in a small neighborhood of the support of ¢, ¢; — ¢
in L2 and almost everywhere, fj— fin L2 and almost everywhere, and

dist (supp ¢j,supp fj) > ;dist (supp @,supp f) >0

for all j. Because of (8.1.7), identity (8.1.17) is valid for the functions fj and ¢@; in
place of f and ¢. By the boundedness of T, it follows that T (f;) convergesto T (f)
in L? and thus

L 00008 — [ T(H0x)e()dx

Now write fjp; — fo = (fj — f)@; + f(¢j — ¢) and observe that
Lo L KO9 1) (0300 = 90 dyox 0.

since it is controlled by a multiple of || T(f)|| .|| @j — @|| 2. while

[ L KO ()~ 1)) 93 dyax — 0,
Rn Rn

since it is controlled by a multiple of sup; ||T*(¢;) || 2 || fj — f|| - This gives that

/ .K(x,y) ) @j (X dydx—>/ / K(x,y)f(y)o(x)dydx
R" JRN

as j — oo, Which proves the validity of (8.1.17). O
We now define truncated kernels and operators.

Definition 8.1.10. Given a kernel K in SK(8,A) and € > 0, we define the truncated
kernel

K& (x,y) = K(X,Y) Xix—ye -

Given a continuous Iinear operator T from .7 (R") to ./(R") and & > 0, we define
the truncated operator T (€) by

TE(F)(x) = RnK(8>(X,y)f(y)dy

and the maximal singular operator associated with T as follows:

TO(F)(x) = sup|TE()(x)] .

>0
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Note that both T (®) and T*) are well defined for f in U< ,..LP(R").

We investigate a certain connection between the boundedness of T and the
boundedness of the family {T €)} .o uniformly in & > 0.

Proposition 8.1.11. Let K be a kernel in SK(5,A) and let T in CZO(§,A,B) be
associated with K. For £ > 0, let T(¢) be the truncated operators obtained from T.
Assume that there exists a constant B’ < o such that

sup [T®|,_» <B" (8.1.18)
e>0

Then there exists a linear operator Ty defined on L2(R") such that

(1) The Schwartz kernel of Ty coincides with K on
R"x R™\ {(x,x): x€ R"}.

(2) For some subsequence ¢j | 0, we have

T (f) dx—>/ (Tof)(
Rn

as j — e forall f,ginL?(R").
(3) To is bounded on L?(R") with norm

||T0H|_2HL2 <B'
(4) There exists a measurable function b on R" with ||b||,.. < B+ B’ such that
T(f)~To(f) =bt,
forall f € L2(R").

Proof. Consider the Banach space X = %(L?,L?) of all bounded linear operators
from L?(R") to itself. Then X is isomorphic to Z((L?)*,(L?)*)*, which is a dual
space. Since the unit ball of a dual space is weak* compact, and the operators T (¢)
lie in a multiple of this unit ball, the Banach—Alaoglu theorem gives the existence
of a sequence ¢j | O such that T (£j) converges to some Ty in the weak* topology of
AB(L?,L?) as j — 0. This means that

. T (ej)(f)(x)g(x) dx — - To(f)(x)g(x)dx (8.1.19)

for all f,g in L(R") as j — . This proves (2). The L? boundedness of Ty is a
consequence of (8.1.19), hypothesis (8.1.18), and duality, since

/ T ( g(x)dx

HTO HLZS sup limsup <B’HfHL2

lgll 2<1 e
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This proves (3). Finally, (1) is a consequence of the integral representation
TE (D)0 dx= [ [ K xy)f(y)dyglx)dx,
R RN JRN

whenever f, g are Schwartz functions with disjoint supports, by letting j — oe.
We finally prove (4). We first observe that if g is a bounded function with compact
support and Q is an open cube in R", we have

(T =T)(g20) (00 = 2000) (T ~T)(@) (0, (6.1.20)

whenever x ¢ dQ and ¢ is small enough. Indeed, take first x ¢ Q; then x is not in the
support of gxo. Note that since gq is bounded and has compact support, we can use
the integral representation formula (8.1.15) obtained in Proposition 8.1.9. Then we
have that for £ < dist (x,suppgyxo). the left-hand side in (8.1.20) is zero. Moreover,
for x € Q, we have that x does not lie in the support of gxqc, and again because of
(8.1.15) we obtain (T (&) —T)(gxoc)(x) = 0 whenever & < dist (x,suppgyqe). This
proves (8.1.20) for all x not in the boundary dQ of Q. Taking weak limits in (8.1.20)
as € — 0, we obtain that

(To=T)(9xQ) = xQ(To—T)(9) ae. (8.1.21)

for all open cubes Q in R". By linearity we extend (8.1.21) to simple functions.
Using the fact that To — T is L? bounded and a simple density argument, we obtain

(To—T)(gf)=f(To—T)(9) a.e. (8.1.22)

whenever f is in L and g is bounded and has compact support. If B(0, j) is the open
ball with center 0 and radius j on R", when j < j’ we have

(To—T)(XB(0.j)) = (To — T)(XB(0.))XB(0.i)) = XB(0.j) (To — T)(XB(0,]1)) -

Therefore, the sequence of functions (To —T)(xg(o,j)) satisfies the “consistency”
property
(To—T)(xe(0,j)) = (To—T)(xe(0,jy) N B(O, ])

when j < j'. It follows that there exists a well defined function b such that
b=(To—T)(xs(0.j)) ae. inB(0,]j).
Applying (8.1.22) with f supported in B(0, j) and g = XB(0,j)» We obtain
(To—=T)(f) = (To—T)(fxg(0,j)) = f (To—T)(xg(0,j)) = fb a.e.,

from which it follows that (To — T)(f) =b f forall f € L2. Since the norm of T — T
on L? is at most B+ B, it follows that the norm of the linear map f +— b f from L2
to itself is at most B+ B'. From this we obtain that ||b|| .. <B+B'. O
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Remark 8.1.12. We show in the next section (cf. Corollary 8.2.4) that if a Calderon—
Zygmund operator maps L? to L2, then so do all of its truncations T (¢) uniformly in
€ > 0. By Proposition 8.1.11, there exists a linear operator Ty that has the form

To(f)(x) = lim K y)f(y)dy,

= Jix—y|>¢

where the limit is taken in the weak topology of L?, so that T is equal to Ty plus a
bounded function times the identity operator.

We give a special name to operators of this form.

Definition 8.1.13. Suppose that for a given T in CZO(J,A,B) there is a sequence
gj of positive numbers that tends to zero as j — oo such that for all f € L%2(R"),

TE)(f) > T(f)

weakly in L2. Then T is called a Calderén-Zygmund singular integral operator.
Thus Calder6n—Zygmund singular integral operators are special kinds of Calderén—
Zygmund operators. The subclass of CZO(8,A,B) consisting of all Calderon—
Zygmund singular integral operators is denoted by CZSIO(§,A,B).

In view of Proposition 8.1.11 and Remark 8.1.12, a Calderén—-Zygmund operator
is equal to a Calderon—Zygmund singular integral operator plus a bounded function
times the identity operator. For this reason, the study of Calderon-Zygmund oper-
ators is equivalent to the study of Calderobn—-Zygmund singular integral operators,
and in almost all situations it suffices to restrict attention to the latter.

8.1.3 Calderon—Zygmund Operators Acting on Bounded Functions

We are now interested in defining the action of a Calder6n—Zygmund operator T on
bounded and smooth functions. To achieve this we first need to define the space of
special test functions %.

Definition 8.1.14. Recall the space Z(R") = ¢;°(R") of all smooth functions with
compact support on R". We define Z,(R") to be the space of all smooth functions
with compact support and integral zero. We equip Z5(R") with the same topology
as the space 2(R") (cf. Definition 2.3.1). The dual space of Z5(R") under this
topology is denoted by Z;(R"). This is a space of distributions larger than 2’(R").

Example 8.1.15. BMO functions are examples of elements of Z{(R"). Indeed,
given b € BMO(R™), for any compact set K there is a constant Cx = HbHLl(K) such
that

' b(x)p(x)dx
JRN

< Ck|[o]].-
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for any ¢ € 25(R"). Moreover, observe that the preceding integral remains un-
changed if the BMO function b is replaced by b + ¢, where ¢ is a constant.

Definition 8.1.16. Let T be a continuous linear operator from .(R") to ./ (R")
that satisfies (8.1.5) for some distribution W that coincides with a standard kernel
K(x,y) satisfying (8.1.1), (8.1.2), and (8.1.3). Given f bounded and smooth, we
define an element T (f) of Z)(R") as follows: For a given ¢ in Zy(R"), select 1 in
¢y with 0 <71 < 1 and equal to 1 in a neighborhood of the support of ¢. Since T
maps . to ./, the expression T (fn) is a tempered distribution, and its action on
¢ is well defined. We define the action of T (f) on ¢ via

(T(.0) = (Tt + [ | [ Kouyood| f)a-nw)ay. @129

provided we make sense of the double integral as an absolutely convergent integral.
To do this, we pick xp in the support of ¢ and we split the y-integral in (8.1.23)
into the sum of integrals over the regions lp = {y € R": |x — xo| > %|x0 —vy|} and
lo = {y € R": [x—Xo| < 2[xo — Y|} By the choice of 1 we must necessarily have
dist (supp n,supp ¢) > 0, and hence the part of the double integral in (8.1.23) when
y is restricted to Iy is absolutely convergent in view of (8.1.1). For y € l.. we use
the mean value property of ¢ to write the expression inside the square brackets in
(8.1.23) as

/R (K(xy) —K(x0,y)) p(x) dx.

With the aid of (8.1.2) we deduce the absolute convergence of the double integral in
(8.1.23) as follows:

Il K (%)~ Ko,y [9(0] (L~ 1(y)) £ (y)]dxly
Iy—xo[>2[x—Xo|
< [ Ax=xl? [ o —yI™" "2 (y)ldy|p(x) dx
R" Iy—%o[>2[x—Xo|
Wn—1
<AL gl - <=

This completes the definition of T(f) as an element of Z; when f € ¥~ NL*
but leaves two points open. We need to show that this definition is independent of n
and secondly that whenever f is a Schwartz function, the distribution T (f) defined
in (8.1.23) coincides with the original element of ./(R") given in Definition 8.1.8.

Remark 8.1.17. We show that the definition of T (f) is independent of the choice
of the function 0. Indeed, if { is another function satisfying 0 < { < 1 that is also
equal to 1 in a neighborhood of the support of ¢, then f (n — {) and ¢ have disjoint
supports, and by (8.1.7) we have the absolutely convergent integral realization

(TEm-0)0)= [ [ Koy fm)m-HE)dyemdx
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It follows that the expression in (8.1.23) coincides with the corresponding expres-
sion obtained when 7 is replaced by .

Next, if f is a Schwartz function, then both n f and (1 —n)f are Schwartz func-
tions; by the linearity of T one has (T (f), @) = (T(nf), @)+ (T((1—n)f),9),
and by (8.1.7) the second expression can be written as the double absolutely con-
vergent integral in (8.1.23), since ¢ and (1 —n)f have disjoint supports. Thus the
distribution T (f) defined in (8.1.23) coincides with the original element of ./ (R")
given in Definition 8.1.8.

Remark 8.1.18. When T has a bounded extension that maps L? to itself, we may
define T(f) for all f € L=(R"), not necessarily smooth. Simply observe that under
this assumption, the expression T (1) is a well defined L? function and thus

(T(tn).0) = [ T(fm)(p(x)dx

is given by an absolutely convergent integral for all ¢ € %.

Finally, observe that although (T (), ¢) is defined for f in L= and ¢ in %, this
definition is valid for all square integrable functions ¢ with compact support and
integral zero; indeed, the smoothness of ¢ was never an issue in the definition of

(T(f),9).

In summary, if T is a Calderon-Zygmund operator and f lies in L(R"), then
T(f) has a well defined action (T (f),) on square integrable functions ¢ with
compact support and integral zero. This action satisfies

T <[TCmllallol +CasAllollel e <= (229

In the next section we show that in this case, T (f) is in fact an element of BMO.

Exercises

8.1.1. Suppose that K is a function defined away from the diagonal on R" x R" that
satisfies for some & > 0 the condition

[x—x'|®

! /

whenever |x — x| < §|x—y|. Prove that K satisfies (8.1.2) with constant A =
(5)™A’. Obtain an analogous statement for condition (8.1.3).

8.1.2. Prove that there does not exist a tempered distribution W on R?" that extends
the function |x —y|~" defined on R?"\ {(x,x) : x € R"}.

[Hint: Apply such a distribution to a positive smooth bump that does not vanish at
the origin.
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8.1.3. Let ¢(x) be a smooth radial function that is equal to 1 when |x| > 1 and van-
ishes when |x| < % Prove that if K lies in SK(8,A), then all the smooth truncations

Kéf) (x,y) =K(x,y)o(*.Y) liein SK(8,cA) for some ¢ > 0 independent of € > 0.

8.1.4. Suppose that A is a Lipschitz map from R" to R™. This means that there
exists a constant L such that |A(x) — A(y)| < L|x—y]| for all x,y € R". Suppose that
F is a ¢ odd function defined on R™. Show that the kernel

o Gond)

X
KOV = ypFP U xy)

is in SK(1,C) for some C > 0.

8.1.5. Extend the result of Proposition 8.1.11 to the case that the space L? is re-
placed by LY for some 1 < q < oo.

8.1.6. Observe that for an operator T as in Definition 8.1.16, the condition T (1) =0
is equivalent to the statement that for all ¢ smooth with compact support and integral
zero we have [zn T'()(x) dx = 0. A similar statement holds for T*.

8.1.7. Suppose that K(x,y) is continuous, bounded, and nonnegative on R" x R"

and satisfies [zn K(X,y)dy = 1 for all x € R". Define a linear operator T by setting
T(H)(X) = e K(x,y) f(y)dy for f € L(R").

(a) Suppose that h is a continuous and integrable function on R" that has a global

minimum [i.e., there exists xo € R" such that h(xg) < h(x) for all x € R"]. If we have

for all x € R", prove that h is a constant function.

(b) Show that T preserves the set of integrable functions that are bounded below by
a fixed constant.

(c) Suppose that T (T (f)) = f for some everywhere positive and continuous function
f on R™. Show that T (f) = f.

[Hlnt. Part (c): Let L(x,y) be the kernel of T o T. Show that

8.2 Consequences of L2 Boundedness

Calderon-Zygmund singular integral operators admit L? bounded extensions. As in
the case of convolution operators, L? boundedness has several consequences. In this
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section we are concerned with consequences of the L? boundedness of Calderon—
Zygmund singular integral operators. Throughout the entire discussion, we assume
that K(x,y) is a kernel defined away from the diagonal in R?" that satisfies the
standard size and regularity conditions (8.1.1), (8.1.2), and (8.1.3). These conditions
may be relaxed; see the exercises at the end of this section.

8.2.1 Weak Type (1,1) and LP Boundedness of Singular I ntegrals

We begin by proving that operators in CZO(8,A,B) are bounded from L! to weak
LL. This result is completely analogous to that in Theorem 4.3.3.

Theorem 8.2.1. Assume that K(x,y) is in SK(38,A) and let T be an element of
CZ0O(6,A,B) associated with the kernel K. Then T has a bounded extension that
maps L*(R") to LY (R") with norm

[Tl 1~ <Ca(A+B),
and also maps LP(R") to itself for 1 < p < e with norm
[T llp Lo <Cnmax(p,(p—1)"")(A+B),
where C, is a dimensional constant.

Proof. The proof of this theorem is a reprise of the argument of the proof of Theo-
rem (4.3.3). Fix o > 0 and let f be in L*(R"). Since T (f) may not be defined when
f is a general integrable function, we take f to be a Schwartz class function. Once
we obtain a weak type (1,1) estimate for Schwartz functions, it is only a matter of
density to extend it to all f in L1.

We apply the Calderon—-Zygmund decomposition to f at height yor, where yisa
positive constant to be chosen later. Write f = g+b, where b = ; bj and conditions
(1)-(6) of Theorem 4.3.1 are satisfied with the constant o replaced by yo. Since we
are assuming that f is Schwartz function, it follows that each bad function bj is
bounded and compactly supported. Thus T (bj) is an L2 function, and when x is not
in the support of bj we have the integral representation

T(0)0 = [ biy)Kxy)dy

in view of Proposition 8.1.9.

As usual, we denote by ¢(Q) the side length of a cube Q. Let Qj be the unique
cube with sides parallel to the axes having the same center as Q; and having side
length

£(Qj) =2vnL(Qj).

We have
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{xeR":[T(f)(x)| > a}|
(04 o
<[{xer": [+ |{xer: |
<|{xer: T@0I> 3 |+ {xeR T >3}

22 .

< oM+ |Uoi]+ [{e Ui Tl >3

< Bﬂwp+ZMI+ / )| dx

< 228270 + 2" il ﬂ;w 2/* 0
@y7 v Il

S( 2ny Y ) 2/ Tl dx.

It suffices to show that the last sum is bounded by some constant multiple of || f | ..
Let yj be the center of the cube Qj. For x € (Qj)°, we have [x —yj| > lé(Q )=
Vne(Qj). Butif y € Qj we have [y —yj| < /nf(Qj)/2; thus [y —yj| < 3|x—vyj,
since the diameter of a cube is equal to y/n times its side length. We now estimate
the last displayed sum as follows:

2/ |dx—z/

K(x, y>dy] dx

-3/ bj<y>(K<x,y>—K<x,yj>)dy\ o
AR
SZ _ij(y)l e KO0Y) — Ky dxdy
i
< 2 | i)l [K(xy) —K(x,yj)|dxdy
Ix=yjl=2ly-yj|
< AZZ/ bjy)ldy
i/
= A2 [Ibils
J
< A2l

Combining the facts proved and choosing y = B~*, we deduce a weak type (1,1)
estimate for T (f) when f is in the Schwartz class. We obtain that T has a bounded
extension from L to L1 with bound at most C(A+B). The LP result for 1 < p < 2
follows by interpolation and Exercise 1.3.2. The result for 2 < p < <o follows by
duality; one uses here that the dual operator T! has a kernel K'(x,y) = K(y,x) that
satisfies the same estimates as K, and by the result just proved, it is also bounded on
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LP for 1 < p < 2 with norm at most C,(A+B). Thus T must be bounded on LP for
2 < p < = with norm at most a constant multiple of A+ B. O

Consequently, for operators T inCZO(§,A,B) and LP functions f, 1 < p < , the
expressions T () make sense as LP (or LY when p = 1) functions. The following
result addresses the question whether these functions can be expressed as integrals.

Proposition 8.2.2. Let T be an operator in CZO(§,A,B) associated with a kernel
K. Then for g € LP(R"), 1 < p < oo, the following absolutely convergent integral
representation is valid:

T@0) = [ Kixy)g)dy ©2.1)

for almost all x € R"\ supp g, provided that supp g & R".

Proof. Set gk(X) = 9(X)xjg(x)|<kX|x<k- These are LP functions with compact support
that is contained in the support of g. Also, the gx converge to g in LP as k — oo. In
view of Proposition 8.1.9, for every k we have

T(@00) = [ K0y g(y)dy

forall x € R"\ supp g. Since T maps LP to LP (or to weak L* when p = 1), it follows
that T (gk) converges to T(g) in weak LP and hence in measure. By Proposition
1.1.9, a subsequence of T (gx) converges to T (g) almost everywhere. On the other
hand, for x € R"\ supp g we have

/ K(x,y)gk(y)dy—>/ K(x,y)g(y)dy
JRN R"

when k — oo, since the absolute value of the difference is bounded by B||gi — g|| 5.

which tends to zero. The constant B is the LP" norm of the function [x —y|~"~% on
the support of g; one has [x —y| > ¢ > 0 for all y in the support of g and thus B < <.
Therefore T (gk)(x) converges a.e. to both sides of the identity (8.2.1) for x not in
the support of g. This concludes the proof of this identity. a

8.2.2 Boundedness of Maximal Singular Integrals

We pose the question whether there is an analogous boundedness result to Theorem
8.2.1 concerning the maximal singular integral operator T*). We note that given
f in LP(R") for some 1 < p < oo, the expression T*)(f)(x) is well defined for all
x € R". This is a simple consequence of estimate (8.1.1) and Holder’s inequality.

Theorem 8.2.3. Let K be in SK(8,A) and T in CZO(48,A,B) be associated with K.
Letr € (0,1). Then there is a constant C(n,r) such that
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ITH(F)0] <C(n,r) [M(IT(f)I’)(X)% + (A+B)M(f)(x) (8.2.2)

is valid for all functions in J; < ..LP(R"). Also, there exist dimensional constants
Cn,C}, such that

T ey < CHATB e 823)
[T ()] Logny < Ca(A+B)max(p, (p—1) )| ]| ogn) - (8.2.4)
forall1 <p<-eandall finLP(R").
Estimate (8.2.2) is referred to as Cotlar’s inequality.

Proof. We fixrsothat0 <r < 1and f € LP(R") for some p satisfying 1 < p < eo.
To prove (8.2.2), we also fix € > 0 and we set 1‘08*X = fxxe) and 5% = fxppee-
Since x ¢ supp f£* whenever [x —y| > &, using Proposition 8.2.2 we can write

T = [ KO I may= [ Koy Ty)dy =T ().

[x—y|>€

In view of (8.1.2), for z € B(x, §) we have |z —x| < §|x—y| whenever [x —y| > &
and thus

T T = | [ (K@) -Ke) o)y
AIf)

< Jz—x® y
2 e (e—yl+ ly— 2y
£\d N
d
< (3 oo Gyl s eyopes®
< Cos AM(F)(X).

where the last estimate is a consequence of Theorem 2.1.10. We conclude that for
all z € B(x, 5) we have

TEE )] = [T X))
< [TEDHX) =T @)+ T (129 ()] (8.2.5)
< Cos AM() () + [T (fg7) @)+ [T (H)(2)].

For 0 < r < 1itfollows from (8.2.5) that for z € B(x, 5 ) we have
TEE I < CLsAM(H )"+ T () @I +IT(H(@)]" (8.2.6)

Integrating over z € B(x, §), dividing by [B(x, §)|, and raising to the power %, we
obtain
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M0 <3 CosAM0+ (g ey [ TG |dQ1

2

+Mm%ﬂmaﬁ]

Using Exercise 2.1.5, we estimate the middle term on the right-hand side of the
preceding equation by

1
T gy ey porer )
(oo 23 BTG ) <Cor h+BIMCN0.
This proves (8.2.2).

We now use estimate (8.2.2) to show that T is LP bounded and of weak type
(1,1). To obtain the weak type (1,1) estimate for T **) we need to use that the Hardy—
Littlewood maximal operator maps LP to LP for all 1 < p < . See Exercise
2.1.13. We also use the trivial fact that for all 0 < p,q < e we have

1%l o = I

o = 11l

Take any r < 1in (8.2.2). Then we have

IM(IT(F)[")7

e = IMAT (O]

'_'H-'l—m_.

1.
r

IN

Car[ITOI|",

Cor[[T(F) HLL»«-
Cor(A+B)[ s,

IN

where we used the weak type (1,1) bound for T in the last estimate.
To obtain the LP boundedness of T(*) for 1 < p < o, we use the same argument
as before. We fix r = % Recall that the maximal function is bounded on L?P with

norm at most 39 2581 <2.32 [see (2.1.5)]. We have

IM(T(£)[2)2]] s

IM(T (5)12)][22
(32p2p 1) 1T (f |%Hi2rJ
43T ()]

Cnmalx(p 1 P)A+B)|[f L

IA

IAIA

where we used the LP boundedness of T in the last estimate. O

We end this section with two corollaries, the first of which confirms a fact men-
tioned in Remark 8.1.12.
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Corollary 8.2.4. Let K be in SK(8,A) and T in CZO(48, A, B) be associated with K.
Then there exists a dimensional constant C,, such that

sup [ T[] 22 < Ca(A+[|T|or2)
>0

Corollary 8.2.5. Let K be in SK(5,A) and let T = limg; o T i) be an element of
CZS10(4,A,B) associated with K. Then for 1 < p < e and all f € LP(R") we have
that

TE)(f) - T(f)

almost everywhere.

Proof. Using (8.1.1), (8.1.2), and (8.1.3), we see that the alleged convergence holds
(everywhere) for smooth functions with compact support. The general case follows
from Theorem 8.2.3 and Theorem 2.1.14. |

8.2.3 H! — L! and L~ — BMO Boundedness of Singular I ntegrals

Theorem 8.2.6. Let T be an element of CZO(8,A,B). Then T has an extension that
maps H(R") to L1 (R"). Precisely, there is a constant C, 5 such that

HT ||H1~>Ll < Cnﬁ (A+ HT |||_2H|_2) :

Proof. The proof is analogous to that of Theorem 6.7.1. Let B = ||T| ... We
start by examining the action of T on L? atoms for H. Let f = a be such an atom,
supported in a cube Q. Let cq be the center of Q and let Q* = 2,/nQ. We write

[ T@ela= [ T@@id+ [ T@lex  627)
Jrn Jor Q)

and we estimate each term separately. We have

(], |T<a><x>|2dx)%

Bl (| |a<x>|2dx)%

w1 _1
< BIQ[2|Q|™2
:CnB,

IN

T (a)(x)|dx
o

IN

A

where we used property (b) of atoms in Definition 6.6.8. Now observe that if x ¢ Q*
andy € Q, then

1
ly—cql < 2IX—CQI:



8.2 Consequences of L2 Boundedness 189

hence x —y stays away from zero and T (a)(x) can be expressed as a convergent
integral by Proposition 8.2.2. We have

/m T (@)(x)]dx = /@*)C

| Kixyja(ydy|dx
JQ

@) ./Q (K(xy) —K(x.cq))aly)dy ‘ dx

< o e K09 K ) axay) dy

Aly —cqol®
S// dx|a(y)|d
oJigry Ix—cgln+a XAV

< ChsA /Q|a<y>|dy
’ 1
< C/sAIQIZ ||l

’ 1 _1
< G sAIQI2[QI2

Combining this calculation with the previous one and inserting the final conclusions
in (8.2.7), we deduce that L? atoms for H? satisfy

| T(@)[| s <Cns(A+B). (8.2.8)

To pass to general functions in H®, we use Theorem 6.6.10 to write an f € H as
f= z Ajaj ,
=1
where the series converges in H, the a; are L? atoms for H?, and
]l = D 1241 (8.2.9)
j=1

Since T maps L! to weak L! by Theorem 8.2.1, T(f) is already a well defined L1~
function. We plan to prove that

T(H=YAT@) ae (8.2.10)
=1

Note that the series in (8.2.10) converges in L! and defines an integrable function
almost everywhere. Once (8.2.10) is established, the required conclusion (6.7.5)
follows easily by taking L! norms in (8.2.10) and using (8.2.8) and (8.2.9).

To prove (8.2.10), we use that T is of weak type (1,1). For a given u > 0 we
have
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MUGE ZMT(&J‘)! > pi

< [{IT( Z% (@) > u/2}|+ [{ Z AT (aj)] > /2]

j=N-+1
ZHTH f—zm M IRALY
~u LloLLe iaj w2, I
2 2 &
Tl f—ZMaJH +oCs(ATB) Y 4l
“ H j=N+1

Since ZJN:l)Ljaj converges to f in H! and Y521 |4j| < eo, both terms in the sum
converge to zero as N — oo, We conclude that

[T (h - iju—T(a»\ > )| =
2

for all u > 0, which implies (8.2.10). O

Theorem 8.2.7. Let T be in CZO(48,A,B). Then for any bounded function f, the
distribution T (f) can be identified with a BMO function that satisfies

IT(H)llemo < CoaA+B)I |- (8:2.11)

where C,, 5 is a constant.

Proof. Let Lg‘c be the space of all square integrable functions with compact support
and integral zero on R". This space is contained in HY(R") (cf. Exercise 6.4.3) and
contains the set of finite sums of L2 atoms for H2, which is dense in H? (cf. Exercise
6.6.5); thus Lj . is dense in H*. Recall that for f € L, T(f) has a well defined action
(T(f),9) onfunctions ¢ in Lj . that satisfies (8.1.24).

Suppose we have proved the identity

(T(1.0) = | T (@) f(dx, (8.2.12)
for all bounded functions f and all ¢ in '—%,c- Since such a ¢ is in H1, Theorem

8.2.6 yields that T(¢) is in L, and consequently, the integral in (8.2.12) converges
absolutely. Assuming (8.2.12) and using Theorem 8.2.6 we obtain that

[T @) < [T @)|a [ Fll- < Cos (A+B) [[ ]y [ ]

We conclude that L(¢) = (T(f),¢) is a bounded linear functional on Lgvc with
norm at most C, 5(A+B) || f|| ... Obviously, L has a bounded extension on H* with
the same norm. By Theorem 7.2.2 there exists a BMO function b; that satisfies

(16| gmo < ChllL ||z .o Such that the linear functional L has the form Ly, (using the
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notation of Theorem 7.2.2). In other words, the distribution T (f) can be identified
with a BMO function that satisfies (8.2.11) with C, 5 = C;Cy, 5, i.€.,

IT()lgmo < CrCns(A+B)||f]]--

We return to the proof of identity (8.2.12). Pick a smooth function with compact
support 7 that satisfies 0 < n <1 and is equal to 1 in a neighborhood of the support
of ¢. We write the right-hand side of (8.2.12) as

/T nfdx+/T )(1—n)fdx=(T +/T )(1—n) fdx.

In view of Definition 8.1.16, to prove (8.2.12) it will suffice to show that

LT @a—mtax= [ [ (<y)-Kooy)p(odxd-nw) fy)dy.

where xg lies in the support of ¢. But the inner integral above is absolutely conver-
gent and equal to

[, (K0 =Koy otax= [ K000 dx =T (9)y),

since y ¢ supp ¢, by Proposition 8.1.9. Thus (8.2.12) is valid. O

Exercises

8.2.1. LetT: (R") — .#’(R") be a continuous linear operator whose Schwartz
kernel coincides with a function K(x,y) on R" x R" minus its diagonal. Suppose
that the function K(x,y) satisfies

sup/ [K(x,y)|dy <A <eo.
R>0J/R<[x—y|<2R

(a) Show that the previous condition is equivalent to

sup © X—y|[K(x,y)[dy <A <o
R>0 R Jlx-y|<R
by proving that A’ < A <2A.
(b) For £ > 0, let T(¢) be the truncated linear operators with kernels K(¢)(x,y) =
K(X,Y) X|x—y|>¢- Show that T()(f) is well defined for Schwartz functions.
[Hint: Consider the annuli €2J < |x| < €21+ for j > 0]

8.2.2. Let T be as in Exercise 8.2.1. Prove that the limit T (¢)(f)(x) exists for all
in the Schwartz class and for almost all x € R" as € — 0 if and only if the limit
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lim [ K (x,y)dy

=0 Je<|x—y|<1
exists for almost all x € R".

8.2.3. Let K(x,y) be a function defined away from the diagonal in R?" that satisfies

sup [ K(x,y)ldy <A <o
R>0/R<[x—y|<2R

and also Hérmander’s condition

sup / IK(X,y) —K(x,Y)]dx <A” < co.
yy' eRNJ[x=y|[=2ly—y’|
yAy'

Show that all the truncations K(€)(x,y) also satisfy Hérmander’s condition uni-
formly in € > 0 with a constant A+ A”.

8.2.4. Let T be as in Exercise 8.2.1 and assume that T maps L"(R") to itself for
some 1l <r < oo,

(a) Assume that K(x,y) satisfies Hormander’s condition, Then T has an extension
that maps L*(R") to L1=(R") with norm

T~ <Ca(A+B),
and therefore T maps LP(R") to itself for 1 < p < r with norm
T HLPHLP <Ca(p—1)"'(A+B),

where C, is a dimensional constant.
(b) Assuming that K'(x,y) =K(y,x) satisfies Hormander’s condition, prove that T
maps LP(R") to itself for r < p < o with norm

HT HLPHLP <Cnp(A+B),
where C, is independent of p.

8.2.5. Show that estimate (8.2.2) also holds when r = 1.

[Hint: Estimate (8.2.6) holds when r = 1. For fixed € > 0, take 0 < b < [T &) (f)(x)|
and define B§(x) = B(x,5) N {|T(f)| > §}, B§(X) = B(x,§) N {[T(f5™)| > B},
and B5(x) = B(x, §) if C, sM(f)(x) > g and empty otherwise. Then [B(x, 5)| <
[Bf(x)[ 4 [B5(x)| + [B5(x)|. Use the weak type (1,1) property of T to show that b <
C(n)(M(T (f)])(x) +M(f)(x)), and take the supremum over all b < |T &) (f)(x)|.]

8.2.6. Prove that if | f|log™ | f| is integrable over a ball, then T *)(f) is integrable
over the same ball.
[Hint: Use the behavior of the norm of T*) on LP as p — 1 and use Exercise 1.3.7.]
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8.3 The T (1) Theorem

We now turn to one of the main results of this chapter, the so-called T (1) theorem.
This theorem gives necessary and sufficient conditions for linear operators T with
standard kernels to be bounded on L?(R"). In this section we obtain several such
equivalent conditions. The name of theorem T (1) is due to the fact that one of the
conditions that we derive is expressed in terms of properties of the distribution T (1),
which was introduced in Definition 8.1.16.

8.3.1 Preliminaries and Statement of the Theorem

We begin with some preliminary facts and definitions.

Definition 8.3.1. A normalized bump is a smooth function ¢ supported in the ball
B(0,10) that satisfies
() (x) <1

for all multi-indices |oc| < 23]+ 2, where [x] denotes here the integer part of x.

Observe that every smooth function supported inside the ball B(0,10) is a con-
stant multiple of a normalized bump. Also note that if a normalized bump is sup-
ported in a compact subset of B(0,10), then small translations of it are also normal-
ized bumps.

Given a function f on R", R > 0, and xg € R", we use the notation fr to denote
the function fr(x) = R™"f(R~!x) and 7%(f) to denote the function 70(f)(x) =
f(Xx—Xp). Thus

TO(fR)(y) = fr(Y—X0) =R "f (R} (y —x0))-

Set N = [5] + 1. Using that all derivatives up to order 2N of normalized bumps are
bounded by 1, we easily deduce that for all xo € R", all R > 0, and all normalized
bumps ¢ we have the estimate

R [ |75 () ©)] g
= [ la@)de
RN

“ Jo

q)(y)e—Zniy-é dy‘ dé (8.3.1)

N —2miy- dé
L a-2)"@)we? y5dy‘ e

Rn

since | (o @)(x)| < 1 for all multi-indices o with || < [3]+1, and C; is indepen-
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dent of the bump ¢. Here | — A denotes the operator

n 92
(-a)@)=p+3 G-

Definition 8.3.2. We say that a continuous linear operator
T: (R" — (R
satisfies the weak boundedness property (WBP) if there is a constant C such that for
all f and g normalized bumps and for all xo € R" and R > 0 we have
(T(7°(fr)), 7°(gr))| <CR ™™ (8.3.2)

The smallest constant C in (8.3.2) is denoted by || T ||, 5

Note that || 70 (fr)|| > = || || .R~™/?and thus if T has a bounded extension from
L?(RM) to itself, then T satisfies the weak boundedness property with bound

ITllwe < 20™a|[T]l.2

L2
where v, is the volume of the unit ball in R".
We now state one of the main theorems in this chapter.

Theorem 8.3.3. Let T be a continuous linear operator from .#(R") to ./(R")
whose Schwartz kernel coincides with a function K on R" x R™\ {(x,x) : x € R"}
that satisfies (8.1.1), (8.1.2), and (8.1.3) for some 0 < §,A < . Let K(¢) and T (&)
be the usual truncated kernel and operator for € > 0. Assume that there exists a
sequence ¢j | 0 such that for all f,g € .”(R") we have

(TE(f),9) = (T(£),9). (8.3.3)

Consider the assertions:
(i) The following statement is valid:

[HT(”(%B)HLz+H(T(8>>t(ﬂcB>||Lz} e,

B, = supsup
BJ2 BJ2

B &>0

where the first supremum is taken over all balls B in R".
(ii) The following statement is valid:

2
B, = sup [Nln / / K (x,y)dy| dx

&,N,x
O 5 B(QN) x-yl<N

Lol ke “ax]
+N“ / / K (y,x)dy dx] < oo

B(xo.N)  [x—y|<N
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where the supremum is taken over all 0 < € < N < « and all xg € R".

(iii) The following statement is valid:

B3 = Sup sup SupR? [\!T(TX°(¢R))|\L2+ HT‘(TXf’((pR))HLz} < oo,
¢ XpeR"R>0

where the first supremum is taken over all normalized bumps .

(iv) The operator T satisfies the weak boundedness property and the distributions
T(1) and T!(1) coincide with BMO functions, that is,

By = HT(l)HBMo+ HTt(l)HBMO+ HTHWB <o

(v) For every & € R" the distributions T (e2%i():¢) and Tt(e?*i()%) coincide with
BMO functions such that

Bs = sup HT(ezm('M)HBMO + sup ||Tt(ezm(')'é)HBMo < ee.
eR" ern
(vi) The following statement is valid:

B5 = sup sup sup R" [T (2°(9x))||ayo + T (72 (98) g | < ==
¢ XeR"R>0

where the first supremum is taken over all normalized bumps ¢.

Then assertions (i)—(vi) are all equivalent to each other and to the L2 boundedness
of T, and we have the following equivalence of the previous quantities:

Cn,s(A+Bj) <||T||2_.2 <Cns(A+Bj),

for all j € {1,2,3,4,5,6}, for some constants c, 5,Cy 5 that depend only on the
dimension n and on the parameter § > 0.

Remark 8.3.4. Condition (8.3.3) says that the operator T is the weak limit of a se-
quence of its truncations. We already know that if T is bounded on L?, then it must be
equal to an operator that satisfies (8.3.3) plus a bounded function times the identity
operator. (See Proposition 8.1.11.) Therefore, it is not a serious restriction to assume
this. See Remark 8.3.6 for a version of Theorem 8.3.3 in which this assumption is
not imposed. However, the reader should always keep in mind the following patho-
logical situation: Let K be a function on R" x R"\ {(x,X) : x € R"} that satisfies
condition (ii) of the theorem. Then nothing prevents the Schwartz kernel W of T
from having the form
W =K(X,y) + h(x) 6=y,

where h(x) is an unbounded function and &x—y is Lebesgue measure on the subspace
x = y. In this case, although the T (¢)’s are uniformly bounded on L2, T cannot be L2
bounded, since h is not a bounded function.



196 8 Singular Integrals of Nonconvolution Type

Before we begin the lengthy proof of this theorem, we state a lemma that we
need.

Lemma 8.3.5. Under assumptions (8.1.1), (8.1.2), and (8.1.3), there is a constant
Cy such that for all normalized bumps ¢ we have

2 CnA2
sup [ Kxyo(emmdy| ox< ' (834)
X0€R R" RN R

[Xx—Xo|>20R

Proof. Note that the interior integral in (8.3.4) is absolutely convergent, since
70 (¢Rr) is supported in the ball B(xg, 10R) and x lies in the complement of the dou-
ble of this ball. To prove (8.3.4), simply observe that since |[K(x,y)| < Ajx—y|™",
we have that

ChA
(0 <.
TE (@)W < |,
whenever |x — Xo| > 20R. The estimate follows easily. O

8.3.2 The Proof of Theorem 8.3.3

This subsection is dedicated to the proof of Theorem 8.3.3.

Proof. The proof is based on a series of steps. We begin by showing that condition
(iii) implies condition (iv).
(iii) = (iv)

Fix a @5 function ¢ with 0 < ¢ < 1, supported in the ball B(0,4), and equal to
1 on the ball B(0,2). We consider the functions ¢(-/R) that tend to 1 as R — oo and

we show that T (1) is the weak limit of the functions T (¢ (- /R)). This means that for
all g € 2 (smooth functions with compact support and integral zero) one has

(T(6(-/R)).0) — (T(1),9) (8.3.5)

as R — oo, To prove (8.3.5) we fix a ¢;° function 1 that is equal to one on the support
of g. Then we write

(T(9(-/R)),8) = (T(MO(-/R)), @) + (T ((L—m)¢(-/R)),q)
=(T(n¢(-/R)),9)
[ (KO~ K.y g0 (L~ ()6 (3/R) dyd,

where Xp is a point in the support of g. There exists an Ry > 0 such that for R > R,
¢(-/R) is equal to 1 on the support of 1, and moreover the expressions
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/Rn /R (K(x,y) = K(x0,Y))9(x) (1 = n(y))¢(y/R) dydx
converge to
/Rn /R (K(x,y) —K(x0,Y))g(x)(1—n(y))dydx

as R — oo by the Lebesgue dominated convergence theorem. Using Definition
8.1.16, we obtain the validity of (8.3.5).

Next we observe that the functions ¢(-/R) are in L2, since ¢ (x/R) = R™"¢r(X),
and by hypothesis (iii), ¢r are in L. We show that

IT(@(/R)||lgyo < Cn.s(A+Bs) (8.3.6)

uniformly in R > 0. Once (8.3.6) is established, then the sequence {T (¢(-/J))}7_,

lies in a multiple of the unit ball of BMO = (H!)*, and by the Banach-Alaoglou
theorem, there is a subsequence of the positive integers R;j such that T (¢(-/Rj))
converges weakly to an element b in BMO. This means that

(T(6(-/R;)),g) — (b,q) (8.3.7)

as j — e forall g € %. Using (8.3.5), we conclude that T (1) can be identified with
the BMO function b, and as a consequence of (8.3.6) it satisfies

HT(l)HBMo <Cps(A+Ba).
In a similar fashion, we identify Tt(1) with a BMO function with norm satisfying
HTt(l) HBMO <Cns(A+Ba).

We return to the proof of (8.3.6). We fix a ball B = B(xg,r) with radius r > 0
centered at Xo € R". If we had a constant cg such that

g1 T (OC/R)00 —coldx < 5B 839

for all R > 0, then property (3) in Proposition 7.1.2 (adapted to balls) would yield
(8.3.6). Obviously, (8.3.8) is a consequence of the two estimates

|é| /B|T [0(77*)0(r)] (X)|dx < cnBs, (8.3.9)
|é| /B IT[L=0C0NO()])-T[(L—0( 7)) ()] (Xo)|dx < C,()PA. (8.3.10)
We bound the double integral in (8.3.10) by

|é| /B ./\.HWZ, [K(x,y) = K(x0,y)[¢(y/R) dydx, (8.3.11)
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since 1 —¢((y—Xo)/r) =0 when |y —xo| < 2r. Since |[x —Xp| < r < %|y—xo|, con-
dition (8.1.2) gives that (8.3.11) holds with ¢, = w1 = |S"1].

It remains to prove (8.3.9). It is easy to verify that there is a constant Cy =
Co(n, ) such that for 0 < £ <1 and for all a € R" the functions

Colo(e(x+a)o(x),  Colo(X)p(—a+ex) (8.3.12)

are normalized bumps. The important observation is that with a = xo/r we have

0(X)9(0) = rro [(¢(g(-+a))¢(~))r] (x) (8.3.13)
=R (¢(~)¢(—a+ T(-)))R(x), (8.3.14)
and thus in either case r <R or R < r, one may express the product ¢ (3)¢(*) as

a multiple of a translation of an L!-dilation of a normalized bump.
Let us suppose that r < R. In view of (8.3.13) we write

T[6(77°)9(g)] () =Cor"T [T(gr)] (x)

for some normalized bump ¢. Using this fact and the Cauchy-Schwarz inequality,
we estimate the expression on the left in (8.3.9) by

Cor™? 2 G2
e (Le@ore) < S =,
2 2

where the first inequality follows by applying hypothesis (iii).
We now consider the case R < r. In view of (8.3.14) we write

T[6(7°)9(g)] () =CoR"T (¢r) (X)

for some other normalized bump ¢. Using this fact and the Cauchy-Schwarz in-
equality, we estimate the expression on the left in (8.3.9) by

CoR"/2 > CoRM2
o8 R ([ITmite) < 0 B < et
G Gk

by applying hypothesis (iii) and recalling that R < r. This proves (8.3.9).

To finish the proof of (iv), we need to prove that T satisfies the weak boundedness
property. But this is elementary, since for all normalized bumps ¢ and y and all
x € R"and R > 0 we have

(T (7 (wr)), T (9r))| < [|T(*(wr))||2||7* (@R)]| 2
< BaR2||7(¢m)||.2
< CnB3zR™.
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This gives ||T||,,5 < CnBs, which implies the estimate B4 < C, 5(A+ Bg) and con-
cludes the proof of the fact that condition (iii) implies (iv).

(iv) = (L? boundedness of T)

We now assume condition (iv) and we present the most important step of the
proof, establishing the fact that T has an extension that maps L?(R") to itself. The
assumption that the distributions T (1) and T!(1) coincide with BMO functions leads
to the construction of Carleson measures that provide the key tool in the bounded-
ness of T.

We pick a smooth radial function @ with compact support that is supported in the
ball B(0, 3) and that satisfies fga @(x)dx = 1. Fort > 0 we define & (x) =t "®(¥).
Since @ is a radial function, the operator

P(f)=fxdy (8.3.15)

is self-transpose. The operator P is a continuous analogue of S; = ¥, ; Ak, where
the A;’s are the Littlewood—Paley operators.

We now fix a Schwartz function f whose Fourier transform is supported away
from a neighborhood of the origin. We discuss an integral representation for T (f).
We begin with the facts, which can be found in Exercises 8.3.1 and 8.3.2, that

T(f) = IimP2TP2(f),

0 = limP2TP2(f),

S—00

where the limits are interpreted in the topology of .#”(R"). Thus, with the use of
the fundamental theorem of calculus and the product rule, we are able to write

T(f) = !mPfTPf(f)—JLanfTPf(f)
1
: ds

. e d
- ‘lﬁ%.g Sds(PSZTPSZ)(f) s

— im [ [s((;jsPsz)TPsz(f)+P52 (Ts;SPSZ)(f)] dss. (8.3.16)
For a Schwartz function g we have
(346%2@) (&) = 818)s 4 Blst)?
= §(&) D(s) (255 - V(sE))
= () Z%sé)@(sé)

n ~ n ~

= z (Qk sts ) (5) = z (Qk,s@ks(g)) (é)a

k=1 k=1
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where for 1 <k <n, q{(é) Zékq)(é) (é) KD (5) and Qgs, @@S are operators
defined by

Qus(9) =g+ (H)s. Qs(9) =g (6x)s;

here (6)s(x) = s"Ok(s~1x) and (¥)s are defined similarly. Observe that ¥, and
O are smooth odd bumps supported in B(0, ;) and have integral zero. Since ¥ and

O are odd, they are anti-self-transpose, meaning that (Qxs)' = —Qx s and ((SK,S)t =
—Qxs. We now write the expression in (8.3.16) as

ds  [e ~ .d
—“mZ[ / QusQusTPR(N + [ PRTQeQee(N] |, (83.17)

=0k
where the limit converges in .’ (R"). We set
Tk,s = Qk,sT P37

and we observe that the operator PsT Qy s is equal to —((T%)k )"

Recall the notation 7*(h)(z) = h(z —x). In view of identity (2.3.21) and the con-
vergence of the Riemann sums to the integral defining f x @s in the topology of .7
(see the proof of Theorem 2.3.20), we deduce that the operator Ty s has kernel

Kics(x,y) = —(T (2 (®5)), 7*((H)s)) = —(T' (T*((H)s)), @ () . (8.3.18)

Likewise, the operator —(T"); ¢ has kernel

(T (@5)), 7 ((H)s)) = (T(F((H)s), T*(D5)) -

For 1 < k < n we need the following facts regarding the kernels of these operators:

(T (T ((H))), 7 (@))| < Cos ([Tl +A) Ps(x—Y). (8.3.19)
{(THE((H)s)), 7 (@s))| < Cos(|[Tlwa+A) Ps(x—Y), (8.3.20)
where 1 )
pe(u) =

(L4

is the L! dilation of the function p(u) = (1 + |u|) "9
To prove (8.3.20), we consider the following two cases: If [x —y| < 5s, then the
weak boundedness property gives

y—X Cn T
[(T(2(@)), T ((H)s)) | = [(T(Z*((z" (@))s)), T*((H)s))] < HanWB,

since both W and s~ (@) are multiples of normalized bumps. Notice here that both
of these functions are supported in B(0,10), since *|x —y| < 5. This estimate proves
(8.3.20) when |[x —y| < 5s.
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We now turn to the case |x —y| > 5s. Then the functions ©¥(®s) and 7 ((¥)s)
have disjoint supports and so we have the integral representation

(T (H9),2(00) = [ [ (v —y)K(uv) (Hs(u—x)dudv.

Using that ¥ has mean value zero, we can write the previous expression as

/Rn [ 04 —y) (K(u.v) ~ K(x) (H)s(u =) dudv.

We observe that |u—x| < s and |v—y| < s in the preceding double integral. Since
[x —y| > 5s, this makes |u—v| > |x —y| — 2s > 3s, which implies that |u — x| <
3|u—v]|. Using (8.1.2), we obtain

Alx—u|® s?
KA = KOS 1y v px s = 0By ypnsa
where we used the fact that |u — v| & |[x —y|. Inserting this estimate in the double
integral, we obtain (8.3.20). Estimate (8.3.19) is proved similarly.

At this point we drop the dependence of Qi s and Qi s on the index k, since we
can concentrate on one term of the sum in (8.3.17). We have managed to express
T(f) as a finite sum of operators of the form

e ds
/0 QsTsPs(f) s (8.3.21)
and of the form d
i ~ S
/O PTQs(1) - (8.3.22)

where the preceding integrals converge in .#”/(R") and the Ts’s have kernels Ks (X, y),
which are pointwise dominated by a constant multiple of

(A+Ba)ps(x—Y).

It suffices to obtain L2 bounds for an operator of the form (8.3.21) with constant
at most a multiple of A+ By4. Then by duality the same estimate also holds for
the operators of the form (8.3.22). We make one more observation. Using (8.3.18)
(recall that we have dropped the indices k), we obtain

L0 = [ Ke(xy)dy = ~(T(F#). 1) = (B TA)K),  ©323)

where all integrals converge absolutely.

We can therefore concentrate on the L? boundedness of the operator in (8.3.21).
We pair this operator with a Schwartz function g and we use the convergence of the
integral in .’ and the property (Qs)! = —Qs to obtain
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([amrn Ty = [ (@nrng) T = [ (Trn.6() .

The intuition here is as follows: Ts is an averaging operator at scale s and Ps(f) is
essentially constant on that scale. Therefore, the expression TsPs(f) must look like
Ts(1)Ps(f). To be precise, we introduce this term and try to estimate the error that
occurs. We have

TsPs(f) = Ts(DPs(F) + [ToPs(F) = Ts(1)P( 1) (8:3.24)
We estimate the terms that arise from this splitting. Recalling (8.3.23), we write

ds

(TR a@) 8:3.25)
([ rws) ([1ani:d)
:H<./:|Ps(f)(‘f’s*T(1))’2d:)% , (./(;wlﬁs(g)\zdss)% - 632

Since T (1) is a BMO function, | (T (1))(x)|2dx% is a Carleson measure on R
Using Theorem 7.3.8 and the Littlewood—Paley theorem (Exercise 5.1.4), we obtain
that (8.3.26) is controlled by

CollTWllgmoll Flli2l19lliz < CoBal |l 2lg]] -

This gives the sought estimate for the first term in (8.3.24). For the second term in
(8.3.24) we have

ds
S

([ [, @@uie ) ([ L - >><x>|2dxd:)%
<clolle( [/, dxds)

<cutaBalgls ([ [, [, Py RO dydxds) ,

where in the last estimate we used the fact that the measure p;(x —y)dy is a mul-
tiple of a probability measure. It suffices to estimate the last displayed square root.
Changing variables u = x —y and applying Plancherel’s theorem, we express this
square root as

L Rn@(g)(x)[nps(f)—Ts<1>Ps<f>} () dx

oo K OOYIPS(F)(y) = Ps(F) (x)]dy
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</ oo PO £)(y+u)Pdudy @ )%
</ /R“ o P )| B(sE) — B(sE)e?™ 4|7 |F(€) |2dud5dss)%
(0 ke ps(””@(s@lz%‘?iuﬁmﬁ|F<é>|2dudsds>%
_27”(/!?”/ ( \Zdu)|q> (s€))| |S€|gds| ) dg)

and we claim that this last expression is bounded by C, 5| f|| .. Indeed, we first

‘ ‘5/2

bound the quantity fzn ps(u)|§|™'“du by a constant, and then we use the estimate

sd
/\tDs& |s§| _/ |®(ser)| 525§C3,6<°°

and Plancherel’s theorem to obtain the claim. [Here e; = (1,0,...,0).] Taking g to
be an arbitrary Schwartz function with L2 norm at most 1 and using duality, we
deduce the estimate ||T(f)|| . < Cns(A+Ba)|| | for all Schwartz functions f
whose Fourier transform does not contain a neighborhood of the origin. Such func-
tions are dense in L?(R") (cf. Exercise 5.2.9) and thus T admits an extension on L?
that satisfies | T|| ., > < Cns(A+Bs).

(L? boundedness of T) = (v)

If T has an extension that maps L? to itself, then by Theorem 8.2.7 we have
Bs < Cns(A+|[T[|2_p2) <o
Thus the boundedness of T on L2 implies condition (v).

(V) = (vi)

At a formal level the proof of this fact is clear, since we can write a normalized
bump as the inverse Fourier transform of its Fourier transform and interchange the
integrations with the action of T to obtain

T((gr)) = [ PO(@R)(E)T (€0 de. ©3.27)

The conclusion follows by taking BMO norms. To make identity (8.3.27) precise
we provide the following argument.

Let us fix a normalized bump ¢ and a smooth and compactly supported function
g with mean value zero. We pick a smooth function i with compact support that is
equal to 1 on the double of a ball containing the support of g and vanishes off the
triple of that ball. Define (&) = 1(& /k) and note that 1 tends pointwise to 1 as
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k — oo. Observe that 7 (pr) converges to 70 (gr) in .7(R") as k — oo, and by
the continuity of T we obtain

lim (T (e (9)).9) = (T (7°(¢r)).0)-

The continuity and linearity of T also allow us to write

(T((@r)).0) = lim 0 (gr) (€) (T (&™) g)dE.  (8.3.28)

Rn

Let W be the Schwartz kernel of T. By (8.1.5) we have
(T (me?™ ), g) = (W, g & mye?™e (), (8.3.29)

Using (8.1.6), we obtain that the expression in (8.3.29) is controlled by a finite sum
of L= norms of derivatives of the function

g(x) Mk (y)e?™e

on some compact set (that depends on g). Then for some M > 0 and some constant
C(g) depending on g, we have that this sum of L= norms of derivatives is controlled
by

C(g) (L+ &)™

uniformly in k > 1. Since r@) is integrable, the Lebesgue dominated conver-
gence theorem allows us to pass the limit inside the integrals in (8.3.28) to obtain

—

(T(eo(o).0) = [ 7(er)(@) (T (™). 0) de.

We now use assumption (v). The distributions T (¢2™¢(*)) coincide with BMO func-
tions whose norm is at most Bs. It follows that

(T (P (gr)),0)] < [[70(0R)]|, e IT (&) lgollg e
(8.3.30)

< CyBsR™" ||g||H1,

where the constant Cy, is independent of the normalized bump ¢ in view of (8.3.1).
It follows from (8.3.30) that

g (T(7°(¢r)).9)

is a bounded linear functional on BMO with norm at most a multiple of BsR™". It
follows from Theorem 7.2.2 that T (7% (¢@gr)) coincides with a BMO function that
satisfies

RnHT Xo (PR

HBMO < CnBs.

The same argument is valid for T!, and this shows that
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Bs <Cpns(A+Bs)

and concludes the proof that (v) implies (vi).

(vi) = (iii)

We fix xo € R" and R > 0. Pick zp in R" such that |xo — zg| = 40R. Then if
[y —Xo| < 10R and |x — zp| < 20R we have

10R < |zo—Xg| — [X—20| — |[y—Xo|
< [x-y|
< |X—20| +[zo0—Xo| + [Xo—Yy| < 7T0R.

From this it follows that when |x — zp| < 20R we have

dy  CnsA
KO lR0ay | < [ Kixy) & < G
[y—xo|<10R 10R<[x—y|<70R R R

and thus
CnsA

A T(20(gr)| < T

‘ (8.3.31)
B(20,20R)

where Avgg g denotes the average of g over B. Because of assumption (vi), the BMO
norm of the function T (7% (¢gr)) is bounded by a multiple of BgR ™", a fact used in
the following sequence of implications. We have

[T (0 (‘PR))HLZ(B(XO,ZOR))
< TR~ Avg T(e0(gr))

B(X0,20R) L2(B(x0,20R))
1 n
Vi (20R)E| Avg T(T0(gr)— Avg T((gg))|
B(X0,20R) B(20,20R)
1 n
VA (20R)?| Avg T(v(gr)
B(z9,20R)

IN

o (RE T (£0(0m) oo+ RE T (£(60)) o + R 24)
CnsR72(Bs +A),

A

where we used (8.3.31) and Exercise 7.1.6. Now we have that
-n
||T(TXO(‘PR))HLZ(B(XO,ZOR>°) <ChsAR™2

in view of Lemma 8.3.5. Since the same computations apply to T*, it follows that

R2 (||T(2°(gr)) |2 + T (T(9r))]| 2) < Chn5(A+Be), (8.3.32)
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which proves that Bz < C,, 5(A-+Bg) and hence (iii). This concludes the proof of the
fact that (vi) implies (iii)

We have now completed the proof of the following equivalence of statements:

(L? boundedness of T) <= (iii) <= (iv) <= (v) <= (vi).  (8.3.33)

(i) < (i)
We show that the quantities A+ B3 and A + B, are controlled by constant multi-
ples of each other. Let us set
en()= [ Koydy and  Eye= [ Koy,

s<\x;y\<N e<|x—y|<N

We work with a ball B(xp,N). Observe that

w00 =T Gsom)0) = [ Koepay= [ Keeyyay
s<\x.—y\<N e<\.x—y\
[xo—y|<N (8.3.34)

= _/ K(Xay) dya
S&‘,N(vao)

where Sg N (X,Xo) is the set of all y € R" that satisfy € < [x —y| and |[xo —y| < N but
do not satisfy € < [x —y| < N. But observe that when |xo —X| < N, then

Sen(X,%0) C{yeR": N <|x—y|<2N}. (8.3.35)

Using (8.3.34), (8.3.35), and (8.1.1), we obtain

e 00 =T (o) 0] < [ K(xy)ldy < (@n-1l0g2) A (8.336)
N<[x—y|<2N

whenever |xg —X| < N. It follows that
ten =T (oo 2(gco ) < CrANE,
and similarly, it follows that
1= (T o) [l 2 meg ) < CrANZ.
These two estimates easily imply the equivalence of conditions (i) and (ii).

We now consider the following condition analogous to (iii):



8.3 The T (1) Theorem 207

(i B3 =sup sup supR3 [[|T()((gw))|» + [[(T) (2 (gr))]| 2| <.

@ XpeR"e>0
=" R0

where the first supremum is taken over all normalized bumps ¢. We continue by
showing that this condition is a consequence of (ii).

(i) = (iii)
More precisely, we prove that B < C,, 5(A+B). To prove (iii)’, fix a normalized

bump ¢, a point xo € R", and R > 0. Also fix x € R" with [x —Xg| < 20R. Then we
have

O = [ K)o (gR)) 8= U0 +Uz(),

where
Uit = [ KO (O gR) ~ 7o (gr) ) dy

Uz = T (gr) () | K(,y)dy.

£<|x—y|<30R
But we have that |70 (gr)(y) — 7°°(¢r)(X)| < ChR™1"|x — y|; thus we obtain
|U1(x)| <ChAR™"

on B(xg, 20R); hence ||U1HL2(B( < ChAR™ 2. Condition (ii) gives that

X0,20R))
HUZHLZ(B(XOJOR)) < R7n|"8,30RH|_2<B(XO,30R)) < B2(30R)2R™".
Combining these two, we obtain

T (9r) | 2810 208)) = CalA+B2)R™2 (8:2.37)
and likewise for (T (©))t. It follows from Lemma 8.3.5 that

||T(8>(TXO((pR))||L2(B(xo,20R)°) <ChsAR" 2,
which combined with (8.3.37) gives condition (iii)’ with constant
B/S < Cn,S(A+ BZ)~

This concludes the proof that condition (ii) implies (iii)’.
(iii)y = [T®: L2 — L2 uniformly in € > 0]

For € > 0 we introduce the smooth truncations Tg(g> of T by setting
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TN = [ Ky 1)y,

where £(x) is a smooth function that is equal to 1 for |x| > 1 and vanishes for |x| < ;
We observe that
\Tés)(f)—T(S)(f)\ < ChAM(f); (8.3.38)

thus the uniform boundedness of T(¢) on L2 is equivalent to the uniform bound-
edness of Tg(‘g). In view of Exercise 8.1.3, the kernels of the operators TC(S) lie in
SK(8,cA) uniformly in € > 0 (for some constant c). Moreover, because of (8.3.38),
we see that the operators Tg(s) satisfy (iii)’ with constant C,A -+ Bj. The point to be
noted here is that condition (iii) for T (with constant B3) is identical to condition
(iii)’ for the operators TC(S) uniformly in € > 0 (with constant ChA + B5).
A careful examination of the proof of the implications

(iii) = (iv) = (L? boundedness of T)

reveals that all the estimates obtained depend only on the constants Bs, B4, and A,
but not on the specific operator T. Therefore, these estimates are valid for the opera-

tors Tg(s) that satisfy condition (iii)’. This gives the uniform boundedness of the Tg)

on L2(R") with bounds at most a constant multiple of A+ Bj. The same conclusion
also holds for the operators T (¢).

[T®: L2 — L2 uniformly in & > 0] = (i)
This implication holds trivially.
We have now established the following equivalence of statements:
(i) < (ii) = (i) < [T®: L2 = L2 uniformlyine >0]  (8.3.39)
(iii) <= (iii)

Finally, we link the sets of equivalent conditions (8.3.33) and (8.3.39). We first
observe that (iii)" implies (iii). Indeed, using duality and (8.3.3), we obtain

IT(2(r)|| 2 = sup | [ T(2(gr))(x)h(x)dx
he. RN
Ihjl 2 <1
< sup limsup / T (&) (20 (gr)) (X) h(X) dx
he.s  joeo RN
Ihjl 2 <1

S a1
S B3R 2’
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which gives B3 < BY. Thus under assumption (8.3.3), (ii) implies (iii) and as we have
shown, (iii) implies the boundedness of T on L. But in view of Corollary 8.2.4, the
boundedness of T on L2 implies the boundedness of T (¢) on L2 uniformly in & > 0,
which implies (iii)’.
This completes the proof of the equivalence of the six statements (i)—(vi) in such
a way that
[Tllee > (A+B))

forall j € {1,2,3,4,5,6}. The proof of the theorem is now complete. O

Remark 8.3.6. Suppose that condition (8.3.3) is removed from the hypothesis of
Theorem 8.3.3. Then the given proof of Theorem 8.3.3 actually shows that (i) and
(i) are equivalent to each other and to the statement that the T (¢)’s have bounded
extensions on L?(R") that satisfy

SUpHT(E)HLZHLZ < oo
>0

Also, without hypothesis (8.3.3), conditions (iii), (iv), (v), and (vi) are equivalent to
each other and to the statement that T has an extension that maps L?(R") to L2(R").

8.3.3 An Application

We end this section with one application of the T (1) theorem. We begin with the
following observation.

Corollary 8.3.7. Let K be a standard kernel that is antisymmetric, i.e., it satisfies
K(x,y) = —K(y,x) for all x #y. Then a linear continuous operator T associated
with K is L? bounded if and only if T (1) is in BMO.

Proof. In view of Exercise 8.3.3, T automatically satisfies the weak boundedness
property. Moreover, Tt = —T. Therefore, the three conditions of Theorem 8.3.3 (iv)
reduce to the single condition T (1) € BMO. O

Example 8.3.8. Let us recall the kernels Ky, of Example 8.1.7. These arise in the
expansion of the kernel in Example 8.1.6 in geometric series

1 L3 (AR -A"
x—y—&—i(A(x)—A(y))_x_ymgo(' X—y ) (8.3.40)

when L = sup,, ‘A(’&:Q(y)‘ < 1. The operator with kernel (i) "Kn(x,y), i.e.,
_ 1 AX) AW\ 1
(o= i [ (AOTION D oy, eaay

is called the mth Calderon commutator. We use the T (1) theorem to show that the
operators %, are L2 bounded.
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We show that there exists a constant R > 0 such that for all m > 0 we have
[|Gm]| 2.2 <RTL™. (8.3.42)

We prove (8.3.42) by induction. We note that (8.3.42) is trivially true when m = 0,
since %o = —iH, where H is the Hilbert transform.

Assume that (8.3.42) holds for a certain m. We show its validity for m+ 1. Recall
that Ky, is a kernel in SK(1,16(2m+ 1)L™) by the discussion in Example 8.1.7. We
need the following estimate proved in Theorem 8.2.7:

| 6m < C2[16(2m+ )L™+ ||Gn]| 2 2] - (8.3.43)

HL”—»BMO
which holds for some absolute constant C,.
We start with the following consequence of Theorem 8.3.3:

H%erHLLLZ <G [Hcgmﬂ(l)HBMO + H(Cmﬂ)t(l)usmo + HcngFIHWB] , (8.3.44)
valid for some absolute constant C;. The key observation is that
Gni1(1) =G (A), (8.3.45)

for which we refer to Exercise 8.3.4. Here A’ denotes the derivative of A, which
exists almost everywhere, since Lipschitz functions are differentiable almost every-
where. Note that the kernel of %, is antisymmetric; consequently, (¢m)' = —%m
and Exercise 8.3.3 gives that || % ||,z < C316 (2m+ 1)L™ for some other absolute
constant Cs. Using all these facts we deduce from (8.3.44) that

G122 <Ca[2]|m(A +C316(2m+3) L™

)lemo

Using (8.3.43) and the fact that ||A’|[,.. < L we obtain that

I~

[%nsallo_io <C1[2CoL{162m+ L™+ %]l o0 } +Ca16(2m+ 3L

HL2—>L2

Combining this estimate with the induction hypothesis (8.3.42), we obtain
|Gnr1(1) || gy < R™HL™,

provided that R is chosen so that

R™1 > 96C,Cr(2m+1),
R > 6C,C,,
R™1 > 48C;Cs3(2m+3)

for all m > 0. Such an R exists independent of m. This completes the proof of
(8.3.42) by induction.
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Exercises

8.3.1. Let T be a continuous linear operator from .”(R") to ./(R") and let f be
in (R"). Let P, be as in (8.3.15).

(a) Show that P (f) convergesto f in .(R") ast — 0.

(b) Conclude that TR(f) — T(f) in &/(R") ast — 0.

(c) Conclude that RTR(f) — T(f) in /(R") ast — 0.

(d) Observe that (a)-(c) are also valid if P, is replaced by P?2.

[Hint: Part (a): Use that gx — g in .7 if and only if gy — @ in 5’.]

8.3.2. Let T and P be as in Exercise 8.3.1 and let f be a Schwartz function whose
Fourier transform vanishes in a neighborhood of the origin.

(a) Show that P (f) convergesto 0 in . (R") ast — oo,

(b) Conclude that TR.(f) — 0in /(R") ast — co.

(c) Conclude that RTR (f) — 0in ./(R") ast — oo.

(d) Observe that (a)—(c) are also valid if P, is replaced by P?2.

[Hint: Part (a): Use the hintin Exercise 8.3.1 and the observation that |®(t&) f(£)] <
C(1+tco) | F(&)| if T is supported outside the ball B(0,co). Part (c): Pair with
a Schwartz function g and use part (a) and the fact that all Schwartz seminorms
of P(g) are bounded uniformly in t > 0. To prove the latter you may need that
all Schwartz seminorms of P;(g) are bounded uniformly in't > 0 if and only if all

Schwartz seminorms of P (g) are bounded uniformly int > 0.]

8.3.3. (a) Prove that every linear operator T from .#(R") to ./(R") associated
with an antisymmetric kernel in SK(6,A) satisfies the weak boundedness property.
Precisely, for some dimensional constant C,, we have

||T HWB < CrA.
(b) Conclude that for some ¢ < oo, the Calder6bn commutators satisfy

|G|y < C16(2m + 1) L™,

lws

[Hint: Write (T (7°(fr)),7°(gr)) as

> o [ KO (P )P 90) (0 — (1) (0 P2 gr) () dy

and use the mean value theorem.]

8.3.4. Prove identity (8.3.45). This identity is obvious by a formal integration by
parts, but to prove it properly, one should interpret things in the sense of distribu-
tions.

8.3.5. Suppose that a standard kernel K(x,y) has the form k(x —y) for some function
kon R™\ {0}. Suppose that k extends to a tempered distribution on R" whose Fourier
transform is a bounded function. Let T be a continuous linear operator from . (R")
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to /(R") associated with K.

(a) Identify the functions T (e2i¢°()) and Tt (e2™¢"0)) and restrict to & = 0 to obtain
T(1)and TH(2).

(b) Use Theorem 8.3.3 to obtain the L2 boundedness of T.

(c) What are H(1) and H!(1) equal to when H is the Hilbert transform?

8.3.6. (A. Calderdn) Let A be a Lipschitz function on R. Use expansion (8.3.40)
and estimate (8.3.42) to show that the operator

1 f(y)dy
NO0= I [y i) - A

is bounded on L?(R) when ||A’|| . < R™, where R satisfies (8.3.43).

I

8.3.7. Prove that condition (i) of Theorem 8.3.3 is equivalent to the statement that

(HTWQ)HLZ SRORCOE
Q12 Q2
where the first supremum is taken over all cubes Q in R".

[Hint: You may repeat the argument in the equivalence (i) <= (ii) replacing the
ball B(xo,N) by a cube centered at xo with side length N.}

supsup

):B&<oo’
Q >0

8.4 Paraproducts

In this section we study a useful class of operators called paraproducts. Their name
suggests they are related to products; in fact, they are “half products” in some sense
that needs to be made precise. Paraproducts provide interesting examples of non-
convolution operators with standard kernels whose L? boundedness was discussed
in the Section 8.3. They have found use in many situations, including a proof of the
main implication in Theorem 8.3.3. This proof is discussed in the present section.

8.4.1 Introduction to Paraproducts

Throughout this section we fix a Schwartz radial function ¥ whose Fourier trans-
form is supported in the annulus 5 < |&| < 2 and that satisfies

Y ¥ IE)=1, when &cR"\{0}. (8.4.1)
jez

Associated with this ¥ we define the Littlewood—Paley operator Aj(f) = f «'¥,-j,
where % (x) = t~"¥(t~1x). Using (8.4.1), we easily obtain
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Z Aj=1, (8.4.2)
jez
where (8.4.2) is interpreted as an identity on Schwartz functions with mean value
zero. See Exercise 8.4.1. Note that by construction, the function ¥ is radial and thus
even. This makes the operator A;j equal to its transpose.
We now observe that in view of the properties of ¥, the function

£ Y P(271E) (8.4.3)

<o

is supported in |&| < 2, and is equal to 1 when 0 < || < 3. But ¥(0) = 0, which
implies that the function in (8.4.3) also vanishes at the origin. We can easily fix
this discontinuity by introducing the Schwartz function whose Fourier transform is
equal to

when £ =0.

Definition 8.4.1. We define the partial sum operator Sj as

Sj=Y A (8.4.4)
=y

In view of the preceding discussion, Sj is given by convolution with @,-;j, that is,
Sj(f)(x) = (f * @p-j)(x), (8.4.5)

and the expression in (8.4.5) is well defined for all f in U;<,..LP(R"). Since @ is
a radial function by construction, the operator S;j is self-transpose.

Similarly, Aj(g) is also well defined for all g in U; < p..LP(R"). Moreover, since
Aj is given by convolution with a function with mean value zero, it also follows that
Aj(b) is well defined when b € BMO(R"). See Exercise 8.4.2 for details.

Definition 8.4.2. Given a function g on R", we define the paraproduct operator Py

as follows:
Py(f) =, 4j(9)Sj-3(f) = Y, D, Aj(9)Ak(f), (8.4.6)
i€z jezk<j-3

for f in LL.(R™). Itis not clear for which functions g and in what sense the series in
(8.4.6) converges even when f is a Schwartz function. One may verify that the series
in (8.4.6) converges absolutely almost everywhere when g is a Schwartz function
with mean value zero; in this case, by Exercise 8.4.1 the series 3, Aj(g) converges
absolutely (everywhere) and S;j(f) is uniformly bounded by the Hardy-L.ittlewood
maximal function M( f), which is finite almost everywhere.

One of the main goals of this section is to show that the series in (8.4.6) converges
in L2 when f is in L?(R") and g is a BMO function.
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The name paraproduct is derived from the fact that Py(f) is essentially “half”
the product of fg. Namely, in view of the identity in (8.4.2) the product fg can be

written as
fg=2>> Aj(f)A(g).
ik

Restricting the summation of the indices to k < j defines an operator that corre-
sponds to “half” the product of fg. It is only for minor technical reasons that we
take k < j—3in (8.4.6).

The main feature of the paraproduct operator Py is that it is essentially a sum

of orthogonal L? functions. Indeed, the Fourier transform of the function A/J\(g) is
supported in the set _ _
{EeRm 2T < <2,

while the Fourier transform of the function Sm) is supported in the set

U {5 cR": 2kfl§ |§| S2k+1}-
k<j-3

This implies that the Fourier transform of the function Aj(g)Sj_3(f) is supported
in the algebraic sum

{EeRM: 2 < g <2y {EeR": €| <2172}
But this sum is contained in the set
{EeRM: 2172 <& < 21+2), (8.4.7)

and the family of sets in (8.4.7) is “almost disjoint” as j varies. This means that
every point in R" belongs to at most four annuli of the form (8.4.7). Therefore, the
paraproduct Py(f) can be written as a sum of functions h; such that the families
{hj: j € 4Z+r} are mutually orthogonal in L2, for all r € {0,1,2,3}. This or-
thogonal decomposition of the paraproduct has as an immediate consequence its L2
boundedness when g is an element of BMO.

8.4.2 L2 Boundedness of Paraproducts

The following theorem is the main result of this subsection.

Theorem 8.4.3. For fixed b € BMO(R") and f € L2(R") the series

Y, Aj(b)Sj-s(f)

lil<m

converges in L? as M — o to a function that we denote by Py, (f). The operator P,
thus defined is bounded on L?(R™), and there is a dimensional constant C, such that
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for all b € BMO(R") we have

IPolliz 2 < Callbllgmo-

Proof. The proof of this result follows by putting together some of the powerful
ideas developed in Chapter 7. First we define a measure on R”jl by setting

= Y 1Aj(b)(x)[Pdx8, 5 (t).
jez

By Theorem 7.3.8 we have that u is a Carleson measure on R”jl whose norm is
controlled by a constant multiple of ||b||éMo. Now fix f € L?(R") and recall that
®D(X) = T,<0 ¥ (X). We define a function F (x,t) on R by setting

F(x,t) = (@ f)(X).

Observe that F (x,27%) = S ()(x) for all k € Z. We estimate the L2 norm of a finite
sum of terms of the form Aj(b)S;_3(f). For M,N € Z* with M >N we have

e

2

Aj(b)(x)Sj—3(f)(x)| dx

N<[j[<M

It is a simple fact that every & € R" belongs to at most four annuli of the form
(8.4.7). It follows that at most four terms in the last sum in (8.4.8) are nonzero. Thus

e

, (8.4.8)

~

(b)Sj—s(f)) (&)| d&.

N<m<|v|

2

(4j(0)Sj—3(1)) ()| d&

N<[jl<M
/ [(4)(6)S1-(1)) (&) dé
N<m<M

jez
4/ \F(x,t)yzdu(x,t)
Rn

| /\

IN

IN

2 ' 2
Cal[b][5mo an Fr(x)"dx,
where we used Corollary 7.3.6 in the last inequality.
Next we note that the nontangential maximal function F* of F is controlled by the
Hardy-Littlewood maximal function of f. Indeed, since @ is a Schwartz function,
we have
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1 f(z
F*(x) <Cpsup sup 1@ dz. (8.4.10)
t>0 [y—x|<t /R " (14 \z;y\ )+t

Now break the previous integral into parts such that |z—y| > 3t and |z—y| < 3t.
In the first case we have |[z—y| > |z—Xx| -t > %|z—x|, and the last inequality is
valid, since |z—x| > |z—y| —t > 2t. Using this estimate together with Theorem
2.1.10 we obtain that this part of the integral is controlled by a constant multiple
of M(f)(x). The part of the integral in (8.4.10) where |z—y| < 3t is controlled by
the integral over the larger set |z — x| < 4t, and since the denominator in (8.4.10) is
always bounded by 1, we also obtain that this part of the integral is controlled by a
constant multiple of M(f)(x). We conclude that

F*(x)zdxgcn/ M(f)(x)zdxgcn/ I£(X)[2 dx. (8.4.11)
RO RO
Combining (8.4.9) and (8.4.11), we obtain the estimate

3, [ 810185 50 1708 <Colb ol s <=
je

This implies that given £ > 0, we can find an Ng > 0 such that

M>N>Ny = ¥ / 1(4;(b)Sj () (&)[2déE <.
N<|j|<M

But recall from (8.4.8) and (8.4.9) that

' ~ N2
/n “ix<4 ¥ / |(4;(b)S;_5(F)) (&) déE.
/R N<]jl<M
We conclude that the sequence

{3 aosian]

is Cauchy in L?(R"), and therefore it converges in L? to a function P, (f). The bound-
edness of P, on L? follows from the sequence of inequalities already proved. O

Aj(b)(x)Sj-s(f)(x
N<|j|<M

8.4.3 Fundamental Properties of Paraproducts

Having established the L2 boundedness of paraproducts, we turn to some proper-
ties that they possess. First we study their kernels. Paraproducts are not operators
of convolution type but are more general integral operators of the form discussed
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in Section 8.1. We show that the kernel of P, is a tempered distribution Ly that
coincides with a standard kernel on R" x R"\ {(x,x) : x € R"}.

First we study the kernel of the operator f — Aj(b)Sj_3(f) forany j € Z. We
have that

4i0)0S-a(1)0) = [ Litxy)Fy)ay.

where Lj is the integrable function
Li(x.y) = (bx¥-5) ()20 D23 (x ~y)).

Next we can easily verify the following size and regularity estimates for L;:

onj
ILi(xy)| < CngHBMO (L4 20_y]t (8.4.12)
. 2i(+lof+IB)
|8X ay LJ (Xay)| S Cn7a,ﬂ7N||b||BMo (1+21|X_y|)n+l+N ’ (8413)
for all multi-indices « and B and all N > ||+ |B].
It follows from (8.4.12) that when x # y the series
> Lj(x.y) (8.4.14)
jez
converges absolutely and is controlled in absolute value by
20 Callbllmo
C“HbHBMo Z 1+21|X y|)n+1 < |x—y|” )
Similarly, by taking N > ||+ |B], it can be shown that the series
> 92alLi(x.y) (8.4.15)

jez
converges absolutely when x # y and is controlled in absolute value by

2i(n+lal+(B) c sl
o.p BMO
Cnaﬁ NHbHBMo 2 1+21|X y|)n+1+N = |Xn_ay|n+\oc\+\m

for all multi-indices o and 3.
The Schwartz kernel of Py is a distribution Wy, on R?". It follows from the pre-
ceding discussion that the distribution Wj, coincides with the function

X y) = 2 LJ(va)

jez

on R" x R™\ {(x,x) : x € R"}, and also that the function Ly, satisfies the estimates



218 8 Singular Integrals of Nonconvolution Type

ChapllPllmo

gl (8.4.16)

|39 Lo (x,y)| <
away from the diagonal x =y.
We note that the transpose of the operator P, is formally given by the identity

Po(f) =Y. Sj-a(fA;j(b)).

jez

As remarked in the previous section, the kernel of the operator P} is a distribution
W;! that coincides with the function

Lb(x,Y) = Lo(y,X)

away from the diagonal of R?". It is trivial to observe that L} satisfies the same size
and regularity estimates (8.4.16) as L. Moreover, it follows from Theorem 8.4.3
that the operator P! is bounded on L?(R") with norm at most a multiple of the BMO
norm of b.

We now turn to two important properties of paraproducts. In view of Definition
8.1.16, we have a meaning for P,(1) and P{ (1), where P, is the paraproduct operator.
The first property we prove is that P, (1) = b. Observe that this statement is trivially
valid at a formal level, since Sj(1) =1 for all j and ¥;Aj(b) = b. The second
property is that P{(1) = 0. This is also trivially checked at a formal level, since
Sj—3(Aj(b)) =0 for all j, as a Fourier transform calculation shows. \We make both
of these statements precise in the following proposition.

Proposition 8.4.4. Given b € BMO(R"), let P, be the paraproduct operator defined
as in (8.4.6). Then the distributions P,(1) and P{ (1) coincide with elements of BMO.
Precisely, we have

Pp(1)=b and  Pi(1)=0. (8.4.17)

Proof. Let ¢ be an element of Z2y(R"). Find a uniformly bounded sequence of
smooth functions with compact support {nn}y_; that converges to the function
1 as N — . Without loss of generality assume that all the functions ny are equal
to 1 on the ball B(yp, 3R), where B(yp,R) is a ball that contains the support of ¢. As
we observed in Remark 8.1.17, the definition of P, (1) is independent of the choice
of sequence nn, so we have the following identity for all N > 1:

(Po(0).0) = [ 3, 4i(0)()Sj-a(m) (x) 9 0
Iez (8.4.18)

T Jen {/l;an(X,)’) QD(X)dX} (1-mn(y))dy.

Since ¢ has mean value zero, we can subtract the constant Ly (yo,y) from Ly(X,y)
in the integral inside the square brackets in (8.4.18). Then we estimate the absolute
value of the double integral in (8.4.18) by
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Yo —X|
A 1- X)|dxdy,
*/‘Y*YO‘Z:‘;R */‘X*YO‘SR |y0_y|n+l| nN(y)| |(p( )| y

which tends to zero as N — oo by the Lebesgue dominated convergence theorem.

It suffices to prove that the first integral in (8.4.18) tends to [znb(X)¢(x)dx as
N — oo. Let us make some preliminary observations. Since the Fourier transform of
the product Aj(b)S;_3(nn) is supported in the annulus

{EeR": 2172 < g < 2142 (8.4.19)

we may introduce a smooth and compactly supported function 2(5) such that for
all j € Z the function Z(2-J¢) is equal to 1 on the annulus (8.4.19) and vanishes
outside the annulus {£ € R": 2173 < |&| < 21%3}. Let us denote by Q; the operator
given by multiplication on the Fourier transform by the function 2(2*1'5).

Note that Sj(1) is well defined and equal to 1 for all j. This is because @ has
integral equal to 1. Also, the duality identity

/ij(g)dx:/gSj(f)dx (8.4.20)

holds for all f € L' and g € L. For ¢ in Z(R") we have

[, 3 4i(0)S;-a(m) pax

b jez

= /RnAj(b)Sj,3(nN) @ dx (series converges in L? and ¢ € L?)
jez

—

= 3 [ Ai0S;am)Q(e)dx  [Qile) = ponthe

jez
support of ((A;(b)Sjs(n)) "]
= Z/Rn M Sj-3(4j(0)Qj(9)) dx (duality)

jez

= / N Y, Si—3(Aj(b)Qj(¢)) dx (series converges in L and ny € L*).
JrR0
jez
We now explain why the last series of the foregoing converges in L. Since ¢ is in
Z0(R"), Exercise 8.4.1 gives that the series ¥ ;2 Qj(¢) converges in LL. Since S;
preserves L! and
30 450 [ - < Callbllgwio
by Exercise 8.4.2, it follows that the series 3.z Sj—3(4j(b)Qj(¢)) also converges
inLL.
We now use the Lebesgue dominated convergence theorem to obtain that the

expression
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o 3, Sis(45(0)Qi(9)) o

jez
convergesas N — oo t0
L 2 si-2(43(0)Qs(0)) ox
jez
= 2/ Sj— 3 ((p)) dx (series converges in L1)
jez
_ 2/ Si_3(1) 4j(b) Qj(@)dx (in view of (8.4.20))
jez
= 2/ Aj(b)Qj(e (since Sj_3(1) =1)
jez
—2/ Aj(b) @dx (Q/j(\(p):(ﬁonsupportA/j\(b))
jez
= 2 <b,Aj((p)> (duality)
jez
= (b, Aj(9)) (series converges in H!, b € BMO)
jez
= (b,¢) (Exercise 8.4.1(a)).

Regarding the fact that the series >; Aj(¢) converges in H?, we refer to Exercise
8.4.1. We now obtain that the first integral in (8.4.18) tends to (b, ¢) as N — co. We
have therefore proved that

for all @ in Z5(R"). In other words, we have now identified P,(1) as an element of
2, with the BMO function b.
For the transpose operator P} we observe that we have the identity

(PR 0) = [ 3,8} 3(4)(0) ) (9 9(x) o

- (8.4.21)
+/Rn/RnLtb(X’y)(1—nN (¥)) @(x) dydx.

As before, we can use the Lebesgue dominated convergence theorem to show that
the double integral in (8.4.21) tends to zero. As for the first integral in (8.4.21), we
have the identity

/ Pé(nN)q)dX=/ 1N Po () dX
R" JRN

Since ¢ is a multiple of an L2-atom for H?, Theorem 8.2.6 gives that Py(¢) is an L*
function. The Lebesgue dominated convergence theorem now implies that
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| mP(@)ax— [ Pugrdx= [ 3 ai(0)S;-a(p)ex

JEZ

as N — 0. The required conclusion would follow if we could prove that the function
Py (@) has integral zero. Since Aj(b) and Sj_3(¢) have disjoint Fourier transforms,

it follows that
AnAj<b>sj_3<¢>dx ~0

for all jin Z. But the series
z Aj(b)Sj_3(¢p (8.4.22)

jez

defining Py(¢) converges in L2 and not necessarily in L', and for this reason we
need to justify the interchange of the following integrals:

/ b)S;_3(@)dx = ZAnAj(b)sj,3(¢)dx. (8.4.23)

JEZ jez

To complete the proof, it suffices to show that when ¢ is in Zo(R"), the series in
(8.4.22) converges in L. To prove this, pick a ball B(yo, R) that contains the support
of ¢. The series in (8.4.22) converges in L?(3B) and hence converges in L(3B). It
remains to prove that it converges in L*((3B)°). For a fixed x € (3B)¢ and a finite
subset F of Z, we have

/ Lj(x,y)e(y)dy = 2/ i(X,¥0)) @(y)dy. (8.4.24)
jeF jeF
Using estimates (8.4.13), we obtain that the expression in (8.4.24) is controlled by

a constant multiple of

y —Yol2"2)
L3 o alemldy<c

Y —Yol|o(y)|dy.
S (1+2)x—yol /Rn| ol o)

X —Yyo["+L.
Integrating this estimate with respect to x € (3B)¢, we obtain that

_2'4: HAj(b)sj*3((p)HL1((3B)C) <Cnllofl <
j€

for all finite subsets F of Z. This proves that the series in (8.4.22) converges in L.
We have now proved that (P{(1), @) = 0 for all ¢ € Z5(R"). This shows that the

distribution P (1) is a constant function, which is of course identified with zero if

considered as an element of BMO. O

Remark 8.4.5. The boundedness of P, on L? is a consequence of Theorem 8.3.3,
since hypothesis (iv) is satisfied. Indeed, P,(1) = b, P{(1) = 0 are both BMO func-
tions, and see Exercise 8.4.4 for a sketch of a proof of the estimate ||Ry ||,z <

This provides another proof of the fact that ||Py || . > < Ca

Col[bllgmo- Pllamor
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bypassing Theorem 8.3.3. We use this result to obtain a different proof of the main
direction in the T (1) theorem in the next section.

Exercises

8.4.1. Let f € .(R") have mean value zero, and consider the series

> Ai(f).

jez

(a) Show that this series converges to f absolutely everywhere.

(b) Show that this series converges in L.

(b) Show that this series converges in HZ.

[Hint: To obtain convergence in L for j > 0 use the estimate ||4;(f)||,. <
27 fon Jan 200 (2)y) | |21y| |(V ) (x — By)|dydx for some 6 in [0,1] and consider
the cases |x| > 2]y| and |x| < 2|y|. When j < 0 use the simple identity f « ¥ =
(f,i * ¥),—; and reverse the roles of f and V. To show convergence in H, use that

145 (0)|| 2 ~ || Sk 1AAj(9)]2)2 || 2 and that only at most three terms in the square
function are nonzero.]

8.4.2. Without appealing to the H1-BMO duality theorem, prove that there is a di-
mensional constant C, such that for all b € BMO(R") we have

S.Up||AJ(b)H|_°° SCngHBMO'
]EZ

8.4.3. (a) Show that for all 1 < p,q,r < o with ll) + cl‘ = } there is a constant Cpqr
such that for all Schwartz functions f,g on R" we have

IPa(H)l]ir < Coarllllo 0]l

(b) Obtain the same conclusion for the bilinear operator

B(f) = 3 Aj(g) Ac(T).

J k<
[Hint: Part (a): Estimate the L™ norm using duality. Part (b): Use part (a).]
8.4.4. (a) Let f be a normalized bump (see Definition 8.3.1). Prove that
4} (fR)[| - < C(n,¥)min (27 IR=("1) 2n)
for all R > 0. Then interpolate between L* and L* to obtain

|4j(fr)]| 2 < C(n,¥)min (2*§R*n31,2nzj) .
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(b) Observe that the same result is valid for the operators Q; as defined in Proposi-
tion 8.4.4. Conclude that for some constant C, we have

3 IQi(gr)]|» <CaR 2.

jez

(c) Show that there is a constant C,, such that for all normalized bumps f and g we
have

[(Po(T(1R)), T°(9R))| < CaR™"||b]|go -
[Hint: Part (a): Use the cancellation of the functions f and '¥'. Part (c): Write

(Ro(2(1)),70(0)) = [ Si-ald(r o (0)Qs @)l

Apply the Cauchy-Schwarz inequality, and use the boundedness of Sj_3 on L?,
Exercise 8.4.2, and part (b).|

8.4.5. (Continuous paraproducts) (a) Let @ and ¥ be Schwartz functions on R"
with [gn @(x)dx =1 and [z ¥(x)dx = 0. Fort > 0 define operators P (f) = @ * f
and Q¢(f) = ¥ = f. Letb € BMO(R") and f € L?(R"). Show that the limit

im Qt(Qt() (1) &

£—0 t
N

— 00

converges in L?(R") and defines an operator IT,( ) that satisfies

17%{] 22 < Cal[bllgmo

for some dimensional constant C,.
(b) Under the additional assumption that
Q2 dt

lim
SHO

identify I'Ty(1) and I, (b).
[Hint: Suitably adapt the proofs of Theorem 8.4.3 and Proposition 8.4.4.]

8.5 An Almost Orthogonality Lemma and Applications

In this section we discuss an important lemma regarding orthogonality of operators
and some of its applications.

It is often the case that a linear operator T is given as an infinite sum of other lin-
ear operators T such that the T;’s are uniformly bounded on L2. This sole condition
is not enough to imply that the sum of the T;’s is also L2 bounded, although this is
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often the case. Let us consider, for instance, the linear operators {Tj}jcz given by
convolution with the smooth functions eIt on the circle T*. Each Tj can be written

as Tj(f) = (fo 8j)", where f is the sequence of Fourier coefficients of f; here 0j
is the infinite sequence consisting of zeros everywhere except at the jth entry, in
which it has 1, and ® denotes term-by-term multiplication of infinite sequences. It
follows that each operator T; is bounded on L2(T?) with norm 1. Moreover, the sum
of the T;’s is the identity operator, which is also L? bounded with norm 1.

It is apparent from the preceding discussion that the crucial property of the T;’s
that makes their sum bounded is their orthogonality. In the preceding example we
have T;Tx = 0 unless j = k. It turns out that this orthogonality condition is a bit too
strong, and it can be weakened significantly.

8.5.1 The Cotlar—Knapp—Stein Almost Orthogonality Lemma

The next result provides a sufficient orthogonality criterion for boundedness of sums
of linear operators on a Hilbert space.

Lemma 8.5.1. Let {T;}jcz be a family of operators mapping a Hilbert space H to
itself. Assume that there is a a function y: Z — R™ such that

T Tl + T N < ¥(G-K) (8.5.1)
for all j,k in Z. Suppose that

A=Y \V/¥(j) <.

jez
Then the following three conclusions are valid:
(i) For all finite subsets A of Z we have

|27l <2

jeA
2 2
3, T30 < A2
je

(i) For all x € H we have

(iii) For all x € H the sequence ¥jj i<y Tj(x) converges to some T (x) as N — e in
the norm topology of H. The linear operator T defined in this way is bounded
from H to H with norm

Tl <A

Proof. As usual we denote by S* the adjoint of a linear operator S. It is a simple fact
that any bounded linear operator S: H — H satisfies
2 *
[SEgiES

|- (8.5.2)
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See Exercise 8.5.1. By taking j =k in (8.5.1) and using (8.5.2), we obtain

ITilly—p < V¥(0) (8.5.3)

for all j € Z. It also follows from (8.5.2) that if an operator S is self-adjoint, then
|]S||aHH =1/8?||,;_}» and more generally,

1911 = 118"l (8.5.4)

for m that are powers of 2. Now observe that the linear operator

(Zm)(Z7)

jeA jeA
is self-adjoint. Applying (8.5.2) and (8.5.4) to this operator, we obtain
Izl -l (Zm)"

where m is a power of 2. We now expand the mth power of the expression in (8.5.5).
So we write the right side of the identity in (8.5.5) as

m

HoH’

(8.5.5)

1

H 2 T Tion Ty (8.5.6)
jlv"'7j2mEA
which is controlled by
m
(% T T il ©57)
jlv"'7j2mEA

We estimate the expression inside the sum in (8.5.7) in two different ways. First we
group ji with jo, js with ja, ..., jom_1 With jom and we apply (8.5.3) and (8.5.1) to
control this expression by

y(j1— J2)y(is — ja) -~ y(Jam-1— Jom).

Grouping jp with j3, ja with js, ..., jom_2 With jom,_1 and leaving ji and jom, alone,
we also control the expression inside the sum in (8.5.7) by

V(0)y(j2 — ja)y(ia — J5) -+ Y(jom—2 — jam-1)v/7(0) .

Taking the geometric mean of these two estimates, we obtain the following bound
for (8.5.7):

(_ )y \/Y(O)\/Y(jl—jz)\/Y(jz—js)"'\/)’(jzm1-]2m))m.
I
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Summing first over ji, then over j,, and finally over jo,_1, we obtain the estimate

y(0)mA ( 3 1) '

jem€A

for (8.5.7). Using (8.5.5), we conclude that

H ZTJHH—>H 2mAzmnTl|/x|r1-]7
jeA

and letting m — oo, we obtain conclusion (i) of the proposition.

To prove (ii) we use the Rademacher functions r;j of Appendix C.1. These func-
tions are defined for nonnegative integers j, but we can reindex them so that the
subscript j runs through the integers. The fundamental property of these functions
is their orthogonality, that is, fol ri(o)ry(w)dwm =0 when j # k. Using the fact that
the norm || - ||, comes from an inner product, for every finite subset A of Z and x in
H we obtain

/ Y ri(o XH do

jeA

= Z I 2+ [ 3 nton@ T Tt @se

j.keA
j#k

= Y Tl

jeA

For any fixed o € [0,1] we now use conclusion (i) of the proposition for the oper-
ators rj(w)Tj, which also satisfy assumption (8.5.1), since rj(®) = +1. We obtain

that )
| 3 r@me|, <25
jeA

which, combined with (8.5.8), gives conclusion (ii).
We now prove (iii). First we show that given x € H the sequence

N

{ 2 T},

=N

is Cauchy in H. Suppose that this is not the case. This means that there is some
€ > 0 and a subsequence of integers 1 < N; < N < N3 < --- such that

[|T(x) (8.5.9)

lh>e

where we set _
W= 2 Tk

N <[j|<Nk+1
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For any fixed w € [0, 1], apply conclusion (i) to the operators S = ry (@) T;j whenever
Nk < |j] < Ngs1, since these operators clearly satisfy hypothesis (8.5.1). Taking
N1 <|j| < Nk41, we obtain

K K N
| 2@ 3 ], | S ], <Al

Ni <[ jl<Nit1

Squaring and integrating this inequality with respect to w in [0, 1], and using (8.5.8)
with Ty in the place of Ty and {1,2,...,K} in the place of A, we obtain

K = 2 2 2
2 [Tl = A%l

But this clearly contradicts (8.5.9) as K — eo.

We conclude that every sequence {szz_N T_j (X)}y is Cau_chy !n H and thus it
converges to Tx for some linear operator T. In view of conclusion (i), it follows that
T is a bounded operator on H with norm at most A. a

Remark 8.5.2. At first sight, it appears strange that the norm of the operator T is
independent of the norm of every piece T; and depends only on the quantity A in
(8.5.1). But as observed in the proof, if we take j = k in (8.5.1), we obtain

2 . _
ITillk g =TT Nl = 70) < A%

thus the norm of each individual Tj is also controlled by the constant A.

We also note that there wasn’t anything special about the role of the index set Z
in Lemma 8.5.1. Indeed, the set Z can be replaced by any countable group, such as
ZK for some k. For instance, see Theorem 8.5.7, in which the index set is Z2". See
also Exercises 8.5.7 and 8.5.8, in which versions of Lemma 8.5.1 are given with no
group structure on the set of indices.

8.5.2 An Application

We now discuss an application of the almost orthogonality lemma just proved con-
cerning sums of nonconvolution operators on L2(R"). We begin with the following
version of Theorem 8.3.3, in which it is assumed that T (1) = T'(1) = 0.

Proposition 8.5.3. Suppose that K;(x,y) are functions on R" x R" indexed by j € Z
that satisfy

A2"
SOV gy iy ypynes (8.5.10)
Kj(x,y) —Kj(x,y")| < A21i2M |y —y'|7, (8.5.11)
IKj(x,y) — Kj(X,y)| < A27I2M|x —x'|7, (8.5.12)



228 8 Singular Integrals of Nonconvolution Type

for some 0 < A,y,6 < e and all x,y,x',y’ € R". Suppose also that

/Rn Kj(z,y)dz:O:/Rn K;(x,2)dz, (8.5.13)

forallx,y e R"and all j € Z. For j € Z define integral operators
Ti(f)x) = [ Kikxy) fy)dy

for f € L2(R"). Then the series

> Ti(f)

jez
converges in L? to some T (f) for all f € L?(R"), and the linear operator T defined
in this way is L2 bounded.

Proof. It is a consequence of (8.5.10) that the kernels Kj are in L (dy) uniformly
inx € R"and j € Z and hence the operators Tj map L?(R") to L2(R") uniformly
in j. Our goal is to show that the sum of the Tj’s is also bounded on L?(R"). We
achieve this using the orthogonality considerations of Lemma 8.5.1. To be able to
use Lemma 8.5.1, we need to prove (8.5.1). Indeed, we show that for all k, j € Z we
have

TiTe ]| 2z < CAZ2dnls M )ik (8.5.14)
Ti Tl o2 < CAR2 dn%s MK (8.5.15)

for some 0 <C =C,, 5 < e. We prove only (8.5.15), since the proof of (8.5.14)
is similar. In fact, since the kernels of Tj and T:* satisfy similar size, regularity,
and cancellation estimates, (8.5.15) is directly obtained from (8.5.14) when T; are
replaced by Tj".

It suffices to prove (8.5.15) under the extra assumption that k < j. Once (8.5.15)
is established under this assumption, taking j < k yields

75T = T s = ) oy < A2t

thus proving (8.5.15) also under the assumption j <Kk.
We therefore take k < j in the proof of (8.5.15). Note that the kernel of T; Ty is

Litxy) = [ Ki(@20Ke(z.y)dz.
We prove that

CAZg- ol minr) k-l (8.5.16)

IN

sup [ [Lij(x.) |y
xeRMJR"

CAZ2 i nlsMn(rd)lk-il. (8.5.17)

IN

sup [ ILij(x.y)]dx
yeRn JRN
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Once (8.5.16) and (8.5.17) are established, (8.5.15) follows directly from the classi-
cal Schur lemma in Appendix 1.1.
We need to use the following estimate, valid for k < j:

© 2" min(1, (24u])7) . -
N du<C, 52" 2Min(r8)(i-k) 8.5.18
/Rn (L+2ijupn+s =0 (8.518)

Indeed, to prove (8.5.18), we observe that by changing variables we may assume
that j =0and k < 0. Taking r = k— j <0, we establish (8.5.18) as follows:

H . 1 .
mln(l,(2r|u|)7)du</ mln(l,(2r|u|)zmm(%6))du
Rn

RY (L1 |u))nto B (1+[u)r+e

1 .
(2r|u|)2m|n(y76) / 1
[ s ] e

uj<2=" 27"

g [ L qus [ Do
(14 |u)"te |u[™*

R u>2-r

IN

IN

Cus [Zg min(y.8)r 4 26r]
Cy 62% min(y.3)r|

IN

We now obtain estimates for Ljy in the case k < j. Using (8.5.13), we write

Lk = | [, KetzyKs 2 8

— ‘ /R [Ke(2,Y) — Ke(%,y)]Kj(z,x) dz

< A2/ Temin(L2x_z)) 2 dz
— Jre ’ (14 21|z —x|)n+6

< CA22kn o—3 min(y,8)(j—k)
using estimate (8.5.18). Combining this estimate with

CAZ2kn
Lkl < [ IKERIKldzs | 0

which follows from (8.5.10) and the result in Appendix K.1 (since k < j), yields

5 . ) kn
ILik(x,y)| < Chys A2 2*% nfs min(y,6)(j—k) 2 5
(14 2Kx —y|)"2

which easily implies (8.5.16) and (8.5.17). This concludes the proof of the
proposition. O
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8.5.3 Almost Orthogonality and the T (1) Theorem

We now give an important application of the proposition just proved. We re-prove
the difficult direction of the T (1) theorem proved in Section 8.3. We have the fol-
lowing:

Theorem 8.5.4. Let K be in SK(8,A) and let T be a continuous linear operator
from . (R") to .#”(R") associated with K. Assume that

HT(l)HBMO+ HTt(l)HBMO+ HTHWB =Bg <.

Then T extends to bounded linear operator on L2(R") with norm at most a constant
multiple of A+ Bg.

Proof. Consider the paraproduct operators Pr ;) and Prty) introduced in the previ-
ous section. Then, as we showed in Proposition 8.4.4, we have

Pry(1) =T(2), (Pr)'(1) =0,
Priy (1) = TH(1), (Prt(1))'(1) = 0.

Let us define an operator

L=T—Prg— (Prey).

Using Proposition 8.4.4, we obtain that

In view of (8.4.16), we have that L is an operator whose kernel satisfies the estimates
(8.1.1), (8.1.2), and (8.1.3) with constants controlled by a dimensional constant mul-
tiple of

A+ [T lgmo + T D) lgmo-
Both of these numbers are controlled by A + B4. We also have

ILlwe < CalIT llwe +lIPrlliz e +[1Pre)flo2)
< Co([ITllwe + [T Wllavo + T lgmo)
S Cn(A+ B4)7

which is a very useful fact.

Next we introduce operators Aj and Sj; one should be cautious as these are not
the operators Aj and Sj introduced in Section 8.4 but rather discrete analogues of
those introduced in the proof of Theorem 8.3.3. We pick a smooth radial real-valued
function @ with compact support contained in the unit ball B(0, %) that satisfies
Jrn @(x)dx = 1 and we define

W(x) = d(x)— 27D (%). (8.5.19)



8.5 An Almost Orthogonality Lemma and Applications 231
Notice that ¥ has mean value zero. We define
@, (x) = 2" @(2)x) and ¥,i(x) = 2"y (2)x)

and we observe that both @ and ‘¥ are supported in B(0,1) and are multiples of
normalized bumps. We then define A;j to be the operator given by convolution with
the function ¥,-; and S; the operator given by convolution with the function @,-;.
In view of identity (8.5.19) we have that Aj = Sj — S;_1. Notice that

SjLSj = Sj_1LSj_1 + AjLSj + Sj_1LAj,

which implies that for all integers N < M we have

M=

SMLSM—SN-1LSn-1 = Y (SjLSj —Sj-1LSj-1)

Il
=2

(8.5.20)

|
Mz

Il
=2

Until the end of the proof we fix a Schwartz function f whose Fourier trans-
form vanishes in a neighborhood of the origin; such functions are dense in L?; see
Exercise 5.2.9. We would like to use Proposition 8.5.3 to conclude that

sup sup ||SmLSm(f)—Sn—1LSn—1(f)|| 2 <Cn(A2+Ba4) | f| 2 (8.5.21)
MeZN<M

and that SmLSwm(f)—Sn_1LSn_1(f) — L(f) in L2 as M — oo and N — —eo. Once
these statements are proved, we deduce that L(f) = L(f). To see this, it suffices to
prove that SmLSm(f) —Sy_1LSn—1(f) convergesto L(f) weakly in L2. Indeed, let
g be another Schwartz function. Then

(SmLSm(f)—Sn—1LSn—1(f),g) — (L(f),0)
= (SmLSm(f) —L(f),g) — (Sn—1LSn-1(f),0). (8.5.22)

We first prove that the first term in (8.5.22) tends to zero as M — oo. Indeed,

(SuLSm () ~L(f),g) = (LSw(f).Smg) — (L(F).g)
= (L(Sm(f)~ 1),5m(@)) +(L(f).5u(g) ~ 9).

and both terms converge to zero, since Su(f) — f — 0 and Sm(g) — g tend to zero
in &7, L is continuous from . to ./, and all Schwartz seminorms of Sy (g) are
bounded uniformly in M; see also Exercise 8.3.1.

The second term in (8.5.22) is (Sn—1LSn—1(f),9) = (LSn—1(f),Sn-1(9)). Since
fis supported away from the origin, Sy(f) — 0 in ¥ as N — —eo; see Exer-
cise 8.3.2. By the continuity of L, LSy_1(f) — 0 in .#”, and since all Schwartz
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seminorms of Sy_1(g) are bounded uniformly in N, we conclude that the term
(LSn-1(f),Sn—1(g)) tends to zero as N — —eo. We thus deduce that L(f) = L(f).
It remains to prove (8.5.21). We now define

Lj = AjLS; and L/J-:Sj_lLAj

for j € Z. In view of identity (2.3.21) and the convergence of the Riemann sums
to the integral defining f x @, in the topology of .# (see the proof of Theorem
2.3.20), we have

(L(F @y ¥p-i) (X) = /Rn (L((@y-0)), T*(¥-9)) T (y) d,

where 7Y(g)(u) = g(u—Yy). Thus the kernel K; of L; is

Ki(xy) = (L(2(@,-1)), T (¥-1))

and the kernel KJ’- of L’j is

Ki(x,y) = (L(? (¥5-1)), (P, 1)) ) -
We plan to prove that
Kj(x,y)| + 2 |VKj(x,y)| <Cn(A+Bg)2Y(1+2]x—y)™ %, (8.5.23)

noting that an analogous estimate holds for Kj(x,y). Once (8.5.23) is established,
Exercise 8.5.2 and the conditions

Lj(1) =AjLSj(1) =AjL(1) =0,  Lj(1)=Sj-1LAj(1) =0,

yield the hypotheses of Proposition 8.5.3. Recalling (8.5.20), the conclusion of this
proposition yields (8.5.21).

To prove (8.5.23) we quickly repeat the corresponding argument from the proof
of Theorem 8.3.3. We consider the following two cases: If [x —y| <5-21, then the
weak boundedness property gives

(L@ ), 2 )] = (L0 (@) 1)), 7% 1)
< Cal|U o2

since ¥ and t2'~X) (@), whose support is contained in B(0, 1) +B(0,5) C B(0,10),
are multiples of normalized bumps. This proves the first of the two estimates in
(8.5.23) when [x —y| <5-27,

We now turn to the case [x —y| > 5-271. Then the functions 7¥(®,-;) and
7*(¥,-) have disjoint supports, and so we have the integral representation

Kj(x,y):/Rn Rn(I)Zﬂ-(v—y)K(u7v)‘f’2ﬂ-(u—x)dudv.



8.5 An Almost Orthogonality Lemma and Applications 233

Using that ¥ has mean value zero, we can write the previous expression as
oo [ @0 = ) (K (W) = KO) - (0 =) dudl.

We observe that [u — x| < 27T and |[v—y| <27 in the preceding integral. Since
[x—y| >5-27J, this makes [u—v| > |[x—y| —2-27) > 2-27J, which implies that
[u—x| < %|u —v|. Using the regularity condition (8.1.2), we deduce
x —ul® 218
[K(u,v) —K(x,v)| < A|u _yjn+d <CpsA X y|nd

Inserting this estimate in the preceding double integral, we obtain the first estimate
in (8.5.23). The second estimate in (8.5.23) is proved similarly. O

8.5.4 Pseudodifferential Operators

We now turn to another elegant application of Lemma 8.5.1 regarding pseudodiffer-
ential operators. We first introduce pseudodifferential operators.

Definition 8.5.5. Letme Rand 0 < p,6 < 1. A €™ function o(x,£) on R" x R" is
called a symbol of class Sg 5 if for all multi-indices « and 3 there is a constant B, g
such that ’

05 0L o(x,8)] < By p(1+E|)" PRI, (8.5.24)

Foro € S%, the linear operator
To(1)00 = [ 0(e&)F()e™ ae
JRn

initially defined for f in . (R") is called a pseudodifferential operator with symbol

o (%)

Example 8.5.6. The paraproduct P, introduced in the previous section is a pseudo-
differential operator with symbol

— 3 Aj( -igy, (8.5.25)

jez

It is not hard to see that the symbol oy, satisfies
1029F 0n(x, )| < By p|E[ P11 (8.5.26)

for all multi-indices o and B. Indeed, every differentiation in x produces a factor
of 21, while every differentiation in & produces a factor of 2~ i, But since ¥ is
supported in % 21 < |E| < 2-21, it follows that |E| ~ 2], which yields (8.5.26).
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It follows that oy is not in any of the classes S‘";ﬁ introduced in Definition 8.5.5.

However, if we restrict the indices of summation in (8.5.25) to j > 0, then |E| ~
1+ (€| and we obtain a symbol of class 82’1. Note that not all symbols in 88’1 give

rise to bounded operators on L2. See Exercise 8.5.6.
An example of a symbol in SJ'; is (1+ 1£]2)2(M+1) when m,t € R.

We do not plan to embark on a systematic study of pseudodifferential operators
here, but we would like to study the L2 boundedness of symbols of class 8870.

Theorem 8.5.7. Suppose that a symbol ¢ belongs to the class S o- Then the pseu-
dodifferential operator T with symbol o, initially defined on Y(R”) has a bounded
extension on L?(R").

Proof. In view of Plancherel’s theorem, it suffices to obtain the L2 boundedness of
the linear operator

To(F)(x) = /R (k&) ()P de (8.5.27)

We fix a nonnegative smooth function ¢ (&) supported in a small multiple of the unit
cube Qo = [0,1]" (say in [ 3, '?]") that satisfies

> e(x—j)=1, xeR". (8.5.28)
jezn

For j,k € Z" we define symbols
Ojk(X,8) = p(x—j)o(x,.5)e(E —k)

and corresponding operators T; given by (8.5.27) in which o (x, &) is replaced by
ojk(x,&). Using (8.5.28), we obtain that

To= Y Tk
j,kezn

where the double sum is easily shown to converge in the topology of .(R"). Our
goal is to show that for all N € Z* we have

ITTiwe e SO+ — 0]+ k=K, (8.5.29)
I TikTi el ez SOn@A+[1— [+ k=K[) "V, (8.5.30)

where Cy depends on N and n but is independent of j, j’, k,k'.
We note that

T Tk (X)) = | Kjkjw(xy) f(y)dy,
JRN

where
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Kis i (%.Y) = / 0k (2,X) 010 (2,y)e2T0 2 d7 (8.5.31)
JRN
We integrate by parts in (8.5.31) using the identity

(| _AZ)N(eZniz-(yfx))

e27riz-(y7x) _
(1+4m2x—yPPN 7

and we obtain the pointwise estimate

e 1= 40 plz - Dota)otey)ot - 1)

for the integrand in (8.5.31). The support property of ¢ forces |j — j’'| < c, for some
dimensional constant cy; indeed, ¢, = 2/n suffices. Moreover, all derivatives of
and ¢ are controlled by constants, and ¢ is supported in a cube of finite measure.
We also have 1+ [x —y| ~ 1+ |k — K/|. It follows that

Cno(x—K)o(y—K)
K jr i (Y] < (1+ k=K
0 otherwise.

when |j— j'| <cp,

We can rewrite the preceding estimates in a more compact (and symmetric) form as

Cano(x—K)o(y—K)

Ki ik (X < . . s
Kjjr e (%:Y)] < (L+|j— J'| + kKN

from which we easily obtain that

CnN
su Ki ki (X, y)[dy < . , 8.5.32
Xean Rn| jkik (Y dy < (L4 [j— |+ [k— K] ( )
' C
sup | [Kjjrae (%, y)]dx < ( "N (8.5.33)
o Rk

yeRn. T+ 1=+ k=K
Using the classical Schur lemma in Appendix 1.1, we obtain that

CaN

HTifkTJ'Ck’HLZ—»LZ = (L4 1]j—j/|+ k—K|)2N’

which proves (8.5.29). Since p = 6 = 0, the roles of the variables x and & are sym-
metric, and (8.5.30) can be proved in exactly the same way as (8.5.29). The almost
orthogonality Lemma 8.5.1 now applies, since

1 1 1
. < < o0
j,gzn\/(lﬂnﬂk”m ,-ezznkezzn (L+1iD)? (1+k)?

for N > 2n + 2, and the boundedness of T on L2 follows. O
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Remark 8.5.8. The reader may want to check that the argument in Theorem 8.5.7
is also valid for symbols of the class Sg’p whenever 0 < p < 1.

Exercises

8.5.1. Prove that any bounded linear operator S : H — H satisfies

2 x
[ = 158" 11—pa-
8.5.2. Show that if a family of kernels K; satisfy (8.5.10) and

A2(n+1)]

VK O6Y) |+ [VyK(x,y)] < (14 2i[x—y|)n+o

for all x,y € R", then conditions (8.5.11) and (8.5.12) hold with y = 1.

8.5.3. Prove the boundedness of the Hilbert transform using Lemma 8.5.1 and with-
out using the Fourier transform. _

[Hint: Pick a smooth function n supported in [1/2,2] such that ¥jczn(271x) =1
for x # 0 and set K (x) = x~1n(27J|x|) and Hj(f) = f K. Note that Hj = —Hj. Es-
timate ||HHjl| >, 2 bY [|[KixKjl| 1 < [[KixKj|| - Isupp (Ki #Kj)|. When j <k, use
the mean value property of K; and that || K|, .. <C2~2to obtain that || Ky Kj]| .. <
C2-2+1, Conclude that ||HcH;j|| ., <C2 117K ]

8.5.4. For a symbol o(x,£) in Sg,o- let k(x,z) denote the inverse Fourier transform
(evaluated at z) of the function o(x, -) with x fixed. Show that for all x € R", the
distribution k(x, -) coincides with a smooth function away from the origin in R"
that satisfies the estimates

|07 AP k(x,2)| < Co 512l 1P,

and conclude that the kernels K(x,y) = k(x,x —y) are well defined and smooth func-
tions away from the diagonal in R?" that belong to SK(1,A) for some A > 0. Con-
clude that pseudodifferential operators with symbols in Sgo are associated with stan-
dard kernels. '

[Hint: Consider the distribution (970 (x, -))" = (—2miz)k(x, -). Since 8go(x,§)
is integrable in & when |y| > n+1, it follows that k(x, -) coincides with a smooth
functionon R™\ {0}. Next, set oj(x,&) = o(x, E)P(27i&), where W is as in Section
8.4 and k; the inverse Fourier transform of oj in z. For |y| = M use that

(—2niz)"9* 9L ki (x,2) = /R 91 ((2mi&)Pagoy(x,&)) 247 dg

to obtain |8X‘"85Bkj (X,2)| < By ¢p20"21%/(2Jnz|)~M and sum over j € Z.]
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8.5.5. Prove that pseudodifferential operators with symbols in Sg,o that have com-
pact support in x are elements of CZO(1,A,B) for some A,B > 0.
[Hint: Write

o100 = [, ( [, 3@8)T@eeag Jemada,

where 6(a,&) denotes the Fourier transform of o(x, ) in the variable x. Use inte-
gration by parts to obtain sup; |[6(a,&)| < Cn(1+ |aj)~N and pass the L? norm in-
side the integral in a to obtain the required conclusion using the translation-invariant
case. |

8.5.6. Let (&) be a smooth bump on R that is supported in 272 < &l < 22 and is
equal to 1 on 2= << 24 Let

o(x,&) = kzl e 272552 E )

Show that ¢ is an element of 5?4 on the line but the corresponding pseudodifferen-

tial operator Ty is not L2 bounded.
[Hint: To see the latter statement, consider the sequence of functions fy(x) =

>N . &ez”izkxh(x), where h(x) is a Schwartz function whose Fourier transform
is supported in the set |&| < 1. Show that | fnll 2 < Cllh||2 but ||To(fn)] 2 >
clogN|fh||, . for some positive constants ¢,C.]

8.5.7. Prove conclusions (i) and (ii) of Lemma 8.5.1 if hypothesis (8.5.1) is replaced
by
HTJ'*TKHHHH + HTJ'Tk*HHHH <I(jk),

where I" is a nonnegative function on Z x Z such that

sup ¥ /T (j.k) =A< co.

] kez

8.5.8. Let {T; }1cr+ be a family of operators mapping a Hilbert space H to itself.
Assume that there is a function y: R™ x R* — Rt U {0} satisfying

o d
Ayzsup/ V(t,s) ¥ < oo
t>0J0 S

such that
[T Tl + [T < ()

forall t,sin R™. [An example of a function with A, < e is y(t,s) = min (}, ‘S)S for
some € > 0.] Then prove that for all 0 < € < N we have

N_ dt
T H <A,
‘/g R TR
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8.6 The Cauchy Integral of Calderdn and the T (b) Theorem

The Cauchy integral is almost as old as complex analysis itself. In the classical
theory of complex analysis, if I" is a curve in C and f is a function on the curve, the

Cauchy integral of f is given by
(Y
2mi /r {—z dé.

One situation in which this operator appears is the following: If I" is a closed simple
curve (i.e., a Jordan curve), Q. is the interior connected component of C\ I'", Q_
is the exterior connected component of C\ I', and f is a smooth complex function
on I', is it possible to find analytic functions F, on 2, and F_ on Q_, respectively,
that have continuous extensions on I" such that their difference is equal to the given
f on I'? It turns out that a solution of this problem is given by

Fow) = o [ [ Chae wean,

" F_(w) = ! f(C)dC weQ
)= g fr g S WER

We are would like to study the case in which the Jordan curve I" passes through
infinity, in particular, when it is the graph of a Lipschitz function on R. In this case
we compute the boundary limits of F. and F_ and we see that they give rise to a
very interesting operator on the curve I'. To fix notation we let

A:R—R

be a Lipschitz function. This means that there is a constant L > 0 such that for all
X,y € R we have |A(x) — A(y)| < L|x —y|. We define a curve

y: R—C

by setting
¥(X) = x+1A(X)

and we denote by
I'={y(x): xeR} (8.6.1)

the graph of y. Given a smooth function f on I" we set

1 f(&)
F(w)_zni/rC_WdC, WeC\T. (8.6.2)

We now show that for z € I', both F(z+i6) and F(z—i8) have limitsas 6 | O,
and these limits give rise to an operator on the curve I" that we would like to study.
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8.6.1 Introduction of the Cauchy Integral Operator along a
Lipschitz Curve

For a smooth function f on the curve I" and z € I" we define the Cauchy integral of
fatzas

OO W ALY 8539
er
\ReC€R92\>£

assuming that f(&) has some decay as |{| — oo. The latter assumption makes the
integral in (8.6.3) converge when |Re { — Rez| > 1. The fact that the limit in (8.6.3)
exists as € — 0 for almost all z € I" is shown in the next proposition.

Proposition 8.6.1. Let I" be as in (8.6.1). Let f({) be a smooth function on I" that
has decay as |{| — . Given f, we define a function F as in (8.6.2) related to f.
Then the limit in (8.6.3) exists as € — 0 for almost all z € I" and gives rise to a well
defined operator € (f) acting on such functions f. Moreover, for almost allz e I
we have that

limF(2+i6) = ;Qtr(f)(z)—;f(z), (8.6.4)
limF(2-15) = ;€r(f)(z)+; f(2). (8.6.5)

Proof. We show first that the limitin (8.6.3) existsase —0.Forze I"'and0< e < 1
we write

S L SRR B

Ti o {—z Ti or {—z
|[Re{—Rez|>¢e |[Re{—Rez|>1
1 (f(§)—f(2)dg
* o CE/F £—z (8.6.6)

e<|Re{—Rez|<1

f(2) dg
+ i / -z’

ter
e<|Re{—Rez|<1

By the smoothness of f, the middle term of the sum in (8.6.6) has a limitas € — 0.
We therefore study the third (last) term of this sum.

We consider two branches of the complex logarithm: first 1og,,, e, (2) defined for
zin C\ {0} minus the negative imaginary axis normalized so that log,,,per (1) = 0;
this logarithm satisfies 109, per (1) = ’;i and 109, per(—1) = mi. Second, 109 gyer (2)
defined for z in C\ {0} minus the positive imaginary axis normalized so that
10g)wer (1) = 0; this logarithm satisfies 10g;gyer (—1) = — %' and 10g;gper (—1) = — 7.
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Lett=Rezandt =Re(;thenz=y(t) = 7+iA(7) and { = y(t). The function
Ais Lipschitz and thus differentiable almost everywhere; consequently, the function
y(t) = T+iA(7) is differentiable a.e. in 7 € R. Moreover, (1) = 1+iA(t) #0
whenever y is differentiable at 7. Fix a T = Rez at which v is differentiable.

We rewrite the last term in the sum in (8.6.6) as

! Y (1) € 7(t)
/8 y(t+ 1) — (1) dt+ /_1 Yt +1)— (1) dt. (8.6.7)

The curvet— y(t+ 1) — y(1t) =t+i(A(t+ ) —A(7)) lies in the complex plane mi-
nus a small angle centered at the origin that does not contain the negative imaginary
axis. Using the upper branch of the logarithm, we evaluate (8.6.7) as

f,(rzi) [logupper (Y(1+ 1) — ¥(7)) — 10y pper (Y(€+T) — (1))

— 10Gy pper (Y(—1+7) = Y(7)) +10Gupper ((—+7) — (7))
= IOgupper (Y(T - 8) - Y(T)) - IOgupper (Y(E + T) - Y(T))

Yt &)~ (%)
= 1Buprer 3¢ 1) (1)
)

This expression converges to 10, per (— ;/,Eg) =10g,pper(—1) = im as e — 0. Thus

the limitin (8.6.6), and hence in (8.6.3), exists as € — 0 for almost all z on the curve.
Hence ¢ (f) is a well defined operator whenever f is a smooth function with decay
at infinity.

We proceed with the proof of (8.6.4). For fixed 6 > 0and 0 < &€ < 1 we write

. 1 (&)
Fz+i0) = o i / £—z-is 9

ter
|[Re{—Rez|>¢e
1 f(&) -1
+ ., . S dg
2mi / —z—ié 6.
o ¢ (8.6.8)
|[Re{—Rez|<e
1 1
1@ 5 / rz-igd¢
ter
|[Re{—Rez|<e

With T = Rez, the last term in the sum in (8.6.8) is equal to

LT SR
/s Y+ 1) — () +i) " /_1 Y+ 1) — (r(1) +i8) O (8.6.9)
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Since 6 > 0, the curve y(t+7) — (y(7)+1i0) lies below the curvet — y(t+ 1) — (1)
and therefore outside a small angle centered at the origin that does not contain the
positive imaginary axis. In this region, 10g,,,.r iS an analytic branch of the loga-
rithm. Evaluation of (8.6.9) yields

f(z)
27i lo lower

y(e+17)—7y(t)—id
Y(—e+71)—y(7)—i6"

So, taking limitsas § | 0 in (8.6.8), we obtain that

Q$Fa445)=2ii / 9 4¢
ter
|[Re{—Rez|>¢ (8.6.10)
1 HO-1@) 4, @) rr+e)—v(r)
+27ri /1_ £—z dg+ o 109 uer y(t—¢)— (1) )
\ReggeRez\gs

in which z = y(7) = 7+ iA(t) and both integrals converge absolutely.

Up until this point, € € (0,1) was arbitrary and we may let it tend to zero. In doing
so we first observe that the middle integral in (8.6.10) tends to zero because of the
smoothness of f. But for almost all 7 € R, the limit as € — 0 of the logarithm in

(8.6.10) is equal to l0g;gyer (— ;Eg) = 100,gwer (—1) = —mi. From this we conclude

that for almost all z € I we have

. . - .
Q%F@+45y:£%zii C/ C@ldg+¢(nzi#—nn, (8.6.11)
er
|[Re{—Rez|>¢

which proves (8.6.4).
The only difference in the proof of (8.6.5) is that log,, e, is replaced by 10g;qyer,
and for this reason (—i) should be replaced by =i in (8.6.11). O

Remark 8.6.2. If we let F, be the restriction of F on the region above the graph I
and let F_ be the restriction of F on the region below the graph I'", we have that F,.
and F_ have continuous extensions on I'", and moreover,

Fi—F =—f,

where f is the given smooth function on the curve. We also note that the argument
given in Proposition 8.6.1 does not require f to be smoother than %.
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8.6.2 Resolution of the Cauchy Integral and Reduction of ItsL?
Boundedness to a Quadratic Estimate

Having introduced the Cauchy integral - as an operator defined on smooth func-
tions on the graph I" of a Lipschitz function A, we turn to some of its properties. We
are mostly interested in obtaining an a priori L? estimate for ¢ -. Before we achieve
this goal, we make some observations. First we can write & as

e (H)(c+A) = lim

/ H(y +IAY) (L +IAY))

yHIAY) —x—iap) B (8812

[x—y|>¢
where the integral is over the real line and H is a function on the curve I". (Recall

that Lipschitz functions are differentiable almost everywhere.) To any function H
on I" we can associate a function h on the line R by setting

h(y) =H(y+iA(y)).

We have that
1
JH®Edy= [ Ihg)Ra+ WmPiay = [ he)Py

for some constants that depend on the Lipschitz constant L of A. Therefore, the
boundedness of the operator in (8.6.12) is equivalent to that of the operator

o h(y)(1+iA(y))
Cr(hx) = lim . / y —X+i(A(y) — A(x

d 8.6.13
[x—y|>€ ) ' ( !

acting on Schwartz functions h on the line. It is this operator that we concentrate on
in the remainder of this section. We recall that (see Example 8.1.6) the function

1

y —x+i(A(y) —A(x))
defined on R x R\ {(x,X) : x € R} is a standard kernel in SK(1,cL) for some ¢ > 0.
We note that this is not the case with the kernel

1+iA'(y)

y = x+i(A(y) —A(x)’
for conditions (8.1.2) and (8.1.3) fail for this kernel, since the function 1 + iA’ does
not possess any smoothness. [Condition (8.1.1) trivially holds for the function in

(8.6.14).] We note, however, that the LP boundedness of the operator in (8.6.13) is
equivalent to that of

(8.6.14)
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~ o1 h(y)
Cre) =l / y—x+i(Aly) —Ax) D (86.15)

[x—y|>€

since the function 14 iA’ is bounded above and below and can be absorbed in h.
Therefore, the L2 boundedness of Cr- is equivalent to that of G-, which has a kernel
that satisfies standard estimates. This equivalence, however, is not as useful in the
approach we take in the sequel. We choose to work with the operator Cr, in which
the appearance of the term 1 +iA/(y) plays a crucial cancellation role.

In the proof of Theorem 8.3.3 we used a resolution of an operator T with standard

kernel of the form d
o S
JAA
0 S

where P; and Qs are nice averaging operators that approximate the identity and
the zero operator, respectively. Our goal is to achieve a similar resolution for the
operator Cr defined in (8.6.13). To achieve this, for every s > 0 we introduce the
auxiliary operator

erixs) = - [
R

h(y)(1+iA(y))
Y= X+ i(Aly) — AX)) +is (86.16)

defined for Schwartz functions h on the line. We make two preliminary observations
regarding this operator: For almost all x € R we have

SILanr(h)(x;s) =0, (8.6.17)
!mer(h)(x;s) = Cr(h)(x) +h(x). (8.6.18)

Identity (8.6.17) is trivial. To obtain (8.6.18), for a fixed £ > 0 we write

h(y)(1+iA'(y))
y—X+i(Ay) —A(X)) +is

er(h)(xs) = © /

Tl
X=y|>¢e

1 (h(y) —=h(x)) (1 +iA'(y))
T / Y= X+ i(A(Y) — AX)) +is (86.19)

x-yl<e
1 e+i(A(x+¢e)—AX))+is
i CJUPPEr o i(A(x — ) — A(X)) +is’

dy

+h(x)

where log,, . denotes the analytic branch of the complex logarithm defined in the
proof of Proposition 8.6.1. We used this branch of the logarithm, since for s > 0,
the graph of the function y — y +i(A(y +x) — A(x)) + is lies outside a small angle
centered at the origin that contains the negative imaginary axis.

We now take successive limits first as s — 0 and then as € — 0 in (8.6.19). We
obtain that
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/‘ h(y)(1+iA'(y))
Y XHIAY) —AX)

e+i(A(x+¢e)—AX))
”‘(X)Lo i 10%upper o 4 i(A(x— £) — A(X))

limer(h)(xs) = lim ! dy
S—

Since this expression inside the logarithm tends to —1 as € — 0, this logarithm tends
to i, and this concludes the proof of (8.6.18).
We now consider the second derivative in s of the auxiliary operator Cr(h)(x;s).

e d? ds
2 .
/0 & o Crs)
oo d2
=/, d2 Cr(h)(x;s)ds

SIerjosc?sGr(h)(x;s)—!msssep(h)(x;s)—/ow (?s(?p(h)(x;s)ds
= 00+ limer(h)(xs) — lim e (N)(x;5)
= Cr(h)(x) +h(x),

where we used integration by parts, the fact that for almost all x € R we have

lim Sc?s Cr(h)(x;s) = !i_rgsc?s Cr(h)(x;s) =0, (8.6.20)

S—o00

and identities (8.6.17) and (8.6.18) whenever h is a Schwartz function. One may
consult Exercise 8.6.2 for a proof of the identities in (8.6.20). So we have succeeded
in writing the operator Cr-(h) + h as an average of smoother operators. Precisely, we
have shown that for h € .(R) we have

d2 ds

er(h)(x) +h(x) = /0 LoCrms) . (8.6.21)
and it remains to understand what the operator
d2 h . h n .
42 Cr(M0as) = Er () (xs)

really is. Differentiating (8.6.16) twice, we obtain

er()+h) = [ sern)x9)

— 4 / wszep(h)”(x;Zs)
_ th 1+|A’(y)) ds
N m/ / (y—x—+i(A(y) —A(x ))+2is)3dys

_ // s?H (¢ Cds
T i —z+2|s s’

ds
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where in the last step we set z = x + iA(X), H(z) = h(x), and we switched to com-
plex integration over the curve I". We now use the following identity from complex
analysis. For {,z € I' we have

1 1 1 1
(C —Z+2i3)3 - _47L'| A‘ (C — W+ iS)Z (W—Z—|— iS)z dWa (8622)

for which we refer to Exercise 8.6.3. Inserting this identity in the preceding expres-
sion for Cr(h)(x) + h(x), we obtain

=2 [ ([ )]

recalling that z = x4 iA(x). Introducing the linear operator

/ 6s(x,y) h(y) dy, (8.6.23)

wher
ere s

(y =X+ i(A(y) — A(X)) +is)2”’ (8.6.24)

Bs (va) =

we may therefore write

Cr(h)(x)+h(x)=— ;2 /Ow O5((1+iA")Os((1+iA)h))(x) dss . (8.6.25)
We also introduce the multiplication operator
My (h) = bh,
which enables us to write (8.6.25) in a more compact form as
er(h)=-n- 5 JRCTCA ) . (8.6.26)

This gives us the desired resolution of the operator Cr. It suffices to obtain an L?
estimate for the integral expression in (8.6.26). Using duality, we write

ds

) ds n00
</0 OsMy 1jaOsMy_iar (D) R ,g>=/0 (My4inOsMyia (h), 65(9)) G

which is easily bounded by
= ds
VI [ 0Muin ()20

< \/1+|_2</ |©sMyiar (h Hz ds) </ |©s(g Hz ds)

We have now reduced matters to the following estimate:
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1
o0 d 2
(/0 losh)% :) <]l (©:6.27)

We derive (8.6.27) as a consequence of Theorem 8.6.6 discussed in Section 8.6.4.

8.6.3 A Quadratic T (1) Type Theorem

We review what we have achieved so far and we introduce definitions that place
matters into a new framework.

For the purposes of the subsequent exposition we can switch to R", since there
are no differences from the one-dimensional argument. Suppose that for all s > 0,
there is a family of functions 6 defined on R" x R" such that

1 A
18s(x,¥)| < s (8.6.28)
(14 \Xsy\)
and Al "
y-y
16506y) — Bs(x.Y)I < o (8.6.29)

for all x,y,y’ € R" and some 0 < y,8,A < . Let ©s be the operator with kernel 6,
that is,

O:(n(x) = [ 8:xy)h(y)dy. (8.6.30)

which is well defined for all hin (J; < p..LP(R") in view of (8.6.28).

At this point we observe that both (8.6.28) and (8.6.29) hold for the 65 defined
in (8.6.24) with y =6 = 1 and A a constant multiple of L. We leave the details of
this calculation to the reader but we note that (8.6.29) can be obtained quickly using
the mean value theorem. Our goal is to figure out under what additional conditions
on Os the quadratic estimate (8.6.27) holds. If we can find such a condition that is
easily verifiable for the ©; associated with the Cauchy integral, this will conclude
the proof of its L? boundedness.

We first consider a simple condition that implies the quadratic estimate (8.6.27).

Theorem 8.6.3. For s > 0, let 6; be a family of kernels satisfying (8.6.28) and
(8.6.29) and let ©; be the linear operator whose kernel is 6s. Suppose that for all
s > 0 we have

6s(1) =0. (8.6.31)

Then there is a constant C,, 5 such that for all f € L? we have

1
oo d 2
(/0 les(1)]% :) < Cos f]|2- (6:6.32)
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We note that condition (8.6.31) is not satisfied for the operators ©s associated
with the Cauchy integral as defined in (8.6.23). However, Theorem 8.6.3 gives us
an idea of what we are looking for, something like the action of ©s on a specific
function. We also observe that condition (8.6.31) is “basically” saying that © (1) =

0, where y
0= / o,
0 S

Proof. We introduce Littlewood—Paley operators Qs given by convolution with a
smooth function ¥ = Sln ¥ () whose Fourier transform is supported in the annulus
5/2 < |&| < 2s that satisfies

/ 0% ds— Im/ des (8.6.33)

£—0

where the limit is taken in the sense of distributions and the identity holds in
' (R") /2. This identity and properties of & imply the operator identity

ds ds
a-6a| &=/ ax?.
The key fact is the following estimate:
. /S ¢
||(.-)[QSHL2*>|_2 S ACI’L‘P min (t ) S) ) (8634)

which holds for some € = £(y,8,n) > 0. [Recall that A, 7, and o are as in (8.6.28)
and (8.6.29).] Assuming momentarily estimate (8.6.34), we can quickly prove The-
orem 8.6.3 using duality. Indeed, let us take a function G(x,t) such that

IN

/Ow/Rn IG(x,t)[2dx T <1. (8.6.35)
Then we have
| [ sxvenoa
-
=///Gxt@[Qs>()dtds
(

[ [ etoaamin(3 ) %)
([ [ [ es@umopamn(® ) -4,

But we have the estimate
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> /s t\eds
sup mln( , ) <Cg,
t>0 0 t S S

which, combined with (8.6.35), yields that the first term in the product of the two
preceding square functions is controlled by +/C.. Using this fact and (8.6.34), we
write

I [ stxvenmax
- VC(/:/O/R ©Qu(Qs(1) (0 Palxrmin (5, 1) d:)%
nvel [ [ Lo dxmmc,;)”mm(:az)*‘1“’:f
e[ [ /ans ;1) 4%)
<cA( [, launiopor )

< CoeAllf]l.2

where in the last step we used the continuous version of Theorem 5.1.2 (cf. Exercise
5.1.4). Taking the supremum over all functions G(x,t) that satisfy (8.6.35) yields
estimate (8.6.32).

It remains to prove (8.6.34). What is crucial here is that both & and Qs satisfy
the cancellation conditions & (1) = 0 and Qs(1) = 0. The proof of estimate (8.6.34)
is similar to that of estimates (8.5.14) and (8.5.15) in Proposition 8.5.3. Using ideas
from the proof of Proposition 8.5.3, we quickly dispose of the proof of (8.6.34).

The kernel of 6;Q;s is seen easily to be

Lis(cy) = [ Gx2)¥a(z—y)dz.

Notice that the function (y,z) — ¥(z —y) satisfies (8.6.28) with 6 =1 and A =Cy

and satisfies
Cy 27|

sh s
forall z,7’,y € R" for some Cy < 0. We prove that

Ws(z—y) - —y)| <

t 1 mind.0) piny,8,1)
sup [ ILus(x.y)|dy < CyA mm( ,i)““*“‘"‘“‘” , (8.6.36)
Xe

t LML) min(y.8.1)
sup |Lts(x y)|dx < CyA mln(s,:)4 ey . (8.6.37)

yeRn



8.6 The Cauchy Integral of Calderon and the T (b) Theorem 249

Once (8.6.36) and (8.6.37) are established, (8.6.34) follows directly from the lemma
in Appendix 1.1 with € = § "L min(y,8,1).
We begin by observing that when s <t we have the estimate

© sT"min(2, (t71u])?)
fo

s) Imin(y,1)

du gCn(t

(8.6.38)

Also when t < s we have the analogous estimate

7 "min(2,57|u|) t\ zmin(8.1)
’ du<cC : 8.6.39
./Rn (L4t-Yupn+s ~ = ”(s) ( )

Both (8.6.38) and (8.6.39) are trivial reformulations or consequences of (8.5.18).
We now take s <t and we use that Qs(1) = 0 for all s > 0 to obtain

L)l = | [ iz )z

= ’/R” [6:(x,2) — 6(x,y)| Ws(z—y) dz

min(2,(ttjz—y|)7) s"
< CA d
=50 Jan tn (L+sLz—y)n+t
1 /sy zmin(y.l)
!
- C”Atn (t)
/1 1NNt sy amin(r8.1)
< /
< ciamin(.3)"min(.7)

using estimate (8.6.38). Similarly, using (8.6.39) and the hypothesis that ©;(1) =0
forall t > 0, we obtain fort <s,

L)l = | [ dcaniz- )z

[ @x.2)[#(z—y) — Ha(x-y)] dz

-n H -1y
< xCA/ t min(2,s™+|x z|)dz
RY (14t-1x —z[)n+o sn

Sln (i) Imin(s,1)

/1 A\ ./t s\ 3min(r8.1)
C,QAmm( , ) mm( , )2 )
t’s s’ t

IN

C/A

IN

Combining the estimates for |Lys(X,Yy)| in the preceding cases t <s and s <t with
the estimate
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CAmin(L, 1y

t’s
)n+m|n (6,1)°

Lyl < [ 18 0x2)| ¥4z —y)|dz < _
Jro (1+min(},L)x—y|

which is a consequence of the result in Appendix K.1, gives
I mm(t 5)%m|n(y6 1)(1- B)Amm(l 1)

ILes(oy)] < N
((x+min(t, Bx—y

B
>n+m|n (8, l))

forany 0 < 8 <1.Choosing B = (n+ % min(§,1))(n+min(8,1))~* and integrating
over x or y yields (8.6.36) and (8.6.37), respectively, and thus concludes the proof
of estimate (8.6.34). O

We end this subsection with a small generalization of the previous theorem that
follows by an examination of its proof. The simple details are left to the reader.

Corollary 8.6.4. For s > 0 let ©; be linear operators that are uniformly bounded on
L?(R") by a constant B. Let ¥ be a Schwartz function whose Fourier transform is
supported in the annulus 1/2 < |x| < 2 such that the Littlewood—Paley operator Qs
given by convolution with ¥(x) = s~"¥(s~1x) satisfies (8.6.33). Suppose that for
some Cp y, A, € < oo,

. t
161Qs]| 2, 2 < AChymin (f S)g (8.6.40)

is satisfied for all t,s > 0. Then there is a constant C, y ¢ such that for all f € L2(R")

we have
d
([10REEY <creas o)l

8.6.4 AT (b) Theorem and the L> Boundedness of the Cauchy
I ntegral

The operators ©; defined in (8.6.23) and (8.6.24) that appear in the resolution of
the Cauchy integral operator Cr- do not satisfy the condition ©s(1) = 0 of Theorem
8.6.3. It turns out that a certain variant of this theorem is needed for the purposes of
the application we have in mind, the L? boundedness of the Cauchy integral operator.
This variant is a quadratic type T (b) theorem discussed in this subsection. Before
we state the main theorem, we need a definition.

Definition 8.6.5. A bounded complex-valued function b on R" is said to be accretive
if there is a constant ¢y > 0 such that Reb(x) > ¢, for almost all x € R".

The following theorem is the main result of this section.
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Theorem 8.6.6. Let 6; be a complex-valued function on R" x R" that satisfies
(8.6.28) and (8.6.29), and let ©s be the linear operator in (8.6.30) whose kernel
is 0s. If there is an accretive function b such that

Os(b) =0 (8.6.41)

for all s > 0, then there is a constant C,(b) such that the estimate

, dsh
(/0 los(f)]]12 :) IR (8.6.42)

holds for all f € L2.
Corollary 8.6.7. The Cauchy integral operator € maps L?(R) to itself.

The corollary is a consequence of Theorem 8.6.6. Indeed, the crucial and impor-
tant cancellation property
Os(1+iA") =0 (8.6.43)

is valid for the accretive function 1+ iA’, when ©; and 6 are as in (8.6.23) and
(8.6.24). To prove (8.6.43) we simply note that

- B s(1+iA'(y))dy
Os(1+IA)(x) = /R (v = X+ i(AY) — AX)) +is)?
—3 y=-toeo
- [y—x—H(A(y)—A(x))Jris
=0-0=0.

y=—oc0

This condition plays exactly the role of (8.6.31), which may fail in general. The
necessary “internal cancellation” of the family of operators ©s is exactly captured
by the single condition (8.6.43).

It remains to prove Theorem 8.6.6.

Proof. We fix an approximation of the identity operator, such as
P00 = [ @u(x=y) Fy)ay,

where @s(x) = s~"®(s71x), and @ is a nonnegative Schwartz function with integral
1. Then Ps is a nice positive averaging operator that satisfies Ps(1) = 1 for all s > 0.
The key idea is to decompose the operator ©; as

6 = (95 - M@s(l)PS) + Moy (1)Ps (8.6.44)

where Mg, (1 is the operator given by multiplication by ©s(1). We begin with the
first term in (8.6.44), which is essentially an error term. We simply observe that

(@s —Moy(1) Ps) (1) = 65(1) — 65(1) Ps(1) = 65(1) — O5(1) = 0.
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Therefore, Theorem 8.6.3 is applicable once we check that the kernel of the operator
Os — Mg,(1)Ps satisfies (8.6.28) and (8.6.29). But these are verified easily, since the
kernels of both ©s and Ps satisfy these estimates and ©s(1) is a bounded function
uniformly in s. The latter statement is a consequence of condition (8.6.28).

We now need to obtain the required quadratic estimate for the term Mg, (1)Ps.
With the use of Theorem 7.3.7, this follows once we prove that the measure

dedS
S

|65(1)(x)]
is Carleson. It is here that we use condition (8.6.41). Since ©s(b) = 0 we have
Ps(b) ©5(1) = (Ps(b) ©5(1) — OsPs(b)) + (OsPs(b) — Gs(b)) . (8.6.45)

Suppose we could show that the measures

04(6)0 — BsPu(b) 0 X% (8.6.46)
OR()(X) ~ Pub) X (L0 ©6.47)

are Carleson. Then it would follow from (8.6.45) that the measure

2dxds
S

|Ps(b) (x) (1) (x)|

is also Carleson. Using the accretivity condition on b and the positivity of Ps we
obtain
|Ps(b)| > RePs(b) = Ps(Reb) > Ps(co) = co,

P
from which it follows that |©s(1)(x)|? < cq2|Ps(b)(x) ©5(1)(x)|?. Thus the measure
|85(1)(x)|?dxds/s must be Carleson.
Therefore, the proof will be complete if we can show that both measures (8.6.46)
and (8.6.47) are Carleson. Theorem 7.3.8 plays a key role here.
We begin with the measure in (8.6.46). First we observe that the kernel

Ls(x,y) = ./I;" 0s(X,2)Ds(z —y)dz

of ©;P; satisfies (8.6.28) and (8.6.29). The verification of (8.6.28) is a straightfor-
ward consequence of the estimate in Appendix K.1, while (8.6.29) follows easily
from the mean value theorem. It follows that the kernel of

Rs::Ck“CER

satisfies the same estimates. Moreover, it is easy to see that Rs(1) = 0 and thus
the quadratic estimate (8.6.32) holds for R in view of Theorem 8.6.3. Therefore,
the hypotheses of Theorem 7.3.8(c) are satisfied, and this gives that the measure in
(8.6.46) is Carleson.
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We now continue with the measure in (8.6.47). Here we set
Ts(F)(x) = OsPs(f) (x) = Ps(f) (x)O5(1)(x).

The kernel of Ts is Ls(x,y) — Os(1)(x)Ds(x —y), which clearly satisfies (8.6.28)
and (8.6.29), since ©s(1)(x) is a bounded function uniformly in s > 0. We also ob-
serve that Ts(1) = 0. Using Theorem 8.6.3, we conclude that the quadratic estimate
(8.6.32) holds for Ts. Therefore, the hypotheses of Theorem 7.3.8(c) are satisfied;
hence the measure in (8.6.46) is Carleson. O

We conclude by observing that if we attempt to replace ©s with 05 = OsMy in
in the resolution identity (8.6.26), then ©s(1) = 0 would hold, but the kernel of ©s
would not satisfy the regularity estimate (8.6.29). The whole purpose of Theorem
8.6.6 was to find a certain balance between regularity and cancellation.

Exercises

8.6.1. Given a function H on a Lipschitz graph I", we associate a function h on the
line by setting h(t) = H(t +iA(t)). Prove that for all 0 < p < = we have

I0liBoe) < IHNsqr) < VI+L2[I0]Foggy
where L is the Lipschitz constant of the defining function A of the graph I".

8.6.2. LetA: R — R satisfy |A(x) —A(y)| < L|x—y| forall x,y € R for some L > 0.
Also, let h be a Schwartz function on R.
(a) Show that for all s > 0 and x,y € R we have
2+ x—y|?
X—Y[2+ |A(X) — Aly) +5|

(b) Use the Lebesgue dominated convergence theorem to prove that

, <4242,

/ SLHAGDRY)
(Y —x+i(A(y) —A(x)) +is)?

IX=y|>+/s

ass — 0.

(c) Integrate directly to show thatas s — O,

s(1+iA'(y))

| /¢ (y—x+i(AW) — AR +isp Y
x—y|<\/s

for every point x at which A is differentiable.
(d) Use part (a) and the Lebesgue dominated convergence theorem to show that as



254 8 Singular Integrals of Nonconvolution Type

/ SLHRW)OM —hK) g
( .

Y —X+i(A(y) — A(X) +i5)2
Ix—y|<y/s
(e) Use part (a) and the Lebesgue dominated convergence theorem to show that as
S — oo,
[ SOrRRn) g g
JR (Y= x+i(A(y) —A(x)) +is)?
Conclude the validity of the statements in (8.6.20) for almost all x € R.

8.6.3. Prove identity (8.6.22).
[Hint: Write the identity in (8.6.22) as

1
-2 L w2
(C+is) — (z—i8)2  2ri /r (w— (¢ +is))? ™

and interpret it as Cauchy’s integral formula for the derivative of the analytic func-
tion w — (w — (z —is))~2 defined on the region above I'. If I" were a closed curve
containing § + is but not z — is, then the previous assertion would be immediate. In
general, consider a circle of radius R centered at the point { + is and the region Ug
inside this circle and above I'". See Figure 8.1. Integrate over the boundary of Ug
and letR — 00.]

Fig. 8.1 The region Ug inside the circle and above the curve.

8.6.4. Given an accretive function b, define a pseudo-inner product

(f,0)y = [ 100900 b(x)dx

JRM
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on L2. For an interval I, set by = J;b(x)dx. Let I. denote the left half of a dyadic

interval I and let Iz denote its right half. For a complex number z, let 23 —e? 10Gright 2,
where log;qr is the branch of the logarithm defined on the complex plane minus the
negative real axis normalized so that logyign; 1 = 0 [and 10gyign (£i) = £75i]. Show
that the family of functions

~1 [b(Ir)? b(l.)z
h = _
| b(l)% <b(|L)%XIL b(IR)%X|R>a

where | runs over all dyadic intervals, is an orthonormal family on L?(R) with re-
spect to the preceding inner product. (This family of functions is called a pseudo-
Haar basis associated with b.)

8.6.5. Let | = (a,b) be a dyadic interval and let 31 be its triple. For a given x € R,
let
di(x) = min (]x —al,[x — b|,|x— 33°]) .

Show that there exists a constant C such that

1 10]1|
Cr(hNX)| <Clll"2lo
er(n| <Clil2log ~y
whenever x € 31 and also
cl?
CrhpXx)| <
Crmeal= b a0

for x ¢ 31. In the latter case, d(x) can be any of a,b, a}’b.

8.6.6. (Semmes [281] ) We say that a bounded function b is para-accretive if for all
s > 0 there is a linear operator Rs with kernel satisfying (8.6.28) and (8.6.29) such
that |Rs(b)| > co for all s > 0. Let ©s and P be as in Theorem 8.6.6.

(a) Prove that ixd
2 dxas
[Rs(0) () = Rs(1) (X)Ps(b) ()|
is a Carleson measure.

(b) Use the result in part (a) and the fact that sup,.q|Rs(1)] < C to obtain that

xo(X,s)dxds/s is a Carleson measure, where

2 ={xs): IR®)] < (suplRs(1))) .

s>0

(c) Conclude that the measure |©s(1)(x) |2 dxds/s is Carleson, thus obtaining a gen-
eralization of Theorem 8.6.6 for para-accretive functions.

8.6.7. Using the operator éy defined in (8.6.15), obtain that Cr is of weak type
(1,1) and bounded on LP(R) forall 1 < p < ce.
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8.7 Square Roots of Elliptic Operators

In this section we prove an L? estimate for the square root of a divergence form
second-order elliptic operator on R". This estimate is based on an approach in the
spirit of the T (b) theorem discussed in the previous section. However, matters here
are significantly more complicated for two main reasons: the roughness of the vari-
able coefficients of the aforementioned elliptic operator and the higher-dimensional
nature of the problem.

8.7.1 Preliminaries and Statement of the Main Result

For & = (&,...,&n) € C" we denote its complex conjugate (&1,...,&y) by €. More-
over, for £, € C" we use the inner product notation

£0=Y &b
k=1

Throughout this section, A = A(x) is an n x n matrix of complex-valued L* func-
tions, defined on R", that satisfies the ellipticity (or accretivity) conditions for some
0< A <A <o, that

AE)P < Re(AX)E-&),
AM)E-El < AlElIEl,

forallx e R"and &, € C". We interpret an element £ of C" as a column vector in
C" when the matrix A acts on it.

Associated with such a matrix A, we define a second-order divergence form op-
erator

(8.7.1)

L(f) = —div(AVf) = i(?j((AVf)j), (8.7.2)
=1

which we interpret in the weak sense whenever f is a distribution.

The accretivity condition (8.7.1) enables us to define a square root operator
L1/2 = /L so that the operator identity L = v/L+/L holds. The square root oper-
ator can be written in several ways, one of which is

16
oz

dt

VL(f) /0+°°(| +eL) e (8.7.3)

We refer the reader to Exercise 8.7.3 for the existence of the square root operator
and the validity of identity (8.7.3).
An important problem in the subject is to determine whether the estimate

VL)l 2 <CaanllVEl2 (8.7.4)
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holds for functions f in a dense subspace of the homogeneous Sobolev space
L2(R"), where Cn .4 is a constant depending only on n, A, and A. Once (8.7.4)
is known for a dense subspace of L2 (R"), then it can be extended to the entire space
by density. The main purpose of this section is to discuss a detailed proof of the
following result.

Theorem 8.7.1. Let L be as in (8.7.2). Then there is a constant C,, ; 4 such that for
all smooth functions f with compact support, estimate (8.7.4) is valid.

The proof of this theorem requires certain estimates concerning elliptic operators.
These are presented in the next subsection, while the proof of the theorem follows
in the remaining four subsections.

8.7.2 Estimatesfor Elliptic Operatorson R"

The following lemma provides a quantitative expression for the mean decay of the
resolvent kernel.

Lemma 8.7.2. Let E and F be two closed sets of R" and set
d =dist(E,F),

the distance between E and F. Then for all complex-valued functions f supported
in E and all vector-valued functions f supported in E, we have

/| (1 +£2L) "1 (H)(0)[2dx < Ce‘ct/|f ()2 dx, (8.7.5)
/|tV(|+t2L)— (H)Rdx < Ce et /E|f(x)|2dx, (8.7.6)
/ (1 +2L) Yt div T ) ()| dx < Ce—C?/E|F(x)|2dx, 8.7.7)

where ¢ =¢(4,A), C=C(n,A,A) are finite constants.

Proof. It suffices to obtain these inequalities whenever d >t > 0. Let us set uy =
(1+t2L)~1(f). Forall v € L2(R") we have

/utvdx+t2/ AVut-Vvdx:/ fvdx.
RN RN RN

Let n be a nonnegative smooth function with compact support that does not meet E
and that satisfies ||n||.~ = 1. Taking v = u; n? and using that f is supported in E,
we obtain

/ |ut|2n2dx+t2/ AVu; - Vi nzdx:—ZtZ/ A(MVu) - wVndx.
R RN R
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Using (8.7.1) and the inequality 2ab < ¢|a|?> + e ~|b|?, we obtain for all € > 0,
/|ut|2n2dx+)Lt2/ Vw2 n2dx
R R
gAth/ |Vut|2n2dx+As’lt2/ e 2V 2 dx,
R R
and this reduces to
2112 A% 21vn |2
[ tulmPdxcs 5 [ upivniax (8.7.8)
R R

by choosing £ = *. Replacing n by €7 — 1 in (8.7.8), where

o VA
24|V

yields
" 1 "
/Rn|ut|2|ek”—1|2dx§ . /Rn|ut|2|ek”|2dx. (8.7.9)

Using that [ek7 — 1|2 > 7|ek"|2 — 1, we obtain
/ |Ut|2|ekn|2dX§4/ |ut|2dx§4c/|f|zdx,
RN RN E

where in the last estimate we use the uniform boundedness of (1 +t2L)~* on L?(R")
(Exercise 8.7.2). If, in addition, we have n = 1 on F, then

2 [ ufax< [ jufeox,

and picking 1 so that || Vn ||~ ~ 1/d, we conclude (8.7.5).
Next, choose € = A /2A and 1 as before to obtain

/ VU2 dx < / tVue[2n2dx
JF JRN

2A%t?
<90 wRivnx
Rn
d "
< Ct2d 2"t / 12 dx,
JE

which gives (8.7.6). Finally, (8.7.7) is obtained by duality from (8.7.6) applied to
L* = —div(A*V) when the roles of E and F are interchanged. O

Lemma 8.7.3. Let Mt be the operator given by multiplication by a Lipschitz func-
tion f. Then there is a constant C that depends only on n, A, and A such that

| [(1+2L) 71 Mt ] || o2 < CL||VE (8.7.10)

I
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and
V(1 +12L) M ] || oo <C || VE| - (8.7.11)

for allt > 0. Here [T,S] = TS — ST is the commutator of the operators T and S.

Proof. Set b = AVf, d = AV and note that the operators given by pointwise
multiplication by these vectors are L? bounded with norms at most a multiple of
C||Vf]| .. Write

[(1+2L) "M ] = —(1+t2L) 1 [(1+2L), M¢ ] (1 +t2L) F
= —(1+t2L) " 2(divb+d- V) (1 +t2L) 2

The uniform L? boundedness of (I +t?L)~1 tV(1 +t?L)~! and (I +t?L)~1tdiv on
L2 (see Exercise 8.7.2) implies (8.7.10). Finally, using the L2 boundedness of the
operator t?V(l 4t2L)~div yields (8.7.11). a

Next we have a technical lemma concerning the mean square deviation of f from
(14+t2L)71

Lemma 8.7.4. There exists a constant C depending only onn, A, and A such that for
all Q cubes in R" with sides parallel to the axes, for all t < ¢(Q), and all Lipschitz
functions f on R" we have

o L l0+EL (D~ fiax < v (67.12)
Q

! / IV((1+82L) 1 (f) — £)2dxx < C||V |7 (8.7.13)
IQl /o

Proof. We begin by proving (8.7.12), while we omit the proof of (8.7.13), since it is
similar. By a simple rescaling, we may assume that £(Q) = 1 and that ||V ||~ = 1.
Set Qo = 2Q (i.e., the cube with the same center as Q with twice its side length) and
write R" as a union of cubes Qy of side length 2 with disjoint interiors and sides
parallel to the axes. Lemma 8.7.2 implies that

1+t (1) =1

in the sense that
lim (1+12L) Y (ng) =

—00

in L2 .(R"), where nr(x) = n(x/R) and n is a smooth bump function with n = 1
near 0. Hence, we may write

(2L 7HHX) - Fx) = Y, (1+120) 71 (F = F(X)xq) (X) = Y, G(X

kezn kezn

The term for k = 0 in the sum is [(I +t2L) ", M¢](q, ) (X). Hence, its L%(Q) norm
is controlled by Ct|| xq, || 2 by (8.7.10). The terms for k # 0 are dealt with using the
further decomposition
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9k(%) = (1+t2L) 1 ((F = (i) o) () + (F () — () (1 +12L) " () (%),

where xy is the center of Q. Applying Lemma 8.7.2 for (I +t?L)~* on the sets
E = Qx and F = Q and using that f is a Lipschitz function, we obtain

el 2 Il
/Q|gk|2dx§Ct2e © xadlliz =Ct?e ¢ T 2"Q).

The desired bound on the L%(Q) norm of (1 +t2L)~1(f) — f follows from these
estimates, Minkowski’s inequality, and the fact thatt <1 = ¢(Q). O

8.7.3 Reduction to a Quadratic Estimate

We are given a divergence form elliptic operator as in (8.7.2) with ellipticity con-
stants A and A in (8.7.1). Our goal is to obtain the a priori estimate (8.7.4) for
functions f in some dense subspace of LZ(R").

To obtain this estimate we need to resolve the operator v/L as an average of
simpler operators that are uniformly bounded from L2 (R") to L?(R"). In the sequel
we use the following resolution of the square root:

dt
t )

VL(f) = f/ow(|+t2|_)—3t3L2(f)

in which the integral converges in L2(R") for f € €5°(R"). Take g € %5°(R") with

llgll 2 = 1. Using duality and the Cauchy-Schwarz inequality, we can control the
. 2

quantity | (vL(f)|g)|" by

256 ( [ 20t (= 2 dt
S 0B ) ([ ol ¢, e

where we set
Ve = t2L% (1 12L%) 2

Here L* is the adjoint operator to L and note that the matrix corresponding to L*
is the conjugate-transpose matrix A* of A (i.e., the transpose of the matrix whose
entries are the complex conjugates of the matrix A). We explain why the estimate

2 dt 2
L Iv@ 5 <cllll (37.15)
is valid. Fix a real-valued function ¥ € ¢;°(R") with mean value zero normalized

so that d
C s

JACIa
0 S
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for all £ € R" and define ¥(x) = sln ¥ (%). Throughout the proof, Qs denotes the
operator
Qs(h) =hx«¥s. (8.7.16)

" 2 ds 2
| le@liEz S = ol
for all L? functions g.

We obtain estimate (8.7.15) as a consequence of Corollary 8.6.4 applied to the
operators V; that have uniform (in t) bounded extensions on L2(R™). To apply Corol-
lary 8.6.4, we need to check that condition (8.6.40) holds for ©; = V;. Since

Obviously we have

ViQs = — (1 +t2L*) 2t2divA*VQs,
we have
. t
MQs| 2 < (14 2L7) 7 22diVAT | 2 o[V Qs[| ez <C 0 (87.47)

with C depending only onn, 4, and A. Choose ¥ = A¢ with ¢ € ¢;°(R") radial so
that in particular, ¥ = divh. This yields Qs = sdivRs with Rs uniformly bounded;
hence

[ViQs || 22 < [IPL*(1+2L%) " 2div || 2, o] |SRs]| 2 2 <ct, (8.7.18)

with C depending only onn, 4, and A.

Combining (8.7.17) and (8.7.18) proves (8.6.40) with ©& = V;. Hence Corollary
8.6.4 is applicable and (8.7.15) follows.

Therefore, the second integral on the right-hand side of (8.7.14) is bounded, and
estimate (8.7.4) is reduced to proving

JA(ERE S szt<c/ V1 [2dx (8.7.19)
RN

forall f € €5°(R").

8.7.4 Reduction to a Carleson Measure Estimate

Our next goal is to reduce matters to a Carleson measure estimate. We first intro-
duce some notation to be used throughout. For C"-valued functions f = (f1,..., f)

define
n n

=3 > (1+t2L) Moj(ajk fi) -

k=1j=1
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In short, we write Z = —(I +t2L)~'tdivA. With this notation, we reformulate
(8.7.19) as
|z ||20|t <c [ vffdx. (8.7.20)
Also, define
n
#0) =210 = (- Z (2L (@000 ), .

where 1 is the n x n identity matrix and the action of Z; on 1 is columnwise.
The reduction to a Carleson measure estimate and to a T (b) argument requires
the following inequality:

S 100 -PECVO) 0~ 22(V) 00

where C depends only onn, A, and A. Here, P; denotes the operator

2 dxtdt gc/Rn Vgl2dx,  (8.7.21)

Pi(h) =hxp, (8.7.22)

where p(x) =t "p(t~1x) and p denotes a nonnegative smooth function supported
in the unit ball of R" with integral equal to 1. To prove this, we need to handle
Littlewood-Paley theory in a setting a bit more general than the one encountered in
the previous section.

Lemma 8.7.5. For t > 0, let U; be integral operators defined on L?(R") with mea-
surable kernels L;(x,y). Suppose that for some m > n and for ally e R"and t > 0
we have

| x—yI\*" 2 gy < 11
/Rn 1+ ILe(x,y)[2dx < t. (8.7.23)

Assume that for any ball B(y,t), U; has a bounded extension from L*(R") to
L2(B(y,t)) such that for all f in L~(R") and y € R" we have

1

2
tn /B(y,t) U ()P dx < [|F](. (8.7.24)

Finally, assume that U;(1) = 0 in the sense that

Ut(xsor) =0  in L%(B(y,t)) (8.7.25)

asR — e forallye R"andt > 0.
Let Qs and P be as in (8.7.16) and (8.7.22), respectively. Then for some o > 0
and C depending on n and m we have

_tos\@
[UtRQs|| 2 2 < Cmin (S, f) (8.7.26)

and also
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t o
HUthHLzﬁngC(S) . t<s. (8.7.27)

Proof. We begin by observing that U;"U; has a kernel K;(x,y) given by

Ki(x,y) = /R" Lt(z,x)Lt(z,y)dz.

The simple inequality (1+a+b) < (1+a)(1+b) for a,b > 0 combined with
m

the Cauchy-Schwarz inequality and (8.7.23) yield that (1+ ‘X;y‘) IKe(X,y)| is

bounded by

m m
Lo (1) e (147 ) ay <o

We conclude that
1 x=y[\ "
IKe(x,y)] < - 1+ t . (8.7.28)
Hence U;*U; is bounded on all LP, 1 < p < 4o, and in particular, for p = 2. Since

L? is a Hilbert space, it follows that U; is bounded on L?(R™) uniformly int > 0.

Fors <t we use that ||Ut|| » > < B < e and basic estimates to deduce that

S\&
VR Qs x < BIAQs] 2 e <CB (7).
Next, we consider the case t <s. Since P, has an integrable kernel, and the kernel
of UjU satisfies (8.7.28), it follows that Wy = U;"UiPR has a kernel that satisfies a

similar estimate. If we prove that W;(1) = O, then we can deduce from standard
arguments that whent <'s we have

t\ 2o
[WeQs||22 <C (S) (8.7.29)
for 0 < o < m—n. This would imply the required estimate (8.7.26), since
UPQs||F2 2 = [|QERUFURQs| 2 > < C|UFURQs]| 5o -

We have that W; (1) = U;*Uy (1). Suppose that a function ¢ in L2(R") is compactly
supported. Then ¢ is integrable over R" and we have

Uu() | e) = dim (UfUt(xsor) @) = F!i_ijo<Ut (Xe0R) |Ut()).
We have
(Ut(xsor)) Ut (0 /Rn /R“ (xB(0,R)) Ut (X,y)o(y)dydx,

and this is in absolute value at most a constant multiple of
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(tn/Rn/Rn <1+'X;y')

by (8.7.23) and the Cauchy-Schwarz inequality for the measure |@(y)|dydx. Using
a covering in the x variable by a family of balls B(y + ckt,t), k € Z", we deduce
easily that the last displayed expression is at most

(z/ (4 k) <,k>|<p<y>|dy> ,
kezn

where C,, is a constant that depends on ¢ and

—2m

1
2 1
|Ut(?CB(o,R))(X)|2|(P(Y)|dydx) H‘PHE:l

cr(y, k :t’”/ U x)[2dx.
R(Y:K) B(erckt7t>| k(XB(0,R)) (X)]

Applying the dominated convergence theorem and invoking (8.7.24) and (8.7.25) as
R — oo, we conclude that (U7Ui(1)| @) = 0. The latter implies that UfUt(1) = 0.
The same conclusion follows for W, since P (1) = 1.

To prove (8.7.27) when t < s we repeat the previous argument with W; = Uy*U.
Since Wi (1) = 0 and W; has a nice kernel, it follows that (8.7.29) holds. Thus

2 i 2a
||UtQS||L2~>L2 = ||Q§Ut*UtQSHLZ*>LZ S CHUt*UtQSHLZHLZ SC (S) .
This concludes the proof of the lemma. O

Lemma 8.7.6. Let B ﬂbe as in Lemma 8.7.5. Then the operator U; defined by
Ut(F)(X) =% (X)-R(F)(x) —ZtR( F)(x) satisfies

oo dt =
| oR ¢ <l f

where C depends only on n, A, and A. Here the action of B, on f is componentwise.

Proof. By the off-diagonal estimates of Lemma 8.7.2 for Z; and the fact that p has
support in the unit ball, it is simple to show that there is a constant C depending on
n, A, and A such that forall y € R",

1/ Ik (x)[Pdx<C (8.7.30)
t" JB(yt)

and that the kernel of C~1U; satisfies the hypotheses in Lemma 8.7.5. The conclu-
sion follows from Corollary 8.6.4 applied to U;P. O

We now return to (8.7.21). We begin by writing

1(X)-PE(VE)(X) — Ze(Vg) (x) = UR (V) (x) + Zt(R? — 1)(Vg) (x),
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and we prove (8.7.21) for each term that appears on the right. For the first term we
apply Lemma 8.7.6. Since P commutes with partial derivatives, we may use that

HZtVHLZHB = H(I +t2L)7ltLHL2HL2 <Ct,

L[ 1ot
(p)[IVall3

by Plancherel’s theorem, where C depends only on n, A, and A. This concludes the
proof of (8.7.21).

and therefore we obtain for the second term

L[z -nmgeor

IN

| /\

Lemma 8.7.7. The required estimate (8.7.4) follows from the Carleson measure es-

timate dxd
sup|Q|// (x))? X t<oo, (8.7.31)

where the supremum is taken over all cubes in R" with sides parallel to the axes.

Proof. Indeed, (8.7.31) and Theorem 7.3.7 imply

-~ dxdt
] P00 weo T <c [ vgtax
RnJo t RO

and together with (8.7.21) we deduce that (8.7.20) holds. O

Next we introduce an auxiliary averaging operator. We define a dyadic averaging
operator S? as follows:

SN0 = gy [, T ) 20100,

where Qj is the unique dyadic cube contained in Q that contains x and satisfies
10(Q)) <t < €(Q,). Notice that S is a projection, i.e., it satisfies SPSC = S¢. We
have the following technical lemma concerning SIQ.

Lemma 8.7.8. For some C depending only on n, 4, and A, we have

“Q } )
L oo e@-rinop O <c [ e @73

Proof. We actually obtain a stronger version of (8.7.32) in which the t-integration
on the left is taken over (0,+o). Let Qs be as in (8.7.16). Set & = y - (S¢ — P?).
The proof of (8.7.32) is based on Corollary 8.6.4 provided we show that for some
o >0,

.ot
0Qufjz <Cmin (1)
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Suppose first that t <'s. Notice that 6;(1) = 0, and thus (8.7.25) holds. With the
aid of (8.7.30), we observe that @ satisfies the hypotheses (8.7.23) and (8.7.24) of
Lemma 8.7.5. Conclusion (8.7.27) of this lemma yields that for some o > 0 we have

H@[QSHLZ—»LZ <C (';)06.

We now turn to the case s < t. Since the kernel of P, is bounded by ct™"y,_y|<,
condition (8.7.30) yields that %P, is uniformly bounded on L? and thus

1%PEQull2 o <ClIRQslz 2 <C75

It remains to consider the case s <'t for the operator Uy = % -S?. We begin by
observing that Uy is L? bounded uniformly in t > 0; this follows from a standard
U;"U; argument using condition (8.7.23). Secondly, as already observed, StQ is an
orthogonal projection. Therefore, we have

H(% 'SP)QSHLz_,Lz H(% 'SP)SPQSHLZ_,LZ
158Qs/l,2.i2

152122 1962 12
Cs*t™%.

IN N IA

IN

The last inequality follows from the facts that for any o in (0, %), Qs maps the
homogeneous Sobolev space L2 to L2 with norm at most a multiple of Cs® and
that the dyadic averaging operator S2 maps L2(R") to L2 (R") with norm Ct~¢,
The former of these statements is trivially verified by taking the Fourier transform,
while the latter statement requires some explanation.

Fixan o € (0, 3) and take h,g € L2(R"). Also fix j € Zsuchthat2~1-? <t <2-1.
We then have

(S22 ).0)= 3 ((=4)% (), 20, () (Avgg) ).

JikEQ Jjk

where Jj = IT7_;[27kr, 27 (ke + 1)) and k = (Kq, ..., Kn). It follows that

(SP-a)ih).0) = 3 (h(Avg9) (-4)F (13,000
JikEQ ik
=(h, ¥ 2%(Avg0) (~4)% (101 @' () ).

JjkEQ Jjk

Set yo = (—A)2 (Xj0,1)n)- We estimate the L2 norm of the preceding sum. We have
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_ : 2
/ Y. 2*(Avg g)xa(ZJx—k)‘ dx
R ikcq

Jj,k

— 220{]‘7“]‘
R"

Y (Avgg) x&(x—k)‘zdx

JixCQ ik
:22aj—nj/ Y e —2mk§ Avgg ’ ()2 dE
R JikEQ

_ p2aini / zmkémvgg)\ > [XalE+DPdE
01"y %0 Ik lezn

gzz‘“—”l'/ 3 ek (Avg g)} d& sup > [xa(E+1)
(02" JjKkEQ Jjk £el0,1]"1ezn

=22y }Avgg| C(n,a)?
kez" Jjk

where we used Plancherel’s identity on the torus (Proposition 3.1.16) and we set

Cna)’= sup Y [xal&+D.
Eel0,2)"1ezn

Since _
_ 672m1§r

_ w1
(=1 T e,

it follows that C(n, o) < .o when 0 < o < % In this case we conclude that

. . 1
|(s2(=4)2(h),g)| < c(n,a)||n][,2"*(2™ T |Avgg|*)
kezn Jjk
< C'f[hflt™*[lgf|.2

and this implies that HSt , <Ct~“and hence the required conclusion. [

HLZ L2

8.7.5 The T (b) Argument

To obtain (8.7.31), we adapt the T (b) theorem of the previous section for square
roots of divergence form elliptic operators. We fix a cube Q with center cq, an
€ (0,1), and a unit vector w in C". We define a scalar-valued function

fow = (1+(££(Q))°L) *(Pg-w), (8.7.33)

where
(DQ (X) =X— CQ .
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We begin by observing that the following estimates are consequences of Lemma
8.7.4:

/ |16 — Po - W[2dx < C1e20(Q)?[Q)| (8.7.34)
Jsg'

and _
/ |5(f5,w—@Q'W)|2dX§C2IQI, (8.7.35)
J5Q ’

where C1,C, depend on n, A, A and not on ¢, Q, and w. It is important to observe
that the constants C;,C, are independent of €.

The proof of (8.7.31) follows by combining the next two lemmas. The rest of this
section is devoted to their proofs.

Lemma 8.7.9. There exists an € > 0 depending on n, A, A, and a finite set .% of
unit vectors in C" whose cardinality depends on € and n, such that

sup|Q| / / 2dxdt

s S REA L

where C depends only on €, n, A, and A. The suprema are taken over all cubes Q in
R" with sides parallel to the axes.

2 dxdt

Lemma 8.7.10. For C depending only onn, A, A, and € > 0, we have

// 0+ (SEV i) )\detdt <clQl. (8.7.36)

We begin with the proof of Lemma 8.7.10, which is the easiest of the two.

Proof of Lemma 8.7.10. Pick a smooth bump function Zq localized on 4Q
and equal to 1 on 2Q with || 25|~ +4(Q)||V2q/|,~ < cn. By Lemma 8.7.5 and
estimate (8.7.21), the left-hand side of (8.7.36) is bounded by

2 “Q) 2 dxdt
¢ [ Vil a2 [ [ w0 e
2 dxdt
<c [ [V(Zofgu)] dx+4// V(2o

It remains to control the last displayed expression by C|Q|.
First, it follows easily from (8.7.34) and (8.7.35) that

[, V(i e <cal.

where C is independent of Q and w (but it may depend on €). Next, we write
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ZiV (2018 w) =W +WE + W,

where

Wl = (1+t2L) 71t (20L(f,))

t Q Qw//»

W2 = —(I+t2L) 1t (div (Af§,,V 2q)) ,

W2 = —(I+t2L) Mt (AVIEE,, - V.20)
and we use different arguments to treat each term Wtj.

To handle W, observe that

f& —@Q~W
L(f&) = O

( Q,W) EZZ(Q)Z )
and therefore it follows from (8.7.34) that

/Rn | 26L(f5.)7 <C|Q|(e£(Q)) 2,

where C is independent of Q and w. Using the (uniform in t) boundedness of the
operator (1 4-t2L)~1 on L?(R"), we obtain

Q) dxdt ‘Q) C|Q|t> dt _C|Q
1 2
b P ST < [ Gt S e

which establishes the required quadratic estimate for W,!.

To obtain a similar quadratic estimate for W2, we apply Lemma 8.7.2 for the
operator (I +t°L)~*tdiv with sets F = Q and E = supp (f§,,V2q) C 4Q\ 2Q. We
obtain that 7

¢(Q) dxdt Q) yo dt
20,112 < -« e 2
/Q/O w2912 7 7c/0 e &L g ATRRY 20l A

The first integral on the right provides at most a constant factor, while we handle the
second integral by writing

f(%,wz (fé,w—(pQ~W)—|—(PQ-W.

Using (8.7.34) and the facts that ||V 25| .. < cn/(Q)~" and that |@q| < c¢y/(Q) on
the support of Zq, we obtain that

|AfE, V20l2dx <C|Q),
Lo ATEwY 2ol dx <ClQl

where C depends only on n, A, and A. This yields the required result for W2.
To obtain a similar estimate for W;2, we use the (uniform in t) boundedness of
(1+t?L)~t on L?(R") (Exercise 8.7.2) to obtain that
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dxdt Q) dt
// W3 ()2 <c/ {2 AV, -V Zo[2dx.
4Q\2Q '

But the last integral is shown easily to be bounded by C|Q| by writing f'S ,as in
the previous case, and using (8.7.35) and the properties of Zq and @q. Note that c
here depends only on n, A, and A. This concludes the proof of Lemma 8.7.10. O

8.7.6 The Proof of Lemma 8.7.9

It remains to prove Lemma 8.7.9. The main ingredient in the proof of Lemma 8.7.9
is the following proposition, which we state and prove first.

Proposition 8.7.11. There exists an € > 0 depending on n, A, and A, and n =
n(e) > 0 such that for each unit vector w in C" and each cube Q with sides parallel
to the axes, there exists a collection ., = {Q’} of nonoverlapping dyadic subcubes
of Q such that

(1-n)|QJ, (8.7.37)
Qe

and moreover, if .7, is the collection of all dyadic subcubes of Q not contained in
any Q' € ., then for any Q" € ., we have

1 3

Q| Q,,RE(Vf&W(y)-W)dyZ A (8.7.38)
and L

Q| /Q VIS w(y)dy < (4) 2. (8.7.39)

Proof. We begin by proving the following crucial estimate:

<Ce?|Q), (8.7.40)

‘/ (1= VI8, (0) - w)dx
0 .
where C depends on n, 4, and A, but not on €, Q, and w. Indeed, we observe that
V(®q-w)(x)-w = |w]> =1,
so that
1-— Vfévw(x) W= Vgaw(x) ‘W,
where we set
Jow(X) = Po(X) - W— f§ (X).

Next we state another useful lemma, whose proof is postponed until the end of
this subsection.
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Lemma 8.7.12. There exists a constant C = Cy, such that for all h € L2 we have

o] <crars ()’ {pmr)

Applying Lemma 8.7.12 to the function gaw, we deduce (8.7.40) as a conse-
quence of (8.7.34) and (8.7.35).

We now proceed with the proof of Proposition 8.7.11. First we deduce from
(8.7.40) that

17 ) ,
Q| ./Q Re(Viguw() -w)dx=> o

provided that € is small enough. We also observe that as a consequence of (8.7.35)
we have

1
o /Q|Vf5’W(x)|2dx§C3,

where Cjz is independent of . Now we perform a stopping-time decomposition to
select a collection ., of dyadic subcubes of Q that are maximal with respect to
either one of the following conditions:

|(;/| /Q/ Re(Vfé’W(X)-W)d& < i (8.7.41)
|é,|/Q,|Vf5,W(X)|2dX > (4e) 2. (8.7.42)

This is achieved by subdividing Q dyadically and by selecting those cubes Q' for
which either (8.7.41) or (8.7.42) holds, subdividing all the nonselected cubes, and
repeating the procedure. The validity of (8.7.38) and (8.7.39) now follows from the
construction and (8.7.41) and (8.7.42).

It remains to establish (8.7.37). Let B, be the union of the cubes in .#;, for which
(8.7.41) holds. Also, let B, be the union of those cubes in .%, for which (8.7.42)
holds. We then have

U Q| <Bil+Bal.
Qe

The fact that the cubes in ., do not overlap yields
Bal < (4)? [ [V1§, (0P dx < (4)CalQ).
0 ,
Setting by, (x) = 1 —Re(V{§,,(x) -w), we also have

By| < 4 / b dx:4/b8 dx—4/ £ dx, (8.7.43)
B Z-Q/ v Jo o Qe

where the sum is taken over all cubes Q' that comprise B;. The first term on the right
in (8.7.43) is bounded above by Ce? |Q] in view of (8.7.40). The second term on the
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right in (8.7.43) is controlled in absolute value by
4Q\ By +4|Q\ By|? (Cs[QI)? < 4/Q\ By|+4Ca?|Q| +£72|Q\ Bal.
Since |Q\ B1| = |Q| — |B1], we obtain
(5+& 2)[By| < (4+Ce2 +£2)[Q],
which yields [B;| < (1 — €2 +0(£%))|Q| if € is small enough. Hence
Bl < (1—n(e)IQl

with n(e) = g2 for small . This concludes the proof of Proposition 8.7.11. O
Next, we need the following simple geometric fact.

Lemma 8.7.13. Let w,u,v be in C" such that |w| = 1 and let 0 < € < 1 be such that

u—(u-ww| < glu-wj, (8.7.44)
Re(v-w) > j, (8.7.45)
Iv| < (4e)7t. (8.7.46)

Then we have [u] < 4|u-v|.
Proof. It follows from (8.7.45) that

Su-w| < [(u-w)(v-w)|. (8.7.47)
Moreover, (8.7.44) and the triangle inequality imply that
u<@4e)fu-wl <2ju-wl. (8.7.48)
Also, as a consequence of (8.7.44) and (8.7.46), we obtain
[(u—(u-ww)-v| < X u-wl. (8.7.49)

Finally, using (8.7.47) and (8.7.49) together with the triangle inequality, we deduce
that

Ju-v] = [(u-w)(v-w)| = [(u—(u-w)w) - v| > (§ = g)u-w| > ;ul,

where in the last inequality we used (8.7.48). O

We now proceed with the proof of Lemma 8.7.9. We fix an € > 0 to be chosen
later and we choose a finite number of cones %, indexed by a finite set .% of unit
vectors w in C" defined by

Guw={ueC": ju—(u-ww| <elu-w|}, (8.7.50)
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so that

- U %

we.F
Note that the size of the set .% can be chosen to depend only on & and the dimension
n.
It suffices to show that for each fixed w € .% we have a Carleson measure estimate
for % w(X) = x%, (#(X)) % (x), where y, denotes the characteristic function of 4.
To achieve this we define

1 1 Q@ dxdt
Ay = sup / / I 02 X (8.7.51)
Q |Q| JQJo t

where the supremum is taken over all cubes Q in R" with sides parallel to the axes.
By truncating % w(x) for t small and t large, we may assume that this quantity is
finite. Once an a priori bound independent of these truncations is obtained, we can
pass to the limit by monotone convergence to deduce the same bound for % v (X).

We now fix a cube Q and let .7 be as in Proposition 8.7.11. We pick Q" in .7
and we set

1 n
V= o /Q”Vfaw(y)dy ecCn.

It is obvious that statements (8.7.38) and (8.7.39) in Proposition 8.7.11 yield condi-
tions (8.7.45) and (8.7.46) of Lemma 8.7.13. Set u = % w(X) and note that if x € Q”

and 5£(Q") <t < £(Q"), thenv = S?(Vfé’w)(x); hence
[Haw(¥)] < 4] %w () -SAVIEL) ()] <4|%(x)-SE(VIEW(X)|  (8.7.52)

from Lemma 8.7.13 and the definition of % w(X).

We partition the Carleson region Q x (0, £(Q)] as a union of boxes Q' x (0,£(Q’)]
for Q' in %, and Whitney rectangles Q" x (5£(Q"),£(Q")] for Q" in .#. This
allows us to write

// |2dxdt // |2dxdt
Qe '

(" P dxdt
Q” - i Q// ’

First observe that

Q’ dxdt ,
S L maor P < 3 Adiaua-mial
Qe

Qe

Second, using (8.7.52), we obtain
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AR dxdt
) // (07
Qiesy’ Q' 24Q")
// K0S,
QII y// Q
dxdt
// )-SAVISW00R T

Altogether, we obtain the bound

// X dxdt

<Aw(l—7 |Q|+16// )-SRV ) (%)

X)[2 dxdt

, dxdt
¢

We divide by |Q|, we take the supremum over all cubes Q with sides parallel to
the axes, and we use the definition and the finiteness of Ay, to obtain the required
estimate

dxdt
AW<1617‘1sup|Q| // )- SV 1) (X)[2

thus concluding the proof of the lemma. a
We end by verifying the validity of Lemma 8.7.12 used earlier.

Proof of Lemma 8.7.12. For simplicity we may take Q to be the cube [—1,1]".
Once this case is established, the case of a general cube follows by translation and

rescaling. Set
3 3
- (/ |h(x)|2dx> . M= (/ |Vh(x)|2dx)
Q Q

If M > M/, there is nothing to prove, so we may assume that M < M’. Taket € (0,1)
and ¢ € 65°(Q) with ¢(x) =1 when dist (x,dQ) >tand 0 < ¢ <1, |Vo||L- <C/t,
C = C(n); here the distance is taken in the L* norm of R". Then

/ Vh(x)dx:/(1—(p(x))Vh(x)dx—/ h(x)Ve(x) dx,
JQ Q Q
and the Cauchy—Schwarz inequality yields

‘/QVh(x)dx

Choosing t = M/M’, we conclude the proof of the lemma. O
The proof of Theorem 8.7.1 is now complete. 0

<C(M'tz +Mt~2).
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Exercises

8.7.1. Let A and L be as in the statement of Theorem 8.7.1.
(a) Consider the generalized heat equation

u .
ot div(AVuU) =0

on R with initial condition u(0,x) = uo. Assume a uniqueness theorem for solu-
tions of these equations to obtain that the solution of the equation in part (a) is

u(t,x) =e 't (up).
(b) Take ug = 1 to deduce the identity
et =1

forall t > 0. Conclude that the family of {e*"},~¢ is an approximate identity, in the
sense that

lime ™t =1.
t—0

8.7.2. Let L be as in (8.7.2). Show that the operators

L = (1+t20) 7,
Ly = tV(I+t°L) L,
L3 = (1+t°L) ttdiv

are bounded on L?(R") uniformly in t with bounds depending only onn, A, and A.
[Hint: The L? boundedness of L3 follows from that of L, via duality and integra-
tion by parts. To prove the L? boundedness of Ly and Ly, let uy = (I +t2L)~1(f).
Then u; +t2L(u;) = f, which implies [gn |u¢|2dX +t2 [qn Ut L(Up) dX = fgn Ut fdX.
The definition of L and integration by parts yield [gn |u|?dX +t2? [gn AVU; Vi dx =
Jrn Ut Tdx. Apply the ellipticity condition to bound the left side of this identity from
below by [gn |Ut|>dX+ A [gn [tVU|2dX. AlSO [qn Ut T dX is at most €2 fon | F|2dX +
€ Jqn |Ut|?dx by the Cauchy-Schwarz inequality. Choose & small enough to com-
plete the proof when |[u|| > < e. In the case ||u|| , = e, multiply the identity
U +1t2L(w) = f by ugnr, where ng is a suitable cutoff localized in a ball B(0,R),
and use the idea of Lemma 8.7.2. Then let R — .

8.7.3. Let L be as in the proof of Theorem 8.7.1.
(a) Show that for all t > 0 we have

(1+t2L%) 72 = /we’u“HZL)udu
0

by checking the identities
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/w(l +12L)2e U0y gy = /we*”('HZL)(I +t2L)%udu =1
0 0

(b) Prove that the operator
_4 / L(1 +t2L)~2dt
r Jo
satisfies TT = L.
(c) Conclude that the operator

Jroo
5= 16/ BL2(1 +12L)"
T Jo

5 dt

satisfies SS =L, that is, S is the square root of L. Moreover, all the integrals converge
in L2(R") when restricted to functions in f € €5°(R").

[Hint: Part (a): Write (I Ft2L)e U+l — -3 (e~u(+t"L)) "apply integration by
parts twice, and use Exercise 8.7.1. Part (b): Write the integrand as in part (a) and
use the identity

/ / —(uP st 2 Gt s — 4(uv)’%/me"zLL22rdr.
0

Setp =r?andusee PLL = d‘:J (e7PL). Part (c): Show that T = S using an integration
by parts starting with the identity L = § (tL).]

8.7.4. Suppose that u is a measure on R”jl. For a cube Q in R" we define the tent

T(Q) of Q as the set Q x (0,£(Q)). Suppose that there exist two positive constants
o < 1 and B such that for all cubes Q in R" there exist subcubes Q;j of Q with
disjoint interiors such that

L |Q\U;Qi| > @@l
2.1(T@\U;T@)) <BIQL
Then p is a Carleson measure with constant

B
Jufl, < B

[Hint: We have

IN

u(T@) < p(T@AVUTQ)) +Zu(T@)
i J

BIQI+ [, Tl
J

IN
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and the last expression is at most (B + (1 — a)||u|,,)[|Q|. Assuming that ||u||, <
oo, We obtain the required conclusion. In general, approximate the measure by a
sequence of truncated measures.}

HISTORICAL NOTES

Most of the material in Sections 8.1 and 8.2 has been in the literature since the early develop-
ment of the subject. Theorem 8.2.7 was independently obtained by Peetre [254], Spanne [286], and
Stein [290].

The original proof of the T (1) theorem obtained by David and Journé [103] stated that if T (1),
T!(1) arein BMO and T satisfies the weak boundedness property, then T is L? bounded. This proof
is based on the boundedness of paraproducts and is given in Theorem 8.5.4. Paraproducts were first
exploited by Bony [28] and Coifman and Meyer [81]. The proof of L2 boundedness using condition
(iv) given in the proof of Theorem 8.3.3 was later obtained by Coifman and Meyer [82]. The
equivalent conditions (ii), (iii), and (vi) first appeared in Stein [292], while condition (iv) is also due
to David and Journé [103]. Condition (i) appears in the article of Nazarov, Volberg, and Treil [245]
in the context of nondoubling measures. The same authors [246] obtained a proof of Theorems
8.2.1 and 8.2.3 for Calderon—-Zygmund operators on nonhomogeneous spaces. Multilinear versions
of the T(1) theorem were obtained by Christ and Journé [70], Grafakos and Torres [154], and
Bényi, Demeter, Nahmod, Thiele, Torres, and Villaroya [20]. The article [70] also contains a proof
of the quadratic T (1) type Theorem 8.6.3. Smooth paraproducts viewed as bilinear operators have
been studied by Bényi, Maldonado, Nahmod, and Torres [21] and Dini-continuous versions of
them by Maldonado and Naibo [225].

The orthogonality Lemma 8.5.1 was first proved by Cotlar [94] for self-adjoint and mutually
commuting operators T;. The case of general noncommuting operators was obtained by Knapp and
Stein [190]. Theorem 8.5.7 is due to Calderdn and Vaillancourt [49] and is also valid for symbols
of class ngp when 0 < p < 1. For additional topics on pseudodifferential operators we refer to
the books of Coifman and Meyer [81], Journé [180], Stein [292], Taylor [309], Torres [315], and
the references therein. The last reference presents a careful study of the action of linear operators
with standard kernels on general function spaces. The continuous version of the orthogonality
Lemma 8.5.1 given in Exercise 8.5.8 is due to Calderdn and Vaillancourt [49]. Conclusion (iii) in
the orthogonality Lemma 8.5.1 follows from a general principle saying that if 3 x; is a series in a
Hilbert space such that || >;c¢ Xj|| < M for all finite sets F, then the series ¥ x; converges in norm.
This is a consequence of the Orlicz—Pettis theorem, which states that in any Banach space, if 3.xn;
converges weakly for every subsequence of integers nj, then ¥ x; converges in norm.

A nice exposition on the Cauchy integral that presents several historical aspects of its study is
the book of Muskhelishvili [243]. See also the book of Journé [180]. Proposition 8.6.1 is due to
Plemelj [265] when I is a closed Jordan curve. The L? boundedness of the first commutator %3
in Example 8.3.8 is due to Calderon [42]. The L? boundedness of the remaining commutators %,
m > 2, is due to Coifman and Meyer [80], but with bounds of order m! ||A’||[L. These bounds are
not as good as those obtained in Example 8.3.8 and do not suffice in obtaining the boundedness
of the Cauchy integral by summing the series of commutators. The L2 boundedness of the Cauchy
integral when HA/HL"" is small enough is due to Calderon [43]. The first proof of the boundedness
of the Cauchy integral with arbitrary ||A/ ||L,, was obtained by Coifman, MCIntosh, and Meyer [79].
This proof is based on an improved operator norm for the commutators || %7 | 2, > <Com* ||A/HT~'

The quantity m* was improved by Christ and Journé [70] to m'+9 for any & > 0; it is announced
in Verdera [326] that Mateu and Verdera have improved this result by taking 6 = 0. Another proof
of the L2 boundedness of the Cauchy integral was given by David [102] by employing the fol-

lowing bootstrapping argument: If the Cauchy integral is L? bounded whenever ||A'|| .. < €, then
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it is also L? bounded whenever ||A’|| .. < ‘Y. A refinement of this bootstrapping technique was
independently obtained by Murai [241], who was also able to obtain the best possible bound for

the operator norm ”éF”LZ—u <c(1+ ||A/H|_w)1/2 in terms of ||A’|| ... Here Cr- is the operator
defined in (8.6.15). Note that the corresponding estimate for Cr- involves the power 3/2 instead of
1/2. See the book of Murai [242] for this result and a variety of topics related to the commutators
and the Cauchy integral. Two elementary proofs of the L2 boundedness of the Cauchy integral
were given by Coifman, Jones, and Semmes [77]. The first of these proofs uses complex variables
and the second a pseudo-Haar basis of L2 adapted to the accretive function 1+ iA’. A geometric
proof was given by Melnikov and Verdera [231]. Other proofs were obtained by Verdera [326]
and Tchamitchian [310]. The proof of boundedness of the Cauchy integral given in Section 8.6 is
taken from Semmes [281]. The book of Christ [67] contains an insightful exposition of many of
the preceding results and discusses connections between the Cauchy integral and analytic capacity.
The book of David and Semmes [105] presents several extensions of the results in this chapter to
singular integrals along higher-dimensional surfaces.

The T (1) theorem is applicable to many problems only after a considerable amount of work;
see, for instance, Christ [67] for the case of the Cauchy integral. A more direct approach to many
problems was given by MCIntosh and Meyer [224], who replaced the function 1 by an accretive
function b and showed that any operator T with standard kernel that satisfies T (b) = T'(b) =0
and ||MpT Mp||,,5 < o= must be L? bounded. (M; here is the operator given by multiplication by b.)
This theorem easily implies the boundedness of the Cauchy integral. David, Journé, and Semmes
[104] generalized this theorem even further as follows: If b; and b, are para-accretive functions
such that T maps b1 65" — (b2%;°)’ and is associated with a standard kernel, then T is L2 bounded
if and only if T(b1) € BMO, T'(h;) € BMO, and ||Mp, T My, ||,g < e This is called the T (b)
theorem. The article of Semmes [281] contains a different proof of this theorem in the special case
T (b) =0and Tt(1) = 0 (Exercise 8.6.6). Our proof of Theorem 8.6.6 is based on ideas from [281].
An alternative proof of the T (b) theorem was given by Fabes, Mitrea, and Mitrea [121] based on a
lemma due to Krein [200]. Another version of the T (b) theorem that is applicable to spaces with
no Euclidean structure was obtained by Christ [66].

Theorem 8.7.1 was posed as a problem by Kato [181] for maximal accretive operators and re-
formulated by MCIntosh [222], [223] for square roots of elliptic operators. The reformulation was
motivated by counterexamples found to Kato’s original abstract formulation, first by Lions [215]
for maximal accretive operators, and later by MCIntosh [220] for regularly accretive ones. The
one-dimensional Kato problem and the boundeness of the Cauchy integral along Lipschitz curves
are equivalent problems as shown by Kenig and Meyer [188]. See also Auscher, MCIntosh, and
Nahmod [8]. Coifman, Deng, and Meyer [73] and independently Fabes, Jerison, and Kenig [119],
[120] solved the square root problem for small peturbations of the identity matrix. This method
used multilinear expansions and can be extended to operators with smooth coefficients. MCIntosh
[221] considered coefficients in Sobolev spaces, Escauriaza in VMO (unpublished), and Alexopou-
los [3] real Holder coefficients using homogenization techniques. Peturbations of real symmetric
matrices with L™ coefficients were treated in Auscher, Hofmann, Lewis, and Tchamitchian [10].
The solution of the two-dimensional Kato problem was obtained by Hofmann and MCIntosh [164]
using a previously derived T (b) type reduction due to Auscher and Tchamitchian [9]. Hofmann,
Lacey, and MCIntosh [165] extended this theorem to the case in which the heat kernel of e~ sat-
isfies Gaussian bounds. Theorem 8.7.1 was obtained by Auscher, Hofmann, Lacey, M®Intosh, and
Tchamitchian [11]; the exposition in the text is based on this reference. Combining Theorem 8.7.1
with a theorem of Lions [215], it follows that the domain of +/L is L2(R") and that for functions f
in this space the equivalence of norms || vVL(f)|| . ~ ||V | is valid.



Chapter 9
Weighted Inequalities

Weighted inequalities arise naturally in Fourier analysis, but their use is best jus-
tified by the variety of applications in which they appear. For example, the theory
of weights plays an important role in the study of boundary value problems for
Laplace’s equation on Lipschitz domains. Other applications of weighted inequali-
ties include extrapolation theory, vector-valued inequalities, and estimates for cer-
tain classes of nonlinear partial differential equations.

The theory of weighted inequalities is a natural development of the principles and
methods we have acquainted ourselves with in earlier chapters. Although a variety
of ideas related to weighted inequalities appeared almost simultaneously with the
birth of singular integrals, it was only in the 1970s that a better understanding of
the subject was obtained. This was spurred by Muckenhoupt’s characterization of
positive functions w for which the Hardy-Littlewood maximal operator M maps
LP(R",w(x)dx) to itself. This characterization led to the introduction of the class
Ap and the development of weighted inequalities. We pursue exactly this approach
in the next section to motivate the introduction of the A classes.

9.1 The A, Condition

A weight is a nonnegative locally integrable function on R" that takes values in
(0,0) almost everywhere. Therefore, weights are allowed to be zero or infinite only
on a set of Lebesgue measure zero. Hence, if w is a weight and 1/w is locally
integrable, then 1/w is also a weight.

Given a weight w and a measurable set E, we use the notation

W(E):/Ew(x)dx

to denote the w-measure of the set E. Since weights are locally integrable functions,
W(E) < o for all sets E contained in some ball. The weighted LP spaces are denoted
by LP(R",w) or simply LP(w). Recall the uncentered Hardy-Littlewood maximal

L. Grafakos, Modern Fourier Analysis, DOI: 10.1007/978-0-387-09434-2 9, 279
© Springer Science+Business Media, LLC 2009
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operators on R" over balls
M(1)0) = stpAvg || =sup o [ [1(y)|dy.
Box B |B|
and over cubes
Me(1)0) = supAvg | =sup o [ 111y,
Qx Q x |Ql

where the suprema are taken over all balls B and cubes Q (with sides parallel to the
axes) that contain the given point x. It is a classical result proved in Section 2.1 that
forall 1 < p < e there is a constant Cp(n) > 0 such that

M(f)(x)P dx < Cp( /|f (x)[P dx (9.1.1)
Rn

for all functions f € LP(R"). We are concerned with the situation in which the mea-
sure dx in (9.1.1) is replaced by w(x) dx for some weight w(x).

9.1.1 Motivation for the Ap Condition

The question we raise is whether there is a characterization of all weights w(x) such
that the strong type (p, p) inequality

M(F)(x)Pw(x)dx < C} / 1) [Pw(x) dx 9.12)
Rn JRn
is valid for all f € LP(w).

Suppose that (9.1.2) is valid for some weight w and all f € LP(w) for some
1 < p <. Apply (9.1.2) to the function fyg supported in a ball B and use that
Avgg | f| < M(fyxg)(x) for all x € B to obtain

wie) (Avalf)" < [ M(fzs)Pwdx <CP [ [flPwax.  (913)
It follows that
1 p CS
<|B|/B|f(t)|dt> SW(B)/BIf(X)IpW(X)dx (9.1.4)

for all balls B and all functions f. At this point, it is tempting to choose a function
such that the two integrands are equal. We do so by setting f =w~ P'/P which gives
fPw = w~P"/P. Under the assumption that infgw > 0 for all balls B, it would follow
from (9.1.4) that
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1 1o AP
BstL)Ja;ﬂS<|B|/Bw(x)dx)<|B|./Bw(x) ’ dx) <ch.  (9.15)

If infg w = 0 for some balls B, we take f = (w-£)~P"/P to obtain

(15 fweooe) (o, foweer Bax) (2 [ (Wv(i(;id;p,)lg c2 (0.16)

for all € > 0. Replacing w(x)dx by (w(x) + &) dx in the last integral in (9.1.6) we
obtain a smaller expression, which is also bounded by Cg. Since —p’/p=—p’+1,
(9.1.6) implies that

<|;| / w(x)dx> (|;| JA (w(x>+e>—”p'dx> Tl 1

from which we can still deduce (9.1.5) via the Lebesgue monotone convergence
theorem by letting € — 0. We have now obtained that every weight w that satisfies
(9.1.2) must also satisfy the rather strange-looking condition (9.1.5), which we refer
to in the sequel as the Ay condition. Itis a remarkable fact, to be proved in this chap-
ter, that the implication obtained can be reversed, that is, (9.1.2) is a consequence
of (9.1.5). This is the first significant achievement of the theory of weights [i.e., a
characterization of all functions w for which (9.1.2) holds]. This characterization is
based on some deep principles discussed in the next section and provides a solid
motivation for the introduction and careful examination of condition (9.1.5).

Before we study the converse statements, we consider the case p = 1. Assume
that for some weight w the weak type (1,1) inequality

w({xeR": M(f)(x) > a}) < / |f(x)|w(x) (9.1.8)

holds for all functions f € L(R"). Since M(f)(x) > Avgg | | for all x € B, it follows
from (9.1.8) that for all oz < Avgg | f| we have

w(B) <w({xeR": M(F)(x) > a}) < / 1 () W(X) 9.1.9)
Taking fyg instead of f in (9.1.9), we deduce that
Avg|f| = 1 /|f(t)|dt< C1 /|f(x)|w(x)dx (9.1.10)
2 [BlJs = w(B) Jo .

for all functions f and balls B. Taking f = xs, we obtain

w(s)
w(B) "

where S is any measurable subset of the ball B.

S|

<C;
|B|

(9.1.11)
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Recall that the essential infimum of a function w over a set E is defined as

essE.inf(w) =inf{b>0: [{x€E: w(x) <b}|>0}.

Then for every a > ess.infg(w) there exists a subset S, of B with positive measure
such that w(x) < a for all x € Sa. Applying (9.1.11) to the set S5, we obtain

|B|/ |S| [ winyat<cia, (9.1.12)
a a
which implies

|;| /Bw(t)dt < Ciw(x) for all balls B and almost all x € B. (9.1.13)
It remains to understand what condition (9.1.13) really means. For every ball B,
there exists a null set N(B) such that (9.1.13) holds for all x in B\ N(B). Let N be
the union of all the null sets N(B) for all balls B with centers in Q" and rational
radii. Then N is a null set and for every x in B\ N, (9.1.13) holds for all balls B with
centers in Q" and rational radii. By density, (9.1.13) must also hold for all balls B
that contain a fixed x in R"\ N. It follows that for x € R"\ N we have

M(W)(x) = sup “;' /B w(t)dt < Crw(x). (9.1.14)

Therefore, assuming (9.1.8), we have arrived at the condition
M(w)(x) < Ciw(x) for almost all x € R", (9.1.15)

where C; is the same constant as in (9.1.13).

We later see that this deduction can be reversed and we can obtain (9.1.8) as a
consequence of (9.1.15). This motivates a careful study of condition (9.1.15), which
we refer to as the A; condition. Since in all the previous arguments we could have
replaced cubes with balls, we give the following definitions in terms of cubes.

Definition 9.1.1. A function w(x) > 0 is called an A; weight if
M(w)(x) < Ciw(x) for almost all x € R" (9.1.16)

for some constant C;. If w is an A; weight, then the (finite) quantity

(Wla, = sup <|Q|/w dt)leHLm (9.1.17)

Q cubes in R"

is called the A; Muckenhoupt characteristic constant of w, or simply the A; charac-
teristic constant of w. Note that A; weights w satisfy
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1

w(t)dt < [w]a, ess.infw 9.1.18

Q) oWt < Wl essinfu(y) (0.1.18)

for all cubes Q in R,

Remark 9.1.2. We also define

1
balls -1
W = sup /W t dt) w (R - (9.1.19)
WA, B balls in R" <|B| B Odt ) [Iw -

Using (9.1.13), we see that the smallest constant C; that appears in (9.1.16) is equal
to the Ay characteristic constant of w as defined in (9.1.19). This is also equal to the
smallest constant that appears in (9.1.13). All these constants are bounded above
and below by dimensional multiples of [w]p, .

We now recall condition (9.1.5), which motivates the following definition of Ap
weights for 1 < p < oo,

Definition 9.1.3. Let 1 < p < . A weight w is said to be of class Ap if

1 1 S A\
chgien Rn(IQI /Qw(x)dx) <|Q| /Qw(x) P 1dx) < oo, (9.1.20)

The expression in (9.1.20) is called the A, Muckenhoupt characteristic constant of
w (or simply the A, characteristic constant of w) and is denoted by [w]a,.

Remark 9.1.4. Note that Definitions 9.1.1 and 9.1.3 could have been given with the
set of all cubes in R" replaced by the set of all balls in R". Defining [W]R‘?)"S as in
(9.1.20) except that cubes are replaced by balls, we see that

[m’zﬁs < (n"2yp2 )P (9.1.21)
p

(2" <

9.1.2 Properties of Ap Weights

It is straightforward that translations, isotropic dilations, and scalar multiples of A,
weights are also Ap weights with the same Ap characteristic. We summarize some
basic properties of Ap weights in the following proposition.

Proposition 9.1.5. Let w € A, for some 1 < p < e, Then
(1) [8*(W)]a, = W]a,, Where §* (W)(X) = W(AX1,...,AX).
(2) [T*(W)]a, = [W]a,, Where 7%(w)(x) = w(x—2),z € R".
(3) [AW]a, = [w]a, forall 2 > 0.
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1
(4) When 1 < p < e, the function w™ p-1 is in A, with characteristic constant
_1 o1
[w e ]Ap, = [W]Ap :

Therefore, w € A, if and only if w—! € A, and both weights have the same A,
characteristic constant.

(5) [w]a, > 1forall w € Ap. Equality holds if and only if w is a constant.

(6) The classes Ap are increasing as p increases; precisely, for 1 < p < ¢ < e we
have
Wlag < [W]a,-

(7) qETJr[W]Aq = [W]A1 ifwe A

(8) The following is an equivalent characterization of the A, characteristic con-
stant of w:

(g JoIf®Idt)? }

R I {W<g>1¢|f(t>|pw<t)dt

Qcubes f in LP(Q,wdx)
inR" |f|>0ae.onQ

(9) The measure w(x)dx is doubling: precisely, for all A > 1 and all cubes Q we
have

W(AQ) < A"P[wa, W(Q).

(AQ denotes the cube with the same center as Q and side length A times the
side length of Q.)

Proof. The simple proofs of (1), (2), and (3) are left as an exercise. Property (4) is
also easy to check and plays the role of duality in this context. To prove (5) we use
Holder’s inequality with exponents p and p’ to obtain

1 ' 1 " 1 1 1
L= (o] ./de: Q| ./QW(X)‘)W(X) Pdx < [W]Z

with equality holding only when w(x) b cw(x)™ p forsomec >0 (i.e., whenwisa
constant). To prove (6), observe that 0 < ¢’ — 1 < p’ — 1 < = and that the statement

Waq < [Wla,

is equivalent to the fact

HW_lHLq’*l(Q, &) < ||W_1||LP/*1(Q7“8<‘)'

Property (7) is a consequence of part (a) of Exercise 1.1.3.
To prove (8), apply Holder’s inequality with exponents p and p’ to get
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e (|Q|/|f |dx>p
- <IQ| /Q|f<X>lvv<x>pw<x>—pdx>p
< e (JpIrePwooex) (/QW(X)_%/dX>S/

(i Jptreomonan) (&) L) (g [ rax)”
< ey <w(1Q) /Q'f(X>|"W<x>dx) |

This argument proves the inequality > in (8) when p > 1. In the case p =1 the
obvious modification yields the same inequality. The reverse inequality follows by
taking f = (W+¢) P/P asin (9.1.6) and letting & — 0.

Applying (8) to the function f = yq and putting AQ in the place of Q in (8), we
obtain

W(AQ) < A"P[wla,w(Q),

which says that w(x) dx is a doubling measure. This proves (9). O
Example 9.1.6. A positive measure du is called doubling if for some C < oo,
1(2B) <Cu(B) (9.1.22)

for all balls B. We show that the measures |x|2dx are doubling when a > —n. We
divide all balls B(xp,R) in R" into two categories: balls of type | that satisfy |xo| > 3R
and type Il that satisfy |xo| < 3R. For balls of type | we observe that

/ X|2dX < Vp(2R)" (o] +2R)® whena >0,
B(x0,2R) - (IXo| —2R)® whena <0,

/ |X|adX > VR (|Xo| —R)* whena >0,
B(xo.R) N ([xo| +R)® whena <0.

Since |Xo| > 3R, we have [xo| + 2R < 4(|xo| —R) and |Xo| — 2R > 7 (|xo| +R), from
which (9.1.22) follows with C = 23M4/al,
For balls of type 11, we have |xg| < 3R and we note two things: first

/ Ix|2dx < / [X|2dx = c,R" 2,
B(x0,2R) x|<5R

and second, since |x|2 is radially decreasing for a < 0 and radially increasing for
a > 0, we have
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/ XPdx  whena>0,
JB(OR)

/ x| dx >
B(xo.R
bo ) Ix|*dx whena<O0.

X0
JBERQR)

For x € B(3R‘)X‘g‘,R) we must have |x| > 2R, and hence both integrals on the right

are at least a multiple of R"*2. This establishes (9.1.22) for balls of type II.

Example 9.1.7. We investigate for which real numbers a the power function |x|? is
an Ap weight on R™. For 1 < p < e, we need to examine for which a the following
expression is finite:

/ ‘
sup ( L /|x|adx>< L /|x|_a% dx) . (9.1.23)
Bbalis \ [B| /8 Bl /e

As in the previous example we split the balls in R" into those of type I and those of
type Il. If B = B(xo,R) is of type I, then the presence of the origin does not affect
the behavior of either integral in (9.1.23), and we see that the expression inside the
supremum in (9.1.23) is comparable to

/
|X0|a(|xo|_app ) V=1

If B(xo,R) is a ball of type I, then B(0,5R) has size comparable to B(xg,R) and
contains it. Since the measure |x|2dx is doubling, the integrals of the function |x|2
over B(xp,R) and over B(0,5R) are comparable. It suffices therefore to estimate the
expression inside the supremum in (9.1.23), in which we have replaced B(xg,R) by
B(0,5R). But this is

p
1 . 1 o >p/
X[ dx / X|7%Pp dx
(Vn(5R)” ~/B<0,5R>| | )(Vn(5R)” B<0,5R>| |
p
n 5R _1 n 5R _ p/+ 1 o
— ((SR)”/O ran dr)<(5R)n/0 raph dr) ;

which is seen easily to be finite and independent of R exactly when —n <a <n l’)’,.
We conclude that x| is an Ap weight, 1 < p < e, ifand only if —-n <a <n(p—1).

The previous proof can be suitably modified to include the case p = 1. In this case
we obtain that |x|? is an A; weight if and only if —n < a < 0. As we have seen, the
measure |x|2dx is doubling on the larger range —n < a < . Thus fora > n(p—1),
the function |x| provides an example of a doubling measure that is not in A,.

Example 9.1.8. On R" the function

u(x) = log 5, when [x| < g,
1 otherwise,
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is an A; weight. Indeed, to check condition (9.1.19) it suffices to consider balls of
type | and type Il as defined in Example 9.1.6. In either case the required estimate
follows easily.

We now return to a point alluded to earlier, that the A, condition implies the
boundedness of the Hardy-Littlewood maximal function M on the space LP(w). To
this end we introduce four maximal functions acting on functions f that are locally
integrable with respect to w:

MY(F)(0) =sup / |lwdy,
Bax W
where the supremum is taken over open balls B that contain the point x and

W 1
MY()() = §iﬁw< 0.6 Sy 11OV

ME(1)00 = sup /|f|wdy,
Qax W

where Q is an open cube containing the point x, and

Mg/ (f)(x) = sup

on o ITiway
5-0W(Q(X,8)) Joxs) ’

where Q(x,6) = H?:l(Xj —68,xj+ 6) is a cube of side length 26 centered at
X = (X1,...,%Xn). When w = 1, these maximal functions reduce to the standard ones
M(f), M(f), Mc(f), and Mc(f), the uncentered and centered Hardy-L.ittlewood
maximal functions with respect to balls and cubes, respectively.

Theorem 9.1.9. Let w € Ay(R") for some 1 < p < e=. Then there is a constant Cy
such that

1
||MCH|_D(W)H|_D(W> < Cn,p[W];’\);1 . (9.1.24)

Since the operators M, M¢, M, and M are pointwise comparable, a similar conclu-
sion holds for the other three as well.

Proof. Fix a weight w and let c =w™ pr1 be the dual weight. Fix an open cube
Q = Q(xo,r) in R™ with center xg and side length 2r and write

|Q|/| ay |Q|LG(3Q){ % ( (30Q) /IfIdy>p_l}pll. (9.1.25)

For any x € Q, consider the cube Q(x,2r). Then Q € Q(x,2r) € 3Q = Q(xg, 3r) and

thus
1 1 . 3
630 o119 S 502 o 118V = 2E (10700

for any x € Q. Inserting this expression in (9.1.25), we obtain
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|Q|/ flay<" |Q|pf3Q){W(1Q) /QM3<|f|o—1>p—ldy}“. (9.1.26)

Since one may easily verify that

w(Q)o(3Q)P~t
QIP

S 3np[W]Ap 5

it follows that

1

1 v np 1 _1up-1 _ C1
< -1 p-1 W o 1\\P 1 p
o ooy <372 WiE (M [(ME (1110 ™)™ M ] 00)
since Xg is the center of Q. Hence, we have
np 1 _ 1
Me() <30t gt (ME (Vg (| flo )" w )"

Applying LP(w) norms, we deduce

Dy <37 W12, 1HMW[(M“<|f|o-1>>" W,
<35tw HMW worr o [E ([ Flo™)™
—3p 1w H WL )HMg(”'O-_l)HLP(c)
< 301w HMWH W)L ( HMGHLP T L

and conclusion (9.1.24) follows, provided we show that
[V | L) ) < CL@1) < (9.1.27)

forany 1 < g < = and any weight w.
We obtain this estimate by interpolation. Obviously (9.1.27) is valid when g = o
with C(eo,n) = 1. If we prove that

HM\(/:VHLl(W)—»le“(W) < C(lvn) < oo, (9128)

then (9.1.27) will follow from Theorem 1.3.2.
To prove (9.1.28) we fix f € L1(R",wdx). We first show that the set

Ex = {Mc(f) >4}

is open. Forany r > 0, let Q(x, r) denote an open cube of side length 2r with center
x € R". If we show that for any r > 0 and x € R" the function
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X =

1
flwd 9.1.29
W(Q(X,r) /Q(x,r) | |W y ( )

is continuous, then MY (f) is the supremum of continuous functions; hence it is
lower semicontinuous and thus the set E; is open. But this is straightforward. If
Xn — Xo, then W(Q(xn, 1)) — W(Q(xo,r)) and also [qx, ) [Flwdy — [, ) [Flwdy
by the Lebesgue dominated convergence theorem. Since w(Q(xo,r)) # 0, it follows
that the function in (9.1.29) is continuous.

Given K a compact subset of E,, for any x € K select an open cube Qy centered

at x such that 1
flwdy > 2.
W(QX)/QXII y

Applying Lemma 9.1.10 (proved immediately afterward) we find a subfamily
{Qx; }]L, of the family of the balls {Qx: x € K} such that (9.1.30) and (9.1.31)
hold. Then

il o1 24"
w(K) <) w(Qy,) < / flwdy < /fwd,
()< 3 w@)< 3, 5 f Iflwdy< 0 [ 1fwey

where the last inequality follows by multiplying (9.1.31) by |f|w and integrating
over R". Taking the supremum over all compact subsets K of E; and using the inner
regularity of wdx, which is a consequence of the Lebesgue monotone convergence
theorem, we deduce that MY maps L (w) to L1 (w) with constant at most 24". Thus
(9.1.28) holds with C(1,n) = 24". O

Lemma 9.1.10. Let K be a bounded set in R" and for every x € K, let Q4 be an open
cube with center x and sides parallel to the axes. Then there are an m € Z U {0}
and a sequence of points {xj}'}“:1 in K such that

m
K< JQy (9.1.30)
j=1
and for almost all y € R" one has
m
Y Xoy, (y) < 24" (9.1.31)
j=1

Proof. Let
so =sup{¢(Qx) : xeK}.

If Sp = oo, then there exists x; € K such that £(Qy, ) > 4L, where [—L,L]" contains
K. Then K is contained in Qy, and the statement of the lemma is valid with m = 1.
Suppose now that sy < . Select x; € K such that £(Qy, ) > So/2. Then define

Ky =K\ Qx s1=sup{€(Qx) : x € Ka},

and select xo € Ky such that £(Qy,) > s1/2. Next define
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K2 =K \ (QXl UQXz)v S2 = sup{é(QX) L Xe K2}7

and select x3 € Ky such that £(Qy,) > sp/2. Continue until the first integer m is
found such that Ky, is an empty set. If no such integer exists, continue this process
indefinitely and set m = oo.

We claim that for all i # j we have 3Qy N 3Qx; = 0. Indeed, suppose that i > j.
Thenxj € Ki—1 =K\ (Qy, U---UQy;_,); thus x; ¢ Qj. Also X € Kj_1 € Kj_1, which
implies that £(Qy) < sj-1 < 2£(Qx;). If xi ¢ Qj and £(Qx;) > %é(QXi), it easily
follows that 3Qy N %QXJ =0.

We now prove (9.1.30). If m < o, then Ky, = 0 and therefore K € Urj“:1 Q- If
m = oo, then there is an infinite number of selected cubes Qx;- Since the cubes éQXj
are pairwise disjoint and have centers in a bounded set, it must be the case that
some subsequence of the sequence of their lengths converges to zero. If there exists
ay € K\ UjZ1Qy;, this y would belong to all Kj, j =1,2,..., and then sj > £(Qy)
for all j. Since some subsequence of the s;’s tends to zero, it would follow that
£(Qy) =0, which would force the open cube Qy to be the empty set, a contradiction.
Thus (9.1.30) holds.

Finally, we show that ET:leXJ_ (y) < 24" for almost every point y € R". To
prove this we consider the n hyperplanes H; that are parallel to the coordinate
hyperplanes and pass through the point y. Then we may write R" as a union of
2" higher-dimensional open “octants” O, and n hyperplanes H; of n-dimensional
Lebesgue measure zero. We show that there are only finitely many points x;j in a
given such open “octant” O;. Indeed, let us fix an Oy and pick an x,, € KN Oy such
that kao contains y and the distance from x,, to y is largest possible. If x; is another
point in KN Oy such that Qxj contains y, then Z(kao) > Z(ij), which yields that
Xj € kao. As previously observed, one must then have j < ko, which implies that
%K(kao) < é(QXj ). Thus all cubes Qx; with centers in KN Oy that contain the fixed
point y have side lengths comparable to that of kao. A simple geometric argument
now gives that there are at most finitely many cubes Qy; of side length between o
and 2a that contain the given point y such that %ij are pairwise disjoint. Indeed,
let x = %é(kao) and let {Qy, }rer be the cubes with these properties. Then we have

n|
"< T30l = U0l <[] < (4o
re

rel rel

since all the cubes Qy, contain the point y and have length at most 2¢c and they
must therefore be contained in a cube of side length 4o centered at y. This observa-
tion shows that |1] < 12", and since there are 2" sets Oy, we conclude the proof of
(9.1.31). O

Remark 9.1.11. Without use of the covering Lemma 9.1.10, (9.1.28) can be proved
via the doubling property of w (cf. Exercise 2.1.1(a)), but then the resulting constant
C(g,n) would depend on the doubling constant of the measure wdx and thus on
[W]a,; this would yield a worse dependence on [w]a, in the constant in (9.1.24).
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Exercises

9.1.1. Let k be a nonnegative measurable function such that k,k— are in L=(R").
Prove that if w is an A, weight for some 1 < p < o, then so is kw.

9.1.2. Let wq, Wy be two A; weights and let 1 < p < o. Prove that Wlwé_p isan Ap
weight by showing that

1— -1
[wiw, Pla, < [wala, [Walx "

9.1.3. Suppose that w € A, for some p € [1,e0) and 0 < § < 1. Prove thatw® € A,
where g = §p+ 1 — 8, by showing that

8

®Tag < WIR, -

[w
9.1.4. Show that if the Ap characteristic constants of a weight w are uniformly
bounded for all p > 1, thenw € A;.

9.1.5. Letwg € Ap, and wy € Ap, forsome 1 < pg, p1 < eo. Let 0 < 6 < 1and define
- + and  wp =w," wi

Prove that
(1-6) P 0P

Wia, < [Wola,,

thus wis in Ap.

9.1.6. Let 1 < p < . A pair of weights (u,w) that satisfies

1w (1/d)(1/‘p11d)p_l
u,w = Su uax w p-1dXx < oo
(g ) QF'; QI Jq QI Jq

inR"

is said to be of class (Ap,Ap). The quantity [u,w|(a, a,) is called the (Ap,Ap) char-
acteristic constant of the pair.

(a) Show that forany f € L (R") with 0 < f < e a.e., the pair (f,M(f)) is of class
(Ap,Ap) for every 1 < p <o with characteristic constant independent of f.

(b) If (u,w) is of class (Ap,Ap), then the Hardy-Littlewood maximal operator M
may not map LP(w) to LP(u).

[Hint: Try the pair (M(g)*~P, |g|*~P) for a suitable g.]

9.1.7. In contrast to part (b) of Exercise 9.1.6, show that if the pair of weights (u,w)

is of class (Ap,Ap) for some 1 < p < eo, then M must map LP(w) to LP=(u) with
1

norm at most C(n, p)[u,w] (’;p Ap)’

[Hint: Show first using Holder’s inequality that for all functions f and all cubes Q’

we have
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(IQ’ / '”d") Q) < [u,W)ayap) / I [Pwx.

Replacing f by fyq, where Q C Q’, obtain that

Jo IfIPwdx
(fo!f|dx)P
Then use Exercise 4.3.9 to find disjoint cubes Qj such that the setEq = {xeR":
Mc(f)(x) > a} is contained in the union of 3Q; and j < 0 ‘fQ [f(t)|dt < J.

Then u(E) < Xju(3Qj), and bound each u(3Qj) by takmg Q' =3Qjand Q = Q;j
in the preceding estimate.}

u(Q") < [u,w]ia a,) Q'[P

9.1.8. Use Exercise 9.1.7 to prove that for all 1 < ¢ < - there is a constant Cq < oo
such that for all f,g > 0 locally integrable functions on R" we have

M) g0x)dx < Cq | 109TM(g)(x) dx.

RI'I
[Hint: Take 1 < p < g and interpolate between LP and L>.]

9.1.9. Letw € Ap for some 1 < p < e and k > 1. Show that min(w,k) is in A, and
satisfies

[min(w,k)]a, < cp([Wa, +1),
where ¢, = 1 when p < 2 and ¢, = 2P~2 when p > 2.
[Hint: Use that &, Jomin(w, k)~ Pridx < o1 Jow™ p'1dx+Kk »L, raise to the power
p — 1, and multiply by min (k, ‘é‘ Jowdx).]

9.1.10. Suppose that wj € Ap; with 1 < j <m forsome 1 < py,..., pm <o and let
0< 6q,...,0nh <1besuchthat 6 +---+ 6y = 1. Show that

01

mequallty]

9.1.11. Letwy € Ap, and w; € Ap, for some 1 < py, p2 < oe. Prove that
(W1 +Wala, < [Wila, + [Wo]a,,

where p = max(pg, p2).

9.1.12. Prove the claim of Example 9.1.8.
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9.2 Reverse Holder Inequality for A, Weights and Consequences

An essential property of Ap weights is that they assign to subsets of balls mass
proportional to the percentage of the Lebesgue measure of the subset within the
ball. The following lemma provides a way to quantify this statement.

Lemma 9.2.1. Letw € Ap for some 1 < p < e and let 0 < o < 1. Then there exists
B < 1 such that whenever S is a measurable subset of a cube Q that satisfies |S| <
o|Q|, we have w(S) < Bw(Q).

Proof. Taking f = xa in property (8) of Proposition 9.1.5, we obtain

Al ° W(A)
<|Q|> < [w] . (9.2.1)

We write S = Q\ A to get
P
(1— |S|) < [Wla, (1— w(S) ) . (9.2.2)

Given0 < o < 1, set

(1-a)P
p=1- (9.2.3)
(WA,
and use (9.2.2) to obtain the required conclusion. O

9.2.1 The Reverse Holder Property of A, Weights

We are now ready to state and prove one of the main results of the theory of weights,
the reverse Holder inequality for Ap weights.

Theorem 9.2.2. Let w € Ap for some 1 < p < . Then there exist constants C and
y > 0 that depend only on the dimension n, on p, and on [w]a, such that for every
cube Q we have

(a1 oo 7e) " o fproe 024

Proof. Let us fix a cube Q and set

1
o = Q| /Qw(x)dx.

We also fix 0 < a < 1. We define an increasing sequence of scalars

0 <0 <0< <O < n
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for k > 0 by setting
o1 =2"a o or o= (2" Mk,

and for each k > 1 we apply a Calderén-Zygmund decomposition to w at height o.
Precisely, for dyadic subcubes R of Q, we let

IFlil /Rw(x)dx > o (9.2.5)

be the selection criterion. Since Q does not satisfy the selection criterion, it is not
selected. We divide the cube Q into a mesh of 2" subcubes of equal side length, and
among these cubes we select those that satisfy (9.2.5). We subdivide each unselected
subcube into 2" cubes of equal side length and we continue in this way indefinitely.
We denote by {Qy;}j the collection of all selected subcubes of Q. We observe that
the following properties are satisfied:

(1) o < w(t)dt <2"o.

|Qk,j| Qk,j
(2) Foralmost all x ¢ Uy we have w(x) < o, where Uy = JQx ;.-
i

(3) Each Qg1 is contained in some Q.

Property (1) is satisfied since the unique dyadic parent of Q j was not chosen in the
selection procedure. Property (2) follows from the Lebesgue differentiation theorem
using the fact that for almost all x ¢ Uy there exists a sequence of unselected cubes
of decreasing lengths whose closures’ intersection is the singleton {x}. Property (3)
is satisfied since each Qy j is the maximal subcube of Q satisfying (9.2.5). And since
the average of w over Qx4 j is also bigger than o, it follows that Qi1 j must be
contained in some maximal cube that possesses this property.

We now compute the portion of Q that is covered by cubes of the form Q4 ;
for some j. We have

1
2oy > w(t)dt
|Qk7| | Qx,1NUk+1

1 1
|Qk,|| z Qs J| |Qk+l,j| Q1. ®

J:Qk+1,j€Qkyl
| Qi N1 o
1
Qi "
NnuU
_ Q.1 k“‘z”a*lak.

|Qx.1]

It follows that | Qi ; NUk1| < e|Qx; thus, applying Lemma 9.2.1, we obtain

W(Qx NUk41)
w(Qx1)

(1-a)P
(W]a,

<p=1-

)



9.2 Reverse Holder Inequality and Consequences 295

from which, summing over all I, we obtain
W(Upp1) < Bw(Uy).

The latter gives w(Uy) < B*w(Up). We also have Uy, 1| < a|Uxl; hence |Uy| — 0 as
k — . Therefore, the intersection of the Uy’s is a set of Lebesgue measure zero. We
can therefore write

Q= (Q\UO)U(QUk\UkJrl)

modulo a set of Lebesgue measure zero. Let us now find a y > 0 such that the reverse
Halder inequality (9.2.4) holds. We have w(x) < ok for almost all x in Q \ Uy and
therefore

o ;
/Qw(t) gt — ./Q\UOw(t)Yw(t)dt—s—gb/Uk\Uk“W(t)Yw(t)dt

IN

aw(Q\Uo) + 3 of ,w(Uy)
k=0

ogW(Q\Uo) + ¥ (2" ™)< o) "B w(Up)
k=0

IN

IN

o] (1+(2“al)yi(2”a1)Vkﬁ")W(Q)
k=0

= (o omon) (11 i) fwoa

provided y > 0 is chosen small enough that (2" ~1)?B < 1. Keeping track of the
constants, we conclude the proof of the theorem with

—logB  log([wla,) —log (W]a, — (1—a)P)
|Og2n_|0ga - |092”—|0goc (926)
and (2na—1)’)/ (Zna_l).y
ST ety T gy O

Note that up to this point, oz was an arbitrary number in (0, 1), and it may be chosen
to maximize (9.2.6). O

Remark 9.2.3. It is worth observing that for any fixed 0 < o < 1, the constant in
(9.2.6) decreases as [w]a, increases, while the constant in (9.2.7) increases as [w]a,
increases. This allows us to obtain the following stronger version of Theorem 9.2.2:

Forany 1 < p <eoandB > 1, there exist positive constantsC =C(n, p,B) and y=
¥(n, p,B) such that for all w € A, satisfying [w], < B the reverse Holder condition
(9.2.4) holds for every cube Q. See Exercise 9.2.4(a) for details.
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Observe that in the proof of Theorem 9.2.2 it was crucial to know that for some
0<oa,B <1wehave

S| < |Q = w(S) < Bw(Q) (9.2.8)

whenever S is a subset of the cube Q. No special property of Lebesgue measure was
used in the proof of Theorem 9.2.2 other than its doubling property. Therefore, it is
reasonable to ask whether Lebesgue measure in (9.2.8) can be replaced by a general
measure u satisfying the doubling property

1(3Q) < Chu(Q) <o (9.2.9)

for all cubes Q in R". A straightforward adjustment of the proof of the previous
theorem indicates that this is indeed the case.

Corollary 9.2.4. Let w be a weight and let 1 be a measure on R" satisfying (9.2.9).
Suppose that there exist 0 < a, 8 < 1, such that

WO <on@ = [witdu) <p /Q w(t)dp(t)

whenever S is a p-measurable subset of a cube Q. Then there exist 0 < C,y < oo
[which depend only on the dimension n, the constant C,, in (9.2.9), ¢, and 3] such
that for every cube Q in R" we have

1 1 by C
<N(Q)/()W(t) +7du(t)> < u(Q)/QW(t)du(t). (9.2.10)

Proof. The proof of the corollary can be obtained almost verbatim from that of
Theorem 9.2.2 by replacing Lebesgue measure with the doubling measure du and
the constant 2" by C,,.

Precisely, we define oy = (Cnoc‘l)koco, where oy is the p-average of w over Q;
then properties (1), (2), (3) concerning the selected cubes {Qy j}; are replaced by

1
1)) < / w(t)du(t) < Cphok.
K .U(Qk,j) Qk.j t)du !
(24) On Q\ Uy we have w < oy u-almost everywhere, where U = UQx,j-
i
(3y) Each Q4 j is contained in some Q.

To prove the upper inequality in (1) we use that the dyadic parent of each selected
cube Qy ; was not selected and is contained in 3Qy j. To prove (2,) we need a dif-
ferentiation theorem for doubling measures, analogous to that in Corollary 2.1.16.
This can be found in Exercise 2.1.1. The remaining details of the proof are trivially
adapted to the new setting. The conclusion is that for

—logB

0
sTr< logC, — log o

(9.2.11)
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and

(20717
Cra= )7’
(9.2.10) is satisfied. d

C=1+, (9.2.12)

9.2.2 Consequences of the Reverse Holder Property

Having established the crucial reverse Holder inequality for A, weights, we now
pass to some very important applications. Among them, the first result of this section

yields that an A, weight that lies a priori in L{.,(R") must actually lie in the better

space L,lng"(R”) for some ¢ > 0 depending on the weight.

Theorem 9.2.5. If w € A for some 1 < p < oo, then there exists a number y > 0
(that depends on [w]a,, p, and n) such that wht? e Ap.

Proof. The proof is simple. When p = 1, we apply the reverse Holder inequality of
Theorem 9.2.2 to the weight w to obtain

1 cC 1+y
Q /Q W) dt < <| g /Q W(t)dt> < CH YL Tw(x) T

for almost all x in the cube Q. Therefore, w!*? is an A; weight with characteristic
constant at most Clﬂ’[w]/lqy. (C is here the constant of Theorem 9.2.2.) When p >
1, there exist y1,72 > 0 and Cy1,C, > 0 such that the reverse Holder inequality of

Theorem 9.2.2 holds for the weights w € A, and w— P e Ay, that is,

1
1 1+V1d >1+71 C1 d
<|Q|/Qw(t) )< o o

1
(|é| /QW(”_')%(M"Q - |CQZ| Jywer e

Taking y=min(y1, ¥2), both inequalities are satisfied with vy in the place of 1, 1. It
follows that w'*7 is in A, and satisfies

IN

W], < (CCE W] (9.2.13)

This concludes the proof of the theorem. d

Corollary 9.2.6. Forany 1 < p < e and for everyw € Ap thereisaq = q([w]a,, p,n)
with g < p such that w € Aq. In other words, we have

q<(L.p)
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Proof. Givenw € Ay, let y,Cq,C; be as in the proof of Theorem 9.2.5. In view of
the result in Exercise 9.1.3 (with § = 1/(1+y), if w}*7 € A, and

q9=p 1 1 1 p+y
TP l4y 1+y 14y’
thenw € Aq and

1 ! _
[W]aq = [(WH7)17]ag < [WHY] 007 < C4CJ Wa, ,

where the last estimate comes from (9.2.13). Since 1 < q = fﬂ < p, the required

conclusion follows. Observe that the constants C1C§_l, g, and 71, increase as [Wa,
increases. O

Another powerful consequence of the reverse Holder property of Ap weights is
the following characterization of all A; weights.

Theorem 9.2.7. Let w be an A; weight. Then there exist 0 < € < 1, a honnegative
function k such that k,k~* e L, and a nonnegative locally integrable function f
that satisfies M(f) < e a.e. such that

w(x) = k() M(F)(x)¢ . (9.2.14)

Conversely, every weight w of the form (9.2.14) for some k, f as previously is in A;
with c
n ~1
Way <, Kl k-
where C, is a universal dimensional constant.

Proof. In view of Theorem 9.2.2, there exist 0 < y,C < o such that the reverse
Hdlder condition

1 14 117 C
(IQI /Qw(t) ydI) ) /QW(t)dt < C[w]a,W(x) (9.2.15)

holds for all cubes Q for all x in Q \ Eq, where Eq is a null subset of Q. We set

1

£=10y and  f(x) =W)X = w(x)e .

Letting N be the union of Eq over all Q with rational radii and centers in Q", it fol-
lows from (9.2.15) that the uncentered Hardy-L.ittlewood maximal function M¢(f)
with respect to cubes satisfies

Me()(x) < CH7 w7 (x) forx € R"\ N.

This implies that M(f) < CnC1+Y[w],1;1’Yf a.e. for some constant C, that depends
only on the dimension. We now set
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_ ff
ROV
and we observe that C~1C¢[w], ' <k < lae.

It remains to prove the converse. Given a weight w = kM ()¢ in the form (9.2.14)
and a cube Q, it suffices to show that

|(1g| /Q'\/l(f)(t)8 dt < 1C_n€|\/|(f)€(x) for almost all x € Q, (9.2.16)

since the corresponding statement for kM (f)¢ follows trivially from (9.2.16) using
that k,k—1 € L*. To prove (9.2.16), we write

f = fxso+ fx=o)-
Then

1 e Ch(1 g ¢
o Mttzeras @ (& [ (tzona) 92.17)

in view of Kolmogorov’s inequality (Exercise 2.1.5). But the last expression in
(9.2.17) is at most a dimensional multiple of M(f)(x)# for almost all x € Q, which
proves (9.2.16) when f is replaced by f x3q on the left-hand side of the inequality.
And for f x(3q)c we only need to notice that

M (f (30 )(t) < 2"M(f x(30)e) (1) < 2"n2M(f)(x)

for all x,t in Q, since any ball B centered at t that gives a nonzero average for
fX(3q)c must have radius at least the side length of Q, and thus \/nB must also
contain x. (Here M is the centered Hardy-Littlewood maximal operator introduced
in Definition 2.1.1.) Hence (9.2.16) also holds when f is replaced by f y(3q)c on the
left-hand side. Combining these two estimates and using the subbaditivity property
M(f1 + f2)8 < M(f1)% 4+ M(f2)E, we obtain (9.2.16). O

Exercises

9.2.1. Letw € Ap forsome 1 < p < eeand let 1 < g < o=, Prove that the sublinear
operator

S(f) = (M(|f[ww 1)
is bounded on LPd(w).

9.2.2. Let v be a real-valued locally integrable function on R" and let 1 < p < <.
Prove that e" is an A, weight if and only if the following two conditions are satisfied
for some constant C < co:
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1 / v(t)—Vv
su e Qdt
chbpes |Q| N
sup / Q) pt1 gt <
Q cubes |Q|

[Hint: If e¥ € Ap, use that

Q) / “Vodt < Avg e pt ) Pt (A(\?/g eV)

and obtain a similar estimate for the second quantity. ]

N
o

A
O

9.2.3. Let v be a real-valued locally integrable function on R" and let 1 < p < .
(a) Use the result of Exercise 9.2.2 to show that €' is in A, if and only if for some
constant C < oo, we have

sup ! /e“’(”*"o‘dtgc.
chbes|Q|

Conclude that ||1og @ || gy, < [@]a,: thus if ¢ € Ay, then log @ € BMO.
(b) Use part (a) and Theorem 7.1.6 to prove the converse, namely that every BMO
function is equal to a constant multiple of the logarithm of an A, weight.
(c) Prove that if ¢ is in Ap for some 1 < p < o, then log ¢ is in BMO by showing
that

when 1< p <2,

[1090|[gyo < Pl 1
(p—l)[(P]Ap;1 when2 < p < eo.

[Hint: Use that ¢~ 1 e Ay when p > 2.]

9.2.4. Prove the following quantitative versions of Theorem 9.2.2 and Corollary
9.2.6.
(a) Forany 1 < p < = and B > 1, there exist positive constants C = C;(n, p,B) and
¥ =v(n, p,B) such that for all w € A, satisfying [w], < B, (9.2.4) holds for every
cube Q.
(b) Given any 1 < p < e and B > 1 there exist constants C = C,(n,p,B) and 6 =
6(n, p,B) such that for all w € A, we have

Wa, <B = [Wla, , <C.
9.2.5. Given a positive doubling measure u on R", define the characteristic constant
[W]a, (u) @nd the class Ap(u) for 1 < p <ee.
(a) Show that statement (8) of Proposition 9.1.5 remains valid if Lebesgue measure
is replaced by u.
(b) Obtain as a consequence that if w € Ap(u), then for all cubes Q and all -
measurable subsets A of Q we have
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u(A)\° w(A)
(@) < Whin o)
Conclude that if Lebesgue measure is replaced by pt in Lemma 9.2.1, then the lemma
is valid for w € Ap(u).

(c) Use Corollary 9.2.4 to obtain that weights in A,(u) satisfy a reverse Holder
condition.

(d) Prove that given a weight w € Ap(u), there exists 1 < g < p [which depends on
(W], ()] such that w € Aq(u).

9.2.6. Let1 < q < e and u a positive measure on R". We say that a positive function
K on R" satisfies a reverse Holder condition of order q with respect to u [symboli-
cally K € RHq(u)] if

1

(u() JoKidu)
A N
Qcubes in R 1(Q) JQ u

For positive functions u,von R" and 1 < p < e, show that

[Vu_l]RHp/(udx) = [UV_l]prdx)’

that is, vu~? satisfies a reverse Holder condition of order p’ with respect to udx if
and only if uv—1 is in Ap(vdx). Conclude that

w e RHy (dx) < w* e Ap(wdx),
w e Ap(dx) <= w ! eRHy(wdx).

9.2.7. (Gehring [145] ) Suppose that a positive function K on R" lies in RH,(dx)
for some 1 < p < . Show that there exists a § > 0 such that K lies in RH, 5(dx).
[Hint: By Exercise 9.2.6, K € RHp(dx) is equivalent to the fact that K1 € A, (K dx),
and the index p’ can be improved by Exercise 9.2.5(d).}

9.2.8. (a) Show that for any w € A; and any cube Q in R" and a > 1 we have

ess.infw < a"[w]a, ess.infw.
Q aQ

(b) Prove that there is a constant C,, such that for all locally integrable functions f
on R" and all cubes Q in R" we have

ess.infM(f) <Cyess.infM(f),
Q 3Q
and an analogous statement is valid for M.

[Hint: Part (a): Use (9.1.18). Part (b): Apply part (a) to M(f)%, which is an A;
weight in view of Theorem 9.2.7.]
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9.2.9. (Lerner, Pérez, and Ombrosi [211] ) For a weight w € A;(R") define a quan-

tity ry =1+ 2n+1l[w]Al . Show that

Mc(wrw)r@ <2[wWa, W.

[Hint: Fix a cube Q and consider the family .%q of all cubes obtained by subdividing

Q into a mesh of (2")™ subcubes of side length 2~™¢(Q) forallm=1,2,.... Define
d _ -1 i

Mo (f)(x) = SUPRe 76 Rax [R|™* Jr | f]dy. Using Corollary 2.1.21, adapt the result of

Exercise 2.1.4(b) to the maximal function MJ; i.e., obtain fQﬂ{M%(w)>}L}W(X)dX <
2"2[{x € Q: MG(W)(x) > A}| for & >wq = & Jowdt. Multiply by A°~* and
integrate to obtain o M3 (w)°wdx < (wg)® fowdx+ 29 fo M3 (w)3+ dx. Setting

5= , deduce that |5, Jow®dx < ¢ Jo ME (W) wdx < 2(wg)®*1.

1
201 [wlay

9.3 The A.. Condition

In this section we examine more closely the class of all Ap weights. It turns out that
Ap weights possess properties that are p-independent but delicate enough to char-
acterize them without reference to a specific value of p. The Ap classes increase
as p increases, and it is only natural to consider their limit as p — oo. Not surpris-
ingly, a condition obtained as a limit of the A, conditions as p — oo provides some
unexpected but insightful characterizations of the class of all A, weights.

9.3.1 The Class of A.. Weights

Let us start by recalling a simple consequence of Jensen’s inequality:

</X |h(t)|qO|u(t)>é > exp (/X Iog|h(t)|du(t))7 (9.3.1)

which holds for all measurable functions h on a probability space (X,u) and all
0 < g < oo. See Exercise 1.1.3(b). Moreover, part (c) of the same exercise says that
the limit of the expressions on the left in (9.3.1) as g — 0 is equal to the expression
on the rightin (9.3.1).

We apply (9.3.1) to the function h = w1 for some weight w in A, with q =
1/(p—1). We obtain

W|(QQ|) (|é| /Qw(t)’pfl dt) p-1 . W|(QQ|) exp<|(1g| ./(.?Iogw(t)‘l dt) (932
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and the limit of the expressions on the left in (9.3.2) as p — < is equal to the ex-

pression on the right in (9.3.2). This observation provides the motivation for the
following definition.

Definition 9.3.1. A weight w is called an A.. weight if

WA = e o {(1q1 fymva) oo (g fytoow) 2at) } <=

The quantity [w]a_, is called the A.. characteristic constant of w.

It follows from the previous definition and (9.3.2) that for all 1 < p < - we have

This means that
U Ap CA., (9.3.3)

1<p<eo

but the remarkable thing is that equality actually holds in (9.3.3), a deep property
that requires some work.

Before we examine this and other characterizations of A.. weights, we discuss
some of their elementary properties.

Proposition 9.3.2. Let w € A... Then

(1) [6* (W)]a.. = [W]a.., where 8* (W) (x) = w(AXq,...,AX,) and A > 0.
(2) [T*(W)]a., = [W]a.., where T%(w)(X) =w(x—2),z € R".

(3) [AW]a., = [W]a., forall A > 0.

(4) W]a.. > 1.

(5) The following is an equivalent characterization of the A.. characteristic con-
stant of w:

_ wiQ) (1 log|f(t dt)}
"= gl et alrtoma =@ g1 fosifon) |

[f|>0ae onQ

(6) The measure w(x)dx is doubling; precisely, for all A > 1 and all cubes Q we
have

w(AQ) < 2*" WA w(Q).

As usual, AQ here denotes the cube with the same center as Q and side length
A times that of Q.

We note that estimate (6) is not as good as A — o but it can be substantially
improved using the case A = 2. We refer to Exercise 9.3.1 for an improvement.
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Proof. Properties (1)—(3) are elementary, while property (4) is a consequence of
Exercise 1.1.3(b). To show (5), first observe that by taking f = w1, the expression
on the right in (5) is at least as big as [w]a... Conversely, (9.3.1) gives

1 1 g
eXp(|Q|/Q'OG(If(t)Iw(t))dt> < |Q|./Q|f(t)|w(t)dt7

which, after a simple algebraic manipulation, can be written as

W(Q) 1 W(Q) 1
Jo| Flwdt eXp<|Q|/Qlog|f|dt) < 0 exp (— |Q|/Qlog|w|dt)7

whenever f does not vanish almost everywhere on Q. Taking the supremum over all
such f and all cubes Q in R", we obtain that the expression on the right in (5) is at
most [W]a...

To prove the doubling property for A.. weights, we fix A > 1 and we apply prop-
erty (5) to the cube AQ in place of Q and to the function

_Jc onQ,
f= {1 onR™ Q. (9.3.4)

where c is chosen so that c/A" = 2[w]a_. We obtain

w(AQ) logc

w(AQ\ Q) +cw(Q) eXp( An )S WA ,

which implies (6) if we take into account the chosen value of c. O

9.3.2 Characterizations of A.. Weights

Having established some elementary properties of A.. weights, we now turn to some
of their deeper properties, one of which is that every A.. weight lies in some A, for
p < ee. It also turns out that A.. weights are characterized by the reverse Holder
property, which as we saw is a fundamental property of A, weights. The following
is the main theorem of this section.

Theorem 9.3.3. Suppose that w is a weight. Then w is in A, if and only if any one
of the following conditions holds:
(a) There exist 0 < y,6 < 1 such that for all cubes Q in R" we have

[{x€Q: w(x) <yAvgow}| < 5Q|.

(b) There exist 0 < a, 8 < 1 such that for all cubes Q and all measurable subsets A
of Q we have
|Al < a|Q] = w(A) < BW(Q).
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(c) The reverse Holder condition holds for w, that is, there exist 0 < C;, & < o such
that for all cubes Q we have

(1 foerea) < & [woa

(d) There exist 0 < Cy, &9 < =0 such that for all cubes Q and all measurable subsets
A of Q we have e
MM<C<W>°
<C
w(Q) Q|

(e) There exist 0 < o, 8’ < 1 such that for all cubes Q and all measurable subsets
A of Q we have
w(A) < a'w(Q) = |A| < B'|Q|.

(f) There exist p,C3 < oo such that [w]a, < Cs. In other words, w lies in Ap for some
p € [1,0).

All the constants C;,C,Cs, 0, 8,7,6,0/, 8, €,&, and p in (a)-(f) depend only
on the dimension n and on [w]a_.. Moreover, if any of the statements in (a)—(f) is
valid, then so is any other statement in (a)—(f) with constants that depend only on
the dimension n and the constants that appear in the assumed statement.

Proof. The proof follows from the sequence of implications
weA, = (a) = (b)) = (c) = (d) = () = (f) = WEA..

At each step we keep track of the way the constants depend on the constants of the
previous step. This is needed to validate the last assertion of the theorem.

weA., = (a)

Fix a cube Q. Since multiplication of an A.. weight with a positive scalar does
not alter its A., characteristic, we may assume that [, logw(t)dt = 0. This implies
that Avgqw < [w]a,,. Then we have

[(x€ Q: Wi < yAvgw)| < [fx€ Q: wix) < piwla. )|

= [{x€Q: log(1+w(x)™*) > log(1+ (y[Wa.) )}

1 1+ w(t)
= log(1+ (y[w]a /I w(t) at
1
" log(1+ (] [ /Iog Lrw(t))dt
= log(1+ (vl /W
[w ]AM|Q|
= log(1+ (y[wla.)™)
- T,

2
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which proves (a) with y = [w], ! (e?™a- —1)~and § = }.

(@) = (b)

Let Q be fixed and let A be a subset of Q with w(A) > Bw(Q) for some 3 to be
chosen later. Setting S = Q\ A, we have w(S) < (1 — B)w(Q). We write S = S; USy,
where

S1={xeS: w(x)>yAvgow} and S;={xeS: w(x) < yAvgqw}.
For S, we have |S,| < 6|Q| by assumption (a). For S; we use Chebyshev’s inequality

to obtain

< .
VAggw.s Yy wQ) v Ql

Adding the estimates for |S;| and |S;|, we obtain

1-8 B 1-8
Sl <[ +ls2l < Flol+iel=(5+7 7)ol

Choosing numbers o, 8 in (0,1) such that § + l_yﬂ =1— o, for example o = 155
and B = 1— 1597, we obtain |S| < (1— a)|Q), that is, |A| > &|Q].
(b) = (c)

This was proved in Corollary 9.2.4. To keep track of the constants, we note that
the choices

_ —2logB
log2" — log

B (2”0671)8
and C; =1+ 1— (2no-1)eB
as given in (9.2.6) and (9.2.7) serve our purposes.

(€) = (d)
We apply first Holder’s inequality with exponents 1+ € and (1 + €)/€ and then
the reverse Holder estimate to obtain

/AW(X)dX < (/AW(X)”gdx> e |A| 1t

1
g 1+e e
(10 fowtnteax) ™ jQiite ayste
1Ql Ja

< |‘3| /Q W(x)dx |Q|2'e [A[2fe
which gives
w(A) A e
wio) <%(jo))

This proves (d) with gg = ljg and C, =Cy.
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(d) = (e)
Pick an 0 < o”” < 1 small enough that B” = C,(a”)% < 1. It follows from (d)
that
Al < a"|Q] = w(A) < B"W(Q) (9.3.5)
for all cubes Q and all A measurable subsets of Q. Replacing A by Q \ A, the impli-
cation in (9.3.5) can be equivalently written as

Al > (1-0")Q] = w(A) > (1-B")W(Q).
In other words, for measurable subsets A of Q we have
w(A) < (1-B"W(Q) = [Al<(1-0a")[Q], (9.3.6)

which is the statement in (e) if we set o/ = (1 — ") and B’ = 1— o”. Note that
(9.3.5) and (9.3.6) are indeed equivalent.

() = (f)
We begin by examining condition (e ), which can be written as

/A w(t)dt < o /Q w(t)dt — /A w(t)"tw(t)dt < p’ ./('? w(t)"w(t)dt,
or, equivalently, as
u(A) < op@Q — [ WO dun) < B [ wt) ()
A Q

after defining the measure du(t) = w(t)dt. As we have already seen, the asser-
tions in (9.3.5) and (9.3.6) are equivalent. Therefore, we may use Exercise 9.3.2 to
deduce that the measure u is doubling [i.e., it satisfies property (9.2.9) for some
constant C, = C, (e, /)] and hence the hypotheses of Corollary 9.2.4 are satisfied.
We conclude that the weight w—! satisfies a reverse Holder estimate with respect to
the measure u, that is, if v,C are defined as in (9.2.11) and (9.2.12) [in which « is
replaced by o/, B by B’, and C,, is the doubling constant of w(x) dx], then we have

1 —1- iy C 1
(i@ Jpr7au0) ™ < ) o tauy - @3

for all cubes Q in R™. Setting p =1+ 71/ and raising to the pth power, we can rewrite
(9.3.7) as the Ay condition for w. We can therefore take C3 = CP to conclude the
proof of (f).

(f) = weA.

This is trivial, since [w]a,, < [W]a,. O

An immediate consequence of the preceding theorem is the following result re-
lating A.. to Ap.
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Corollary 9.3.4. The following equality is valid:

A= ] Ap

1<p<eo

Exercises

9.3.1. (a) Show that property (6) in Proposition 9.3.2 can be improved to

LIy L
w(AQ) < min (1+e) [W]A"" 1
e>0 S

w(Q).

(b) Take A =2 in property (6) of Proposition 9.3.2 and iterate the estimate obtained
to deduce that
W(AQ) < (24)7 (0%l )w(Q).

[Hint: Part (a): Take ¢ in (9.3.4) such that /" = (1 +¢)[w]a_..]

9.3.2. Suppose that u is a positive Borel measure on R" with the property that for
all cubes Q and all measurable subsets A of Q we have

Al <a|Q] = u(A) <Bu(Q)

for some fixed 0 < o, B < 1. Show that u is doubling [i.e., it satisfies (9.2.9)].
[Hint: Choose A = (1+ o /2)Y/" such that [AQ\ Q| < c|Q|. Write AQ as the union
of ¢, shifts Qs of Q, for some dimensional constant c,. Then u((AQ\ Q) NQs)| <

Bu(Qs) < Bu(Q)+Bu((2Q\ Q) NQs). Conclude that 1(AQ) < cn, P45 1(Q) and
from this derive an estimate for 11(3Q). |

9.3.3. Prove that a weight w is in Ap if and only if both w and w po1 are in A..
[Hint: You may want to use the result of Exercise 9.2.2.]

9.3.4. (Stein [291]) Prove that if P(x) is a polynomial of degree k in R", then
log|P(x)| is in BMO with norm depending only on k and n and not on the coef-
ficients of the polynomial.

[Hint: Use that all norms on the finite-dimensional space of polynomials of degree
at most k are equivalent to show that |P(x)| satisfies a reverse Holder inequality.
Therefore, [P(x)| is an A.. weight and thus Exercise 9.2.3(c) is applicable. |

9.3.5. Show that the product of two A; weights may not be an A.. weight.

9.3.6. Let g be in LP(w) for some 1 < p < e and w € A,. Prove that g € L} (R").
[Hint: Let B be a ball. In the case p < oo, write [5]g|dx = fB(|g|W’t1))wé dx and

apply Hélder’s inequality. In the case p = o, use that w € Ap, for some pg < c.]
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9.3.7. (Pérez [262]) Show that a weight w lies in A. if and only if there exist
7¥,C > 0 such that for all cubes Q we have

w({xeQ:wx)>2}) <CA|{xeQ: w(x)>yA}|

forall 1 > Avggw.
[Hint: The displayed condition easily implies that

1+£ Q) e+l C/6 1 1+£
IQL/W IQI) e g Jo e 9

where k > 0, wy = min(w,k) and § = /(1 + ¢). Take £ > 0 small enough to obtain
the reverse Holder condition (c) in Theorem 9.3.3 for wy. Let k — < to obtain the
same conclusion for w. Conversely, find constants y, 6 € (0,1) as in condition (a) of
Theorem 9.3.3 and for A > Avgq w write the set {w > 4} NQ as a union of maximal
dyadic cubes Qj such that 1 < Avgq, w < 272 for all j. Then w(Qj) < 2"|Q;] <

znx 51QjN{w > yA}| and the required conclusion follows by summing on j. ]

9.4 Weighted Norm Inequalities for Singular Integrals

We now address a topic of great interest in the theory of singular integrals, their
boundedness properties on weighted LP spaces. It turns out that a certain amount of
regularity must be imposed on the kernels of these operators to obtain the aforemen-
tioned weighted estimates.

9.4.1 A Review of Singular Integrals

We begin by recalling some definitions from Chapter 8.

Definition 9.4.1. Let 0 < §,A < «. A function K(x,y) defined for x,y € R" with
x £y is called a standard kernel (with constants 6 and A) if

IKOGY)| <

<y Dy XY (9.4.1)

and whenever [x —x'| < > max (|x—yl,|X' —y|) we have

Alx—x|®

(9.4.2)
(x=yl+ X —y[)r+e

K(xy) = K(X,y)| <

and also when |y —y'| < 2 max (jx —y|,|x—y’|) we have
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Aly—y'°

(X—y|+ x—y/)nes (343)

K(x,y) —K(x,y)| <

The class of all kernels that satisfy (9.4.1), (9.4.2), and (9.4.3) are denoted by
SK(9,A).

Definition 9.4.2. Let 0 < §,A < and K in SK(5,A). A Calderobn-Zygmund opera-
tor associated with K is a linear operator T defined on . (R") that admits a bounded
extension on L2(R"),

Tl <Bllfll.z (9.4.4)

and that satisfies
TN = [ Kxy)fy)ay 045

for all f € €;° and x not in the support of f. The class of all Calder6n-Zygmund
operators associated with kernels in SK(§,A) that are bounded on L? with norm
at most B is denoted by CZO(§,A,B). Given a Calderon-Zygmund operator T in
CZ0(8,A,B), we define the truncated operator T (€) as

TN = [ Ky 1)y

and the maximal operator associated with T as follows:

TO(f)(x) = sup [T () (x)] -

>0

We note that if T is in CZO(8,A,B), then T(€)f and T*)(f) is well defined for
all finU;<p<..LP(R"). Itis also well defined whenever f is locally integrable and
satisfies [i,_y>. [f(y)|[x—y|™"dy < e forallx € R" and & > 0.

9.4.2 A Good Lambda Estimate for Singular I ntegrals

The following theorem is the main result of this section.

Theorem 9.4.3. Let w € A, and T in CZO(6,A,B). Then there exist positive con-
stants Co = Co(n, [Wa..), & = &(n,[w]a.), and y = (n,d,A) such that for all
0 <y < we have

w({T®(f) > 32} N{M(f) < yA}) < Coy®(A+B)ow({T™(f) > 1}), (9.4.6)

for all locally integrable functions f for which f‘xfy‘28 [f(y)||[x—y| "dy < o for all
x € R"and & > 0. Here M denotes the Hardy-Littlewood maximal operator.

Proof. We write the open set

Q={T"(f)>2}=1JQ;.
j
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where Q; are the Whitney cubes of Proposition 7.3.4. We set

Q; = 10vnQ;.
Qi = 10/nQ7,

where aQ denotes the cube with the same center as Q whose side length is a¢(Q),
where ¢(Q) is the side length of Q. We note that in view of Proposition 7.3.4, the
distance from Q; to Q€ is at most 4,/n £(Qj). But the distance from Q; to the bound-
ary of Qj is (5v/n— 2)€(Qj), which is bigger than 4,/n¢(Q;). Therefore, Qj must
meet Q° and for every cube Qj we fix a pointyj € Q°NQj. See Figure 9.1.

(50n-5v) 1Q)

ta
Gvi-3)1Q)

x
z Q

i

Fig. 9.1 A picture of the proof.

We also fix f in U;<p..LP(R"), and for each j we write

f=fl4fl

oo )

where foj is the part of f near Q;j and £l is the part of f away from Q; defined as
follows:

foJ = fXQT*,
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We now claim that the following estimate is true:
QjN{T™(f) >3A}N{M(f) < yA}| <Cay(A+B)[Qj|. (9.4.7)

Once the validity of (9.4.7) is established, we apply Theorem 9.3.3 part (d) to obtain
constants &y9,C, > 0 (which depend on [w]a_, and the dimension n) such that

w(QjN{T™(f) >34} N{M(f) < yA}) < Cp (Cn)® ¥ (A+B)Ow(Q;).

Then a simple summation on j gives (9.4.6) with Cy = C,(Cy)®, and recall that C,
and g depend on n and [w]a....
In proving estimate (9.4.7), we may assume that for each cube Qj there exists a
zj € Qj such that M(f)(zj) < yA; otherwise, the set on the left in (9.4.7) is empty.
We invoke Theorem 8.2.3, which states that T*) maps L1(R") to LY=*(R") with
norm at most C(n)(A+ B). We have the estimate

1Q;N{TM(f) >34} n{M(f) <yA}| <1E +12, (9.4.8)
where

1§ = |Qin{T™(fd) > A}n{M(f) <yA}|,
12 = [Qin{TW(fl) > 24} n{M(f) <yA}|.

To control 1 we note that fg is in LY(R™) and we argue as follows:
1§ < [{T(1) > 2}

TN e g
e [ oolax

< C(n)(A+B) |Q/€*| |Q1]f*| /QJ | (x)| dx

< cma+8) U i) 0.49)
< C(n)(A+B) |Qj*|M(f)(zj)

< &(n)(A+B) IQ/E*IM

= Cn(A+B)7|Qj].

Next we claim that 12 = 0 if we take y sufficiently small. We first show that for all
x € Qj we have

sup[T()(£2)00 =T (1)) <CLIAM(T)(z)). (9.4.10)



9.4 Weighted Norm Inequalities for Singular Integrals 313

Indeed, let us fix an € > 0. We have

T -TOM = | [ Kxotoa- [ Kyolod

[t—x|>€ [t—yjl>e
< Li+Lx+Ls,
where

Ly = [K(xt) =Ky, t)] fL(t)dt |,
t-yjl>¢e

L, — / K(x,t)fg;(t)dt‘,
[t—x|>e
lt-yjl<e

Ly — / K(x,t)fg;(t)dt‘,
[t—x|<e
[t-yjl>e

in view of identity (4.4.6).
We now make a couple of observations. Fort ¢ Qj*, x,zj € Qj, and yj € Qj we
have

3 |t—x _5 48 |t—x| _50
< < < < . 411
4= t—yj| — 4 49 =~ |t—zj| ~ 49 (0.4.11)
Indeed,
[t—yj| > (50n—5\/n)£(Q,-) > 44n£(Qj)
and 1 1
x=yjl < 5 VReQ)) + Vn10Vne(Q)) < 11n(Q)) < Jt—yjl.
Using this estimate and the inequalities
3 5
AVl s =yl =yl S =X < =yl x—yjl <ty
we obtain the first estimate in (9.4.11). Likewise, we have
X —2zj] < Vnl(Qj) <nl(Q;)
and
[t—2zj| > (50n—5)£(Qj) > 49n£(Q)),
and these give
48 50
a9t -l Sit=zil ==zl <ft—x| < ft—zj[ +|x~zj| < |t =zl
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yielding the second estimate in (9.4.11).
Since |x —yj| < 3|t —yj| < 3 max (|t — x|, [t —yj|), we have

K(x,t) —K(yj,t)| < ;
| ( ’ ) (y]7 )| = (|t—X|+|t—yJ|)n+5 = ~n,é |t_Zj|n+5

hence, we obtain

0(Qj)°

!
Li < / CnsA it — 7|0+

[t—zj|>49n¢(Qj)

|f(1)|dt <CysAM(f)(z))

using Theorem 2.1.10. Using (9.4.11) we deduce

A .
L [ Do g < CAM( ).

5 49
t—zj|<j-45€

Again using (9.4.11), we obtain

A .
Ls < / x_ ez 3¢ | FHO 1AL < CTAM()(zy).

t-zjl<ige

This proves (9.4.10) with constant Cr(]‘lg =C/ s +CL+Cy.
Having established (9.4.10), we next claim that

sup [T (F1)(yj)| < TH(F)(yj) +CPAM()(z)). (9.4.12)

e>0

To prove (9.4.12) we fix a cube Qj and £ > 0. We let Rj be the smallest number such
that

Qj" €SBy Rj)-
See Figure 9.2. We consider the following two cases.

Case (1): &> R;. Since Q}* C B(yj, ), we have B(yj,&)° C (Q;*)° and therefore

T(S)(fi)(yj) :T(S)(f)(yj)a

s0 (9.4.12) holds easily in this case.

Case (2): 0 <e <Rj. Note that if t € (Qj*)", then [t —yj| > 40n£(Qj). On the
other hand, Rj < diam(Qj*) = 100n? £(Qj). This implies that

Ry<®"t—yjl,  when te(Qj").
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N
Qj** \

Fig. 9.2 The ball B(yj,Rj).

Notice also that in this case we have B(yj,R;j)® C (Qj*)¢, hence

TRI(ED)(y)) =TRI(f)(y;).
Therefore, we have
ITEE) )| < [TEE) ) = TRIED) )|+ TR () (yj)]

Ky 0L O]t + T (F)(y;)

IN

IN

e<lyj—tI<R;

[ Koo+ T )

2 n. . -
5\/n Rjg‘yj_t‘SRJ

A( Zn)fn )
< o M0lasTOmE)

_{<5.49R.
l2j—t|<7-28Rj

CEAM(F)(2) + T (F)(yj),

IN

IN

where in the penultimate estimate we used (9.4.11). The proof of (9.4.12) follows

with the required bound CSZ)A.
Combining (9.4.10) and (9.4.12), we obtain
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TOE) ) < TO(E)(y)) + (Cly +ChY) AM(F)(z)).
Recalling that y; ¢ €2 and that M(f)(zj) < yA, we deduce

TOE)K) <A+ (€ +C) Ay,

Setting 1 = (C,gl; +Cr(,2>)7lA—1, for 0 < y < 16, we have that the set

QN{TH(f) > 22} n{M(f) < ya}

is empty. This shows that the quantity 12 vanishes if y is smaller than . Returning
to (9.4.8) and using the estimate (9.4.9) proved earlier, we conclude the proof of
(9.4.7), which, as indicated earlier, implies the theorem. O

Remark 9.4.4. We observe that for any 6 > 0, estimate (9.4.6) also holds for the
operator

T (6)(x) = sup [T@(£) (x)|

£>6

with the same constant (which is independent of 5).
To see the validity of (9.4.6) for TS(*), it suffices to prove

757 ()] < T3 (D)) +CRAM(D)@)). (9.413)

which is a version of (9.4.12) with T *) replaced by TS(*). The following cases arise:
Case (1'): Rj < 6 <eord <Rj <e. Here, as in Case (1) we have

ITEE) ) = [TEE) i)l < T (F)(y)).
Case (2): 8 < & <Rj. Asin Case (2) we have TR (£1)(y;) = TR (f)(y;), thus

TOE) ] < [TOE) ) =TRIUE) ]+ [TE (H)yg)]-

As in the proof of Case (2), we bound the first term on the right of the last displayed
expression by CéZ)AM(f)(zj) while the second term is at most Té*)(f)(yj).

9.4.3 Consequences of the Good Lambda Estimate

Having obtained the important good lambda weighted estimate for singular inte-
grals, we now pass to some of its consequences. We begin with the following lemma:

Lemma9.4.5. Let1 < p<eo, 6 >0,weA, xeR", and f € LP(w). Then we have
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/‘X T gy < Coo(Wla,n, p,x, 8) W 1A, Hf||Lp

—y[z8 [X—=y["

for some constant Cog depending on the stated parameters. In particular, T(®)(f)
and T*)(f) are defined for f € LP(w).

Proof. Foreach 6 > 0and x pick a cube Qo = Qo(x, &) of side length ¢, 6 (for some
constant c,) such that Qo & B(x, 8). Set Qj = 2!Qo for j > 0. We have

[T(y)l .
dy <C, Y (28 ”/ F(y)|d
/\)’x\>b‘ [x—y|" y ngb( ) Qj+1\Qj| W)ldy

=3

§(|Q,| o T Wdy) (|QJ|/ wbay)’ 1’
cer (o) )

=

<Cn [W]i)p [ lleow 2 (W(Qj))_é

| /\

But Theorem 9.3.3 (d) gives for some g = &(n, [w]a..) that

w(Qo) |Qol®
wigy) = M) g e

from which it follows that
w(Qj)t <2 i,

In view of this estimate, the previous series converges. Note that C’ and hence Cqg
depend on [w]a_,Nn, p,X,d.
This argument is also valid in the case p = 1 by an obvious modification. O

Theorem 9.4.6. Let T be a CZO(§,A,B), 1 < p <o, and w € Ap. Then there is a
constant Cp = Cp(n,6,A+ B, [W]a_, [W]a,) such that

T ey < CullHlliagy (9.4.14)
whenever w € A and f € L!(w); and also

T Loy <Collf (9.4.15)

HLP(W) HLP(W)
whenever w € Ap and f € LP(w).

Proof. This theorem is a consequence of the estimate proved in the previous theo-
rem. For technical reasons, it is useful to fix a § > 0 and work with the auxiliary
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maximal operatorTé*) instead of T **). We begin by taking 1 < p < eand f € LP(w)
for some w € Ap. We write

I8 (O = [ P22 ({1 (1) > 2})a
- 3p/mplp*1w({T5(*)(f) >34})dA,
0
which we control by
3° [ pAT (T (1) > 31} N {M(1) < 12}) dA
0
+ 3"/wpkp*lw({M(f) > yA1)dA.
0
Using Theorem 9.4.3 (or rather Remark 9.4.4), we estimate the last terms by
3"Cof°(A+B)8°/O pAPw({T{ () > A}) da
+ 3 /wplp‘lw({M(f) >2})da
YPJo ’
which is equal to

3PCyye0 (A+B)e | T (£)|P 3 Mef 1P
oY (A+B)®[|T5( )IILp<W>+ypH ()| o) -

1
Taking y = min (37, 3 (2Co3P) % (A+B)~1), we conclude that

75751 p

Lot o = ; (9.4.16)
= 2HT5 (f)HLp(w)+Cp(n’57A+B’[W]Aoo)HM(f)HLp(w)'

We now prove a similar estimate when p = 1. For f € L*(w) and w € A; we have

3aw({T{(F) > 31))
<BAW({T{(F) > 33N {M(f) < y2) +3Aw({M(f) > yA}),

and this expression is controlled by

3ACoY (A+B)ow({T () > A}) + :)?:HM(f)HLlr”(W) :

It follows that
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757 2

1 _ (9.4.17)

< 2 HT5 (f)||Ll"’°(W)+C1(n75’A+B7 [W]Am)||M(f)|||_l,w(W>~
Estimate (9.4.15) would follow from (9.4.16) if we knew that HTS(*>(f)HLp(W) < oo
whenever 1 < p < oo, W € Ap and f € LP(w), while (9.4.14) would follow from
(9.4.17) if we had HTE(*)(f)HLLM(W) < oo whenever w € A; and f € L1(w). Since we
do not know that these quantities are finite, a certain amount of work is needed.

To deal with this problem we momentarily restrict attention to a special class
of functions on R", the class of bounded functions with compact support. Note
that in view of Exercise 9.4.1, such functions are dense in LP(w) when w € A
and 1 < p < o. Let h be a bounded function with compact support on R". Then

TE(*> (h) <C167"||h]|.; and Té*)(h)(x) < Cy(h)|x|~" for x away from the support of

h. It follows that :
Ts(* (h)(x) <Cs(h,8)(L+[x))™"

for all x € R". Furthermore, if h is nonzero, then

Ca(h)
M(h)(x) > (14 x|

and therefore for w € Ay,
17570 1y < Co ()Ml 1y < ==

while for1 < p <eandw e Ap,

LT )00 Pwx) 8 < Co(0,.6) [ ()0 Pw(x) k< =
R R

in view of Theorem 9.1.9. Using these facts, (9.4.16), (9.4.17), and Theorem 9.1.9
once more, we conclude that for all § > 0and 1 < p < - we have

1757 By < 2ColMB) [y < CBIIN oy -

o B (9.4.18)
HTS (h)HLLw(w) = 2C1HM(h)HLLw(w) = CthHLl(W)’
whenever h a bounded function with compact support. The constants C, and C;
depend only on the parameters A+ B, n, 6, and [w]a_, while Cy also depends on
W]y, 1< p < oo
We now extend estimates (9.4.14) and (9.4.15) to functions in LP(R",wdx).
Given1 < p <eo,we Ay, and f € LP(w), let

fn () = F() 211 <n X <N -
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Then fy is a bounded function with compact support that converges to f in LP(w)
(e, ||fn— f||Lp(W> — 0as N — o) by the Lebesgue dominated convergence theo-

rem. Also | fy| < |f] for all N. Sublinearity and Lemma 9.4.5 give for all x € R,
T3 () (x) = T3 (D 00] < T3 (F = ) (0
< ACoo (Wi, X, ) WIE, || =
and this converges to zero as N — oo. Therefore T(s(*)(f) = liMN_e Tbg*)(fN) point-

wise, and Fatou’s lemma for weak type spaces [Exercise 1.1.12(d)]gives for w € A
and f € LY(w),

||T5(*)(f)||Ll,°°(w) = H IiNm iQfTé*)(fN)HLlr”(w)
< linint |7 ()
< Culiminf|[M ()| 1)
< CofM)| 1

since | fy| < |f]| for all N. An analogous argument gives the estimate

1757 () o < Collfll oy

forwe Apand f € LP(w) when1 < p < eo.

It remains to prove (9.4.15) and (9.4.14) for T*). But this is also an easy con-
sequence of Fatou’s lemma, since the constants Cp and C; are independent of &
and

mT;*>(f)=T<*>(f)

forall f € LP(w). O

Corollary 9.4.7. Let T be a CZO(3,A,B). Then for all 1 < p < = and for every
weight w € A, there is a constant Cp = Cp(n, [W]a_., 6,A+ B) such that

Tty < Coll fllw)
and

T oy = Coll fllowy
for all smooth functions f with compact support.

Proof. We use the fact that any element of CZO(8,A,B) is a weak limit of a se-
quence of its truncations plus a bounded function times the identity operator, that is,
T =To+al, where |[a]| .. <Cn(A+B) (cf. Proposition 8.1.11). Then T (€)(f) —
To(f) weakly for some sequence &j — 0+ and we have [To(f)| < T *)(f). Therefore,
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IT(f)] < TW(f)+Cn(A+B)|f], and this estimate implies the required result in
view of the previous theorem. O

9.4.4 Necessity of the A, Condition

We have established the main theorems relating Calder6n—Zygmund operators and
Ap weights, namely that such operators are bounded on LP(w) whenever w lies in
Ap. Itis natural to ask whether the Ap condition is necessary for the boundedness of
singular integrals on LP. We end this section by indicating the necessity of the Ap
condition for the boundedness of the Riesz transforms on weighted LP spaces.

Theorem 9.4.8. Let w be a weight in R" and let 1 < p < . Suppose that each of
the Riesz transforms R; is of weak type (p, p) with respect to w. Then w must be an
Ap weight. Similarly, let w be a weight in R. If the Hilbert transform H is of weak
type (p, p) with respect to w, then w must be an A, weight.

Proof. We prove the n-dimensional case, n > 2. The one-dimensional case is essen-
tially contained in following argument, suitably adjusted.

Let Q be a cube and let f be a nonnegative function on R" supported in Q that
satisfies Avgqg f > 0. Let Q' be the cube that shares a corner with Q, has the same
length as Q, and satisfies x; > yj forall 1 < j <nwheneverx € Q" andy € Q. Then
for x € Q" we have

n (" r"ty roty)
Ri())| =" ' 2 / d 2 / dy.
Sricno|="La) 3 L0 a8 [ o

But if x € Q" and y € Q we must have that |x —y| < 2,/n#(Q), which implies that
IXx—y|™" > (2/n)"|Q|7L. LetCp = F(”gl)(z\/n)*”n‘n#. It follows that for all
0 <o <ChAvg, f we have

Qc {xe R": \iR,-(f)(x)| > a}.

j=1

Since the operator 2?:1 R; is of weak type (p, p) with respect to w (with constant

C), we must have )
N CF e
< ap./Qf(X) w(x) dx

forall o < Cp Avgg f, which implies that
cn PcP
(Avgf / (x)Pw(x (9.4.19)

We observe that we can reverse the roles of Q and Q" and obtain
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C,PcP

p
wQ) Jo a(x)Pw(x) dx (9.4.20)

(Avgg)® <
Q/

for all g supported in Q'. In particular, taking g = yq in (9.4.20) gives that w(Q) <
Cn PCPw(Q’). Using this estimate and (9.4.19), we obtain

(CaPCPy?
Avg f)P < / f (x)Pw(x) dx. (9.4.21)
(1= ") Jo M0
Using the characterization of the A, characteristic constant in Proposition 9.1.5 (8),
it follows that [w]a, < (Cn PCP)? < eo; hence w € Ap,. O
Exercises

9.4.1. Show that 45 is dense in LP(w) for all w € A...

9.4.2. (Cordoba and Fefferman [92]) Let T be in CZO(5,A,B). Show that for all
€ >0andall 1 < p < o there exists a constant C, p 5 such that for all functions u
and f on R" we have

/|T(*)(f)|pudx§C&p/ I£1PM(u+e) e dx
RN ~JRn

whenever the right-hand side is finite.
[Hint: Obtain this result as a consequence of Theorem 9.4.6.]

9.4.3. Use the idea of the proof of Theorem 9.4.6 to prove the following result.
Suppose that for some fixed A, B > 0 the nonnegative pi-measurable functions f and
T (f) satisfy the distributional inequality

H({T() > o} n{f <ca}) <Au({T(f)>Ba})

forall o > 0. Given 0 < p < eoand A < BP, if ||T(
is valid:

F)[| o) < e then the following

HT(f)HLP(/J_) <C(c,p,A, B)HfHLp(p_)’
for some constant C(c, p, A, B) that depends only on the indicated parameters.

9.4.4. Let f be in LY(R",w), where w € A;. Apply the Calderon-Zygmund decom-
position to f at height o > 0 to write f =g+ b as in Theorem 4.3.1. Prove that

19l ) < a1 [lx g 1Bls ) < 200 |1y

9.4.5. Assume that T has a kernel in SK(8,A) and suppose that T maps L?(w) to
L?(w) for every w € A;. Prove that T maps L (w) to L1 (w) for every w € A;.
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[Hint: Use Theorem 4.3.1 to write f =g-+b, where b = ¥;bj and each bj is sup-
ported in a cube Qj with center cj. To estimate T(g) use an L2(w) estimate and
Exercise 9.4.4. To estimate T (b) use the mean value property, the fact that

|6

y—cC

Lo e WG < Co M) < e w0,
[

and Exercise 9.4.4 to obtain the required estimate.]

9.4.6. Recall that the transpose T* of a linear operator T is defined by

for all suitable f and g. Suppose that T is a linear operator that maps LP(v) to itself
for some 1 < p < = and some v € A,. Show that the transpose operator T' maps

LP'(w) to LP (w) with the same norm, where w = v1~P' ¢ Ay.

9.4.7. Suppose that T is a linear operator that maps L?(v) to itself for all v such
that v—1 € A;. Show that the transpose operator T' of T maps L?(w) to L2(w) for all
w e A;.

9.4.8. Let 1 < p < . Suppose that T is a linear operator that maps LP(v) to itself
for all v satisfying v=1 € Ap. Show that the transpose operator T' of T maps LP'(w)
to itself for all w satisfying w2 € A

9.4.9. Let w € A.. and assume that for some locally integrable function f we have
M(f) € LPo(w) for some 0 < pg < =. Show that for all p with py < p < oo there is
a constant C(p, n, [w]a..) such that

[IMa (F) Loy < CR,1 WA [[MP(F) Loy

where My is the dyadic maximal operator given in Definition 7.4.3. Conclude the
same estimate for M.

[Hint: Let Q; be as in the proof of Theorem 7.4.4. Combine estimate (7.4.4) with
property (d) of Theorem 9.3.3,

w(QjN{Mqa(f) > 24, M*(f) <yA}) <Ca(2"y)®W(Qj),

where both C, and & depend on the dimension n and [w]a_. Obtain the result of
Theorem 7.4.4 in which the Lebesgue measure is replaced by w in A.. and the quan-
tity 2"y is replaced by C,(2"y)%. Finally, observe that Theorem 7.4.5 can be adapted
to a general weight w in Aw.]
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9.5 Further Properties of Ap Weights

In this section we discuss other properties of Ap weights. Many of these properties
indicate certain deep connections with other branches of analysis. We focus atten-
tion on three such properties: factorization, extrapolation, and relations of weighted
inequalities to vector-valued inequalities.

9.5.1 Factorization of Weights

Recall the simple fact that if wy, w; are A; weights, thenw =w; W%_p isan A, weight
(Exercise 9.1.2). The factorization theorem for weights says that the converse of
this statement is true. This provides a surprising and striking representation of A,
weights.

Theorem 9.5.1. Suppose that w is an Ap weight for some 1 < p < e, Then there
exist A; weights wy and w, such that

w=ww, P

Proof. Letusfixa p > 2andw < Ap. We define an operator T as follows:

1 1 1 1 1
T(f)= (W PM(fPtwp))r-t wpM(fw ™ p),

where M is the Hardy-Littlewood maximal operator. We observe that T is well
1
defined and bounded on LP(R™). This is a consequence of the facts that w™ r-1

is an Ay weight and that M maps LP'(w™ pfl) to itself and also LP(w) to itself.
Thus the norm of T on LP depends only on the A, characteristic constant of w.
Let B(w) = ||T||_p the norm of T on LP. Next, we observe that for f,g > 0 in
LP(R™) and 4 > 0 we have

T(f+0) <T(f)+T(9), T(Af)=AT(f). (9.5.1)

To see the first assertion, we need only note that for every ball B, the operator

1
1 r 1 p-1
f / fp—lwpdx>
<|B|.B' |

is sublinear as a consequence of Minkowski’s integral inequality, since p—1 > 1.
We now fix an LP function fo with ||fo|| , = 1 and we define a function ¢ in
LP(R™M) as the sum of the LP convergent series

8

o=y (2B(w))ITI(fp). (9.5.2)
j=1
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We define
1o _1
wp=wreP ™, wp=w Po,

so thatw = w; w%’p. It remains to show that wy,w, are A; weights. Applying T and
using (9.5.1), we obtain

T(g) < 2B(w) 3, (2Bw) 1T (f)

that is,
1 1 1 1 1
(WP M(@Ptwr)) Pt L wPM(pw ) < 2B(W)¢.

Using that ¢ = (w_éwl) P — wéwz, we obtain
M(wy) < (2Bw))P~twy  and  M(wp) < 2B(w)ws;.

These show that w; and w, are A; weights whose characteristic constants depend
on [w]a, (and also the dimension n and p). This concludes the case p > 2.

We now turn to the case p < 2. Given a weight w € Ap for 1 < p < 2, we consider
the weight w=/(P~1) which is in Ay. Since p’ > 2, using the result we obtained, we
write w—1/(P~1) = vlvé’p', where vy, v, are A; weights. It follows that w = v;~Pvy,
and this completes the asserted factorization of A, weights. O

Combining the result just obtained with Theorem 9.2.7, we obtain the following
description of A, weights.

Corollary 9.5.2. Let w be an Ap weight for some 1 < p < e=. Then there exist locally
integrable functions f; and f; with

M(f1)+M(fy) <eo a.e.,

constants 0 < &1,& < 1, and a nonnegative function k satisfying k,k=* € L* such
that
w = kM(f1)&M(f)&2(1=P) (9.5.3)

9.5.2 Extrapolation from Weighted Estimates on a Single LP°

Our next topic concerns a striking application of weighted norm inequalities. This
says that an estimate on LPo(v) for a single po and all Ay, weights v implies a similar
LP estimate for all p in (1,). This property is referred to as extrapolation.
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Surprisingly the operator T is not needed to be linear or sublinear in the following
extrapolation theorem. The only condition required is that T be well defined on
Ut<qee Uwea, L*(W). If T happens to be a linear operator, this condition can be
relaxed to T being well defined on %;°(R").

Theorem 9.5.3. Suppose that T is defined on U <. Uwea, L7 (W) and takes values
in the space of measurable complex-valued functions. Let 1 < pg < = and suppose
that there exists a positive increasing function N on [1, <) such that for all weights
vin Ap, we have

T HLPO(V)HLPO(V) < N([V]ap, ) - (9.5.4)

Then for any 1 < p < <o and for all weights w in A, we have

HT |‘Lp(w)_>LP(W) S K (n7 P, Po, [W]Ap) ) (955)

where
po—1

2N(r<1(n, P, Po) W ) when p < po,
K(n, p, po, [Wla,) =

P—Po

270D N (k2(n, p, Po) [W]a,) When p > po,

and x1(n, p, po) and xx(n, p, po) are constants that depend on n, p, and pg.

Proof. Let1l < p < oo andw & Ap. We define an operator

where M is the Hardy—Littlewood maximal operator. We observe that since w!~?" is
. / . .
in Ay, the operator M’ maps LP (w) to itself; indeed, we have

||M/HLP/(W)HLP/(W) = HMHLP’(WlfP’pr/(wlfP’)

Capwt "] 71 (9.5.6)

A

= Cmp[W]Ap

in view of Theorem 9.1.9 and property (4) of Proposition 9.1.5.

We introduce operators M%(f) = |f| and MK =MoMo---oM, where M is the
Hardy-L.ittlewood maximal function and the composition is taken k times. Likewise,
we introduce powers (M’)X of M’ for k € Z* U {0}. The following lemma provides
the main tool in the proof of Theorem 9.5.3. Its simple proof uses Theorem 9.1.9
and (9.5.6) and is omitted.

Lemma 9.5.4. (a) Let 1 < p < e and w € Ap. Define operators R and R’

= MK (f
f) = Z () k
k=0 (ZHMHLP(W)—»LP(W))
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for functions f in LP(w) and also
- M)k(f
( P (w ))

for functions f in L' (w). Then there exist constants C; (n, p) and Cy(n, p) that de-
pend on n and p such that

Ifl < R(f), (9.5.7)
HR(f)HLP(W) < ZHfHLP( (9.5.8)
M(R(f)) < Ca(n,p)[w ]p "R(f), (9.5.9)

for all functions f in LP(w) and such that

lh| < R'(h), (9.5.10)
IR |or ) < (9.5.11)
M'(R'(h)) < Ca(n,p)[wla, R'(h), (9.5.12)

for all functions h in LP' (w).

We now proceed with the proof of the theorem. It is natural to split the proof into

the cases p < po and p > po. .
0

Case (1): p < po. Assume momentarily that R(f) (/P is an Ay, weight. Then we
have

[LxGallFe

. o 0
= [T(f)|PR(f) (Po/P' R(f)Po/P)" wlx
RN

_ Po p 1 ,
< ( T (f)|PR(f) (Po/p)/wdx> Po ( R(f)pwdx> (po/p)
R" R0

< N([R(ff(p;?p)/hpo p(/Rn|f|poR(f)<p§?p>'wdx) (/ R(f ) o

R()P dx) (po/p)
Rn

1
pwdx) (/ R(f ) (Po/P)
Rn

" R(f)PR(f) <p0/pywdx) o(



328 9 Weighted Inequalities

where we used Holder’s inequality with exponents po/p and (po/p)’, the hypothesis
of the theorem, (9.5.7), and (9.5.8). Thus, we have the estimate

_ P
1Tl <2N(REO @), Y[y (9519

_ P
and it remains to obtain a bound for the A, characteristic constant of R(f) (Po/P)".
In view of (9.5.9), the function R(f) is an A; weight with characteristic constant at

most a constant multiple of [w ]p “ . Consequently, there is a constant C; such that

R(f) ™ <C} [W]/i’sl <|é| /QR(”dX> h

for any cube Q in R". Thus we have

R(f <P0/P wdx
IQI/
(9.5.14)

(3 o) (3 o)

Next we have

/

1 _ P \1-p) >po—1
R(f) (Po/P)w dx
(g1 o (rer )
Po o1 , po—1
_ (| o / R(f Soin! Wi pde> (9.5.15)

(0 bR )/ <|<19|/lep,)pl’

where we applied Holder’s inequality with exponents

p/ -1 4 p/ -1
( ;o 1) and E
Po Po
and we used that

po(pé—l)<p’—1>’ po—1 Po
=1 and = .
(Po/P)" \Pp—1 (pf_i)/ (Po/P)’

IN

Multiplying (9.5.14) by (9.5.15) and taking the supremum over all cubes Q in R"
we deduce that

1 Po po—1

< (CLWIR,") o™ [w]a, = K1 (N, P, Po) W4, -
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Combining this estimate with (9.5.13) and using the fact that N is an increasing
function, we obtain the validity of (9.5.5) in the case p < po.

Case (2): p > po. In this case we set r = p/po > 1. Then we have

r
IOy = TP = ([ T(OPhwax) (9.5.16)

for some nonnegative function h with L" (w) norm equal to 1. We define a function

/

H = [R(h)] "
Obviously, we have 0 < h < H and thus
/ IT(F)[Pohwdx g/ IT(F)[PoH wdx
RI‘I

N([HW )pOHfHLPo Hw)
N ((HWlag ) P10 e IH )

IN

(9.5.17)

IN

o
27 N([HWlag,) ™[5

IN

noting that

IH I

/ RI(h"/P )P wdx <2/ [ h"wdx=2",
Jro

Lr' RN

which is valid in view of (9.5.11). Moreover, this argument is based on the hypoth-
esis of the theorem and requires that Hw be an Ap, weight. To see this, we observe

that condition (9.5.12) implies that H"/P'wis an Ay weight with characteristic con-
stant at most a multiple of [w]a,. Thus, there is a constant C}, that depends only on n
and p such that

1 / /
Q) /QH ¥ wax < Cp[W]a H oW

for all cubes Q in R". From this it follows that

/

P
(Hw)™* < xa(n, p, po) (W (|Q|/prdx) Wr’_l,

where we set k»(n, p, po) = (Cé)p//r’. We raise the preceding displayed expression
to the power py — 1, we average over the cube Q, and then we raise to the power
po — 1. We deduce the estimate
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, (9.5.18)

<|é| /Q(H w)L-Po dx) po—1

A N S AV NN
gxz<n,p,po>[wup(|Q| /QHp'wdx) (|Q| / wpdx) ,

where we use the fact that
/
(E’/ —1>(p6—1) —1-p.

Note that r’/p’ > 1, since pp > 1. Using Holder’s inequality with exponents r’/p’
and (r'/p’)~! we obtain that

/

p pp—1
1 r 1 v’ r 1 r p-1

Hwd H»wd d 9.5.19
ok WX<<|Q|/Q "WX) (|Q|~/QW X) - 6319)

where we used that
1 . Po— 1
(yy P-1°
Multiplying (9.5.18) by (9.5.19), we deduce the estimate

4 po-1
[H W}Apo < x2(n, p, Po) [W]A/p [W]Apr;1 = K2(N, P, Po) [W]a, -

Inserting this estimate in (9.5.17) we obtain

p/
/Rn [T (1) Phwdx < 27 N(Kz(n, p. po) Wla,) | 129

and combining this with (9.5.16) we conclude that

o'r
T () Pp) <27 N(2(n, p,Po) Wlag) ™" || [P0 -
This proves the required estimate (9.5.5) in the case p > po. O

There is a version of Theorem 9.5.3 in which the initial strong type assumption
is replaced by a weak type estimate.

Theorem 9.5.5. Suppose that T is a well defined operator on U - q<.. Uwea, L4(W)
that takes values in the space of measurable complex-valued functions. Fix 1 <
Po < e and suppose that there is an increasing function N on [1, ) such that for all
weights v in Ap, we have

||T HLpO(v)HLpO»‘”(V) <N([V]ap, ) - (9.5.20)

Then for any 1 < p < <o and for all weights w in Ap we have
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T HLP(W)HLP""’(W) < K(n,p, po, [Wlap) (9.5.21)

where K (n, p, po, [W]a, ) is as in Theorem 9.5.3.

Proof. For every fixed A > 0 we define

T.(F) =A%7(H)>2 -

The operator T is not linear but is well defined on Us < g<co Uwea, L7 (W), since T is
well defined on this union. We show that T, maps LPo(v) to LPo(v) for every v € Ap,.

Indeed, we have
pl
0
(/Rn)LpOXT(f)NLVdX)

(L mpve) ’

= (AT (1) > 2)))
< N(Vag) [ ] o )

N

using the hypothesis on T. Applying Theorem 9.5.3, we obtain that T, maps LP(w)
to itself forall 1 < p < e~ and all w € A, with a constant independent of A. Precisely,
forany w € Ay and any f € LP(w) we have

T2 () Loy < K (0, P, Do, Way) || Fll o

Since
Hﬂﬂmwm:ﬂwnﬁwwm

it follows that T maps LP(w) to LP=(w) with the asserted norm. O

Assuming that the operator T in the preceding theorem is sublinear (or quasi-
sublinear), we obtain the following result that contains a stronger conclusion.

Corollary 9.5.6. Suppose that T is a sublinear operator on U; .q<.. Uwea, L%(w)
that takes values in the space of measurable complex-valued functions. F|x 1<
Po < e and suppose that there is an increasing function N on [1, ) such that for all
weights v in Ap, we have

||T HLPO Y—LPO=(v) < N([V]Ap0)~ (9.5.22)

Then for any 1 < p < e and any weightw in A there is a constant K'(n, p, po, [W]a,)
such that

HT(f)HLP( K’(n, p, po, W Ao HfHLP

Proof. The proof follows from Theorem 9.5.5 and the Marcinkiewicz interpolation
theorem. O
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We end this subsection by observing that the conclusion of the extrapolation The-
orem 9.5.3 can be strengthened to yield vector-valued estimates. This strengthening
may be achieved by a simple adaptation of the proof discussed.

Corollary 9.5.7. Suppose that T is defined on U <q.. Uwea, L%(w) and takes val-
ues in the space of all measurable complex-valued functions. Fix 1 < py < = and
suppose that there is an increasing function N on [1, ) such that for all weights v
in Ap, we have

Tl oo ) —pory) < N(V]agy) -
Then for every 1 < p < << and every weight w € A, we have

H(;mf,-ﬂpo) (;mpo) .

<
Loy = K0P Pos Wy )

LP(w)
for all sequences of functions f; in LP(w), where K (n, p, po, [W]a, ) is as in Theorem
9.5.3.

Proof. To derive the claimed vector-valued inequality follow the proof of Theorem
1 1
9.5.3 replacing the function f by (X;[f;j|P) P and T (f) by (X;[T(fj)[P°). O

9.5.3 Weighted I nequalities Versus Vector-Valued | nequalities

We now turn to the last topic we are going to discuss in relation to A, weights:
connections between weighted inequalities and vector-valued inequalities. The next
result provides strong evidence that there is a nontrivial connection of this sort. The
following is a general theorem saying that any vector-valued inequality is equivalent
to some weighted inequality. The proof of the theorem is based on a minimax lemma
whose precise formulation and proof can be found in Appendix H.

Theorem 9.5.8. (a) Let 0 < p < g,r < co. Let {T;}; be a sequence of sublinear
operators that map L%(u) to L (v), where u and v are arbitrary measures. Then
the vector-valued inequality

[Zmapyr], <c|Eimpy?

(9.5.23)

La

holds for all fj € L9(u) if and only if for every u > 0 in Lr'p (v) there exists U > 0
in La» (1) with
HUHLqu = ||u|||_r—rp’

9.5.24
SU_D/ITj(f)I"Udv < cp/|f|Pu du. (9:5.24)
J
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(b) Let 0 < @,r < p <eo. Let {Tj}; be as before. Then the vector-valued inequality
(9.5.23) holds for all fj € L9(u) if and only if for every u > 0'in Le's (u) there exists
U >0inLer(v) with

Ul e = full e -

9.5.25
sup [ Ty(F)PU~tdv < €@ [[fPutdu. (9525)
J

IN

Proof. We begin with part (a). Given fj € L9(R", ), we use (9.5.24) to obtain

(s, = [Smoe)

LP(v)

1
= s ([ ZmtyPuav)’
lull o, <1 R

< sup C(/ ZIfJIpUdu)
HuH r <1
< o fi|P ul|®
< Hz| il ”)H Hng
1
] P
(),

which proves (9.5.23) with the same constant C as in (9.5.24). To prove the converse,
given a nonnegative u € L (v) with HUHLr—rp = 1, we define

A={a=(ap,a1): ao =D |fjI’, ar=3[Tj(f[", fjeLi(u)}
j J

and .
B={belar(u):b>0, [bf a <1=ufl ;.

Notice that A and B are convex sets and B is weakly compact. (The sublinearity of
each Tj is used here.) We define the function @ on A x B by setting

q)(a,b):/aludv Cp/aobdu z(/m D[Pudy — Cp/|f,|pbdu)

Then @ is concave on A and weakly continuous and convex on B. Thus the minimax
lemma in Appendix H is applicable. This gives

minsup ®@(a,b) = supmin®(a,b). (9.5.26)

beB aeA acA beB
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At this point observe that for a fixed a = (X | fj|?, X [Tj(fj)|P) in A we have
[Smer] g, lollr, -t  SiPoon

Isrminls,-e5els, <o

2 .0)

IN

IN

using the hypothesis (9.5.23). It follows that sup,., Minyeg @(a,b) < 0 and hence
(9.5.26) yields minycg sup,ea @ (a,b) < 0. Thus there exists a U € B such that
@(a,U) <0 for every a € A. This completes the proof of part (a).

The proof of part (b) is similar. Using the result of Exercise 9.5.1 and (9.5.25),
given fj € L9(R", ) we have

[z,

[Py,
B HUH g </an|f|pu ld“)

& Cuuu r<1</ ZITJ Fu” 1dv>
Csz"Tj(fj) L,gm

Sl(zmewr)’

To prove the converse direction in part (b), given a fixed u > 0 in Lo (1) with
HUHLpgq =1, we define A as in part (a) and

L'(v)

P
B={beler(v):b>0 [b]| » <1=]u] s}
We also define the function @ on A x B by setting
®(ab) = /alb‘ldv—Cp/aou‘ldu

= S ( fmtpo-tov-c fihiutan ).

Then @ is concave on A and weakly continuous and convex on B. Also, using Exer-
cise 9.5.1, forany a= (X;|f;|P,X; |Tj(f;)[) in A, we have

r —CpH f; pH <0
L () ;l iPllosg <

min@(a,b) < H2j,|Tj(fj)|p’
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Thus supaea Mingeg @(a,b) < 0. Using (9.5.26), yields minyeg sup,cp @(a,b) <0,
and the latter implies the existence of aU in B such that @(a,U) <0 forall a € A.
This proves (9.5.25). O

Example 9.5.9. We use the previous theorem to obtain another proof of the vector-
valued Hardy-Littlewood maximal inequality in Corollary 4.6.5. We take Tj = M

for all j. For given 1 < p < g < e and u in La'e we set s = qﬂp and U =
1LY H[siu M(u). In view of Exercise 9.1.8 we have
U]|s < JJull,s and /RnM(f)pudxgcp/Rn|f|pde.
Using Theorem 9.5.8, we obtain
1 1
Jsmitei], <o (S0, o520
j j

whenever 1 < p < g < oo, an inequality obtained earlier in (4.6.17).

It turns out that no specific properties of the Hardy-Littlewood maximal function
are used in the preceding inequality, and we can obtain a general result along these
lines. For simplicity we take the operators Tj in the next theorem to be linear.

Exercises

9.5.1. Let0O<s<land f bein L3(X,u). Show that

||fHLs:i”f{/X|f|U_1du: Jull s, Sl}

and that the infimum is attained.
[Hint: Try u = c|f|** for a suitable constant c.]

9.5.2. Use the same idea of the proof of Theorem 9.5.1 to prove the following gen-
eral result: Let u be a positive measure on a measure space X and let T be a bounded
sublinear operator on LP(X, i) for some 1 < p < <. Suppose that T (f) > 0 for all f
in LP(X, ). Prove that for all fo € LP(X,u), there exists an f € LP(X, u) such that

(@) fo(x) < f(x) for u-almost all x € X.

(b) HfHLP(X) S ZHfOHLP(x)'

© T(f)(x) < 2||T||p_Lp F(x) for u-almost all x € X.
[Hint: Try the expression in (9.5.2) starting the sum at j = 0.



336 9 Weighted Inequalities

9.5.3. (Duoandikoetxea [116]) Suppose that T is a well defined operator on the
union Us«gee Uneag LY(W) that satisfies HT||U(V)HU(V> < N([v]a,) for some in-
creasing function N : [1,.0) — R*. Without using Theorem 9.5.3 prove that for
l<qg<randallveA;, T mapsL%v) to L9(v) with constant depending on g, r, n,
and [v]a,

[Hint: Holder’s inequality gives that

Tl < [, 70 ><x>q—fv(x>dx)g(RnM(f)(x)‘*v(x)dx)r“q

Then use the fact that the weight M(f) is in A; and Exercise 9.1.2.]

9.5.4. Let T be a sublinear operator defined on (J,<q..L9. Suppose that for all
functions f and u we have

L m(HPudxs [ (M) ox
R" JR"

Prove that T maps LP(R") to itself for all 2 < p < eo.

[Hint: Use that
()= sup (/ T |2udx)

Ill /2y -
and Holder’s inequality. |

9.5.5. (X. C. Li) Let T be a sublinear operator defined on Ujq<oUwea, L7 (W).
Suppose that T maps L?(w) to L?(w) for all weights w that satisfy w—* € A;. Prove

that T maps LP to itself forall 1 < p < 2.
[Hint: We have

[Tl < ( [, enim 2—p>dx)%(/RnM<f>pdx)22”p

by Holder’s inequality. Apply the hypothesis to the first term of the product.]

HISTORICAL NOTES

Weighted inequalities can probably be traced back to the beginning of integration, but the
A, condition first appeared in a paper of Rosenblum [272] in a somewhat different form. The
characterization of A, when n = 1 in terms of the boundedness of the Hardy-L ittlewood maximal
operator was obtained by Muckenhoupt [237]. The estimate on the norm in (9.1.24) can also be
reversed, as shown by Buckley [36]. The simple proof of Theorem 9.1.9 is contained in Lerner’s
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article [209] and yields both the Muckenhoupt theorem and Buckley’s optimal growth of the norm
of the Hardy-Littlewood maximal operator in terms of the A, characteristic constant of the weight.
Another proof of this result is given by Christ and Fefferman [69]. Versions of Lemma 9.1.10 for
balls were first obtained by Besicovitch [23] and independently by Morse [235]. The particular
version of Lemma 9.1.10 that appears in the text is adapted from that in de Guzman [109]. Another
version of this lemma is contained in the book of Mattila [227]. The fact that A.. is the union of
the A, spaces was independently obtained by Muckenhoupt [238] and Coifman and Fefferman
[74]. The latter paper also contains a proof that Ap weights satisfy the crucial reverse Holder
condition. This condition first appeared in the work of Gehring [145] in the following context: If F
is a quasiconformal homeomorphism from R" into itself, then |det(VF)| satisfies a reverse Holder
inequality. The characterization of A; weights is due to Coifman and Rochberg [84]. The fact that
M(f)? isin A., when & < 1 was previously obtained by Cérdoba and Fefferman [92]. The different
characterizations of A.. (Theorem 9.3.3) are implicit in [237] and [74]. Another characterization of
A.. in terms of the Gurov-Reshetnyak condition supg ‘(1?‘ Jolf —Avgg fldx < eAvgg f for f >0
and 0 < & < 2 was obtained by Korenovskyy, Lerner, and Stokolos [196]. The definition of A
using the reverse Jensen inequality herein was obtained as an equivalent characterization of that
space by Garcia-Cuerva and Rubio de Francia [141] (p. 405) and independently by HrusCev [169].
The reverse Holder condition was extensively studied by Cruz-Uribe and Neugebauer [98].

Weighted inequalities with weights of the form |x|2 for the Hilbert transform were first obtained
by Hardy and Littlewood [159] and later by Stein [288] for other singular integrals. The necessity
and sufficiency of the A, condition for the boundedness of the Hilbert transform on weighted LP
spaces was obtained by Hunt, Muckenhoupt, and Wheeden [172]. Historically, the first result re-
lating A weights and the Hilbert transform is the Helson-Szeg6 theorem [162], which says that
the Hilbert transform is bounded on L?(w) if and only if logw = u+ Hv, where u,v € L*(R) and
Hv|||_m < 7. The Helson-Szegd condition easily implies the A, condition, but the only known direct
proof for the converse gives ||v||, .. < 7; see Coifman, Jones, and Rubio de Francia [76]. A related
result in higher dimensions was obtained by Garnett and Jones [143]. Weighted LP estimates con-
trolling Calderon-Zygmund operators by the Hardy-L.ittlewood maximal operator were obtained
by Coifman [71]. Coifman and Fefferman [74] extended one-dimensional weighted norm inequali-
ties to higher dimensions and also obtained good lambda inequalities for A.. weights for more gen-
eral singular integrals and maximal singular integrals (Theorem 9.4.3). Bagby and Kurtz [14], and
later Alvarez and Pérez [4], gave a sharper version of Theorem 9.4.3, by replacing the good lambda
inequality by a rearrangement inequality. See also the related work of Lerner [208]. The result of
Exercise 9.4.9 relating the weighted norms of f and M*(f) is also valid under weaker assumptions
on f; for instance, the condition M(f) € LPo can be replaced by the condition w({|f| >t}) < e
for every t > 0; see Kurtz [201]. Using that min(M,w) is an A.. weight with constant indepen-
dent of M and Fatou’s lemma, this condition can be relaxed to |{|f| > t}| < e for every t > 0. A
rearrangement inequality relating f and M*(f) is given in Bagby and Kurtz [13].

The factorization of A, weights was conjectured by Muckenhoupt and proved by Jones [178].
The simple proof given in the text can be found in [76]. Extrapolation of operators (Theorem 9.5.3)
is due to Rubio de Francia [274]. An alternative proof of this theorem was given later by Garcia-
Cuerva [140]. The value of the constant K(n, p, po, [W]a,) first appeared in Dragicevi¢, Grafakos,
Pereyra, and Petermichl [110]. The present treatment of Theorem 9.5.3, based on crucial Lemma
9.5.4, was communicated to the author by J. M. Martell. One may also consult the related work
of Cruz-Uribe, Martell, and Pérez [97]. The simple proof of Theorem 9.5.5 was conceived by J.
M. Martell and first appeared in the treatment of extrapolation of operators of many variables; see
Grafakos and Martell [151]. The idea of extrapolation can be carried to general pairs of functions,
see Cruz-Uribe, Martell, and Pérez [96]. The equivalence between vector-valued inequalities and
weighted norm inequalities of Theorem 9.5.8 is also due to Rubio de Francia [275]. The difficult
direction in this equivalence is obtained using a minimax principle (see Fan [122]). Alternatively,
one can use the factorization theory of Maurey [228], which brings an interesting connection with
Banach space theory. The book of Garcia-Cuerva and Rubio de Francia [141] provides an excellent
reference on this and other topics related to weighted norm inequalities.
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A primordial double-weighted norm inequality is the observation of Fefferman and Stein [129]
that the maximal function maps LP (M (w)) to LP(w) for nonnegative measurable functions w (Exer-
cise 9.1.8). Sawyer [278] obtained that the condition supq (jQ vlfp'dx) 71j'Q M (vlfp'xQ)pwdx < oo
provides a characterization of all pairs of weights (v,w) for which the Hardy-L.ittlewood maximal
operator M maps LP(v) to LP(w). Simpler proofs of this result were obtained by Cruz-Uribe [95]
and Verbitsky [324]. The fact that Sawyer’s condition reduces to the usual Ap condition whenv =w
was shown by Hunt, Kurtz, and Neugebauer [171]. The two-weight problem for singular integrals
is more delicate, since they are not necessarily bounded from LP(M(w)) to LP(w). Known results
in this direction are that singular integrals map LP(MI[P+1(w)) to LP(w), where M" denotes the rth
iterate of the maximal operator. See Wilson [333] (for 1 < p < 2) and Pérez [259] for the remaining
p’s. A necessary condition for the boundedness of the Hilbert transform from LP(v) to LP(w) was
obtained by Muckenhoupt and Wheeden [239]. A necessary and sufficient such condition is yet to
be found. A class of multiple weights that satisfy a vector A, condition has been introduced and
studied in the article of Lerner, Ombrosi, Pérez, Torres, and Trujillo-Gonzélez [210].

For an approach to two-weighted inequalities using Bellman functions, we refer to the article of
Nazarov, Treil, and Volberg [247]. The notion of Bellman functions originated in control theory;
the article [248] of the previous authors analyzes the connections between optimal control and
harmonic analysis. Bellman functions have been used to derive estimates for the norms of classical
operators on weighted Lebesgue spaces; for instance, Petermichl [264] showed that for w € A (R),
the norm of the Hilbert transform from L?(R,w) to L?(R,w) is bounded by a constant times the
characteristic constant [w]a, .

The theory of Ap weights in this chapter carries through to the situation in which Lebesgue
measure is replaced by a general doubling measure. This theory also has a substantial analogue
when the underlying measure is nondoubling but satisfies 1 (dQ) = 0 for all cubes Q in R" with
sides parallel to the axes; see Orobitg and Pérez [253]. A thorough account of weighted Littlewood—
Paley theory and exponential-square function integrability is contained in the book of Wilson [334].



Chapter 10

Boundedness and Convergence of Fourier
Integrals

In this chapter we return to fundamental questions in Fourier analysis related to
convergence of Fourier series and Fourier integrals. Our main goal is to understand
in what sense the inversion property of the Fourier transform

0= [ fleresaz

holds when f is a function on R". This question is equivalent to the corresponding
question for the Fourier series

f(X): z f\(m)eZHiX-m

meZn

when f is a function on T". The main problem is that the function (or sequence) f
may not be integrable and the convergence of the preceding integral (or series) needs
to be suitably interpreted. To address this issue, a summability method is employed.
This is achieved by the introduction of a localizing factor @ (& /R), leading to the
study of the convergence of the expressions

[, @E/RIT(E)ES d

as R — oo. Here @ is a function on R" that decays sufficiently rapidly at infinity and
satisfies @(0) = 1. For instance, we may take @ = ypo,1), where B(0,1) is the unit
ball in R". Analogous summability methods arise in the torus.

An interesting case arises when @(&) = (1—|&[%)*, A > 0, in which we obtain
the Bochner—Riesz means introduced by Riesz when n =1 and A = 0 and Bochner
for n > 2 and general A > 0. The question is whether the Bochner-Riesz means

2 2\ 4
md 4+ +m2\* - S
z (1 _ - n) f(mlv N ,mn) e2n|(m1><1+ +MnXn)
m2+--+ma<R2

L. Grafakos, Modern Fourier Analysis, DOI: 10.1007/978-0-387-09434-2 10, 339
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converge in LP. This question is equivalent to whether the function (1 — |&|?)* is
an LP multiplier on R" and is investigated in this chapter. Analogous questions con-
cerning the almost everywhere convergence of these families are also studied.

10.1 The Multiplier Problem for the Ball

In this section we show that the characteristic function of the unit disk in R? is not
an LP multiplier when p # 2. This implies the same conclusion in dimensions n > 3,
since sections of higher-dimensional balls are disks and by Theorem 2.5.16 we have
that if xg(or) ¢ .#p(R?) forall r > 0, then yg(o 1) ¢ .#p(R") forany n > 3.

10.1.1 Sprouting of Triangles

We begin with a certain geometric construction that at first sight has no apparent
relationship to the multiplier problem for the ball in R". Given a triangle ABC with
base b = AB and height hg we let M be the midpoint of AB. We construct two other
triangles AMF and BME from ABC as follows. We fix a height h; > hy and we
extend the sides AC and BC in the direction away from its base until they reach a
certain height h;. We let E be the unique point on the line passing through the points
B and C such that the triangle EMB has height h;. Similarly, F is uniquely chosen
on the line through A and C so that the triangle AMF has height h;.

hl A
N
hy y
G H
hl
hO
Fig. 10.1 The sprouting of vy

the triangle ABC. A M B
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The triangle ABC now gives rise to two triangles AMF and BME called the
sprouts of ABC. The union of the two sprouts AMF and BME s called the sprouted
figure obtained from ABC and is denoted by Spr(ABC). Clearly Spr(ABC) contains
ABC. We call the difference

Spr(ABC) \ ABC

the arms of the sprouted figure. The sprouted figure Spr(ABC) has two arms of equal
area, the triangles EGC and FCH as shown in Figure 10.1, and we can precisely
compute the area of each arm. One may easily check (see Exercise 10.1.1) that

Y
Avrea (each arm of Spr(ABC)) = b (hy =ho) , (10.1.1)
2 2h;—hg
where b = AB.
hy
hy
hO

Fig. 10.2 The second step of
the construction.

We start with an isosceles triangle A = ABC in R? with base AB of length by = ¢
and height MC = hy = &, where M is the midpoint of AB. We define the heights

hy = (14—;)8,
hy = (1+;+;)g,

hj = (1+;+"'+j41r1)8'



342 10 Boundedness and Convergence of Fourier Integrals

We apply the previously described sprouting procedure to A to obtain two sprouts
Ay = AMF and A, = EMB, as in Figure 10.1, each with height h; and base length
bo/2. We now apply the same procedure to the triangles A; and A,. We then obtain
two sprouts A;; and App from A; and two sprouts A»; and Ay, from Ay, a total of
four sprouts with height h,. See Figure 10.2. We continue this process, obtaining at
the jth step 21 sprouts Ary..rjs T1,...,Fj € {1,2} each with base length bj = 2-1by
and height hj. We stop this process when the kth step is completed.

B\

Fig. 10.3 The third step of
the construction.

We let E(g,k) be the union of the triangles Ay, r, over all sequences rj of 1’s
and 2’s. We obtain an estimate for the area of E(&,k) by adding to the area of A the
areas of the arms of all the sprouted figures obtained during the construction. By
(10.1.1) we have that each of the 2J arms obtained at the jth step has area

bj—1 (hj—hj_1)?
2 2hj—hj_1 '

Summing over all these areas and adding the area of the original triangle, we obtain
the estimate
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1 bj_1 (hj—hj-1)

E K)| = 2 2] J J J
k —(j—1 2
< ez iy 0l by e

where we used the fact that 2hj —hj_; > e forall j > 1.

Having completed the construction of the set E(&,k), we are now in a position
to indicate some of the ideas that appear in the solution of the Kakeya problem.
We first observe that no matter what k is, the measure of the set E(g,k) can be
made as small as we wish if we take € small enough. Our purpose is to make a
needle of infinitesimal width and unit length move continuously from one side of
this angle to the other utilizing each sprouted triangle in succession. To achieve this,
we need to apply a similar construction to any of the 2¥ triangles that make up the
set E(&,k) and repeat the sprouting procedure a large enough number of times. We
refer to [99] for details. An elaborate construction of this sort yields a set within
which the needle can be turned only through a fixed angle. But adjoining a few such
sets together allows us to rotate a needle through a half-turn within a set that still
has arbitrarily small area. This is the idea used to solve the aforementioned needle
problem.

10.1.2 The counterexample

We now return to the multiplier problem for the ball, which has an interesting con-
nection with the Kakeya needle problem.

Fig. 10.4 A rectangle R and
its adjacent rectangles R'.

In the discussion that follows we employ the following notation. Given a rectan-
gle R in R?, we let R” be two copies of R adjacent to R along its shortest side so that
RUR’ has the same width as R but three times its length. See Figure 10.4.

We need the following lemma.
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Lemma 10.1.1. Let 6 > 0 be a given number. Then there exists a measurable subset
E of R? and a finite collection of rectangles R; in R? such that

(1) The Rj’s are pairwise disjoint.

(2) We have 1/2 < |E| < 3/2.

(3) We have [E| < 6 |Rjl.

(4) For all j we have R NE| > [, [Rj].

Proof. We start with an isosceles triangle ABC in the plane with height 1 and base
AB, where A= (0,0) and B = (1,0). Given § > 0, we find a positive integer k such
that k42 > e'/%. For this k we set E = E(1,k), the set constructed earlier with & = 1.
We then have 1/2 < |E| < 3/2; thus (2) is satisfied.

3log (k+2)

Fig. 10.5 The rectangles R;.

Recall that each dyadic interval [j27%,(j+1)27%] in [0,1] is the base of ex-
actly one sprouted triangle AjB;Cj, where j € {0,1,...,2 — 1}. Here we set
Aj = (j27%,0), Bj = ((j+1)27%,0), and C;j the other vertex of the sprouted tri-
angle. We define a rectangle Rj inside the angle ZA;CjB; as in Figure 10.6. The
rectangle Rj is defined so that one of its vertices is either Aj or Bj and the length of
its longest side is 3log(k + 2).

We now make some calculations. First we observe that the longest possible length
that either AjCj or BjCj can achieve is v/5hy/2. By symmetry we may assume that
the length of A;jC; is larger than that of B;C; as in Figure 10.6. We now have that
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Vv
2

5 3 1 1 3
hg < 2(1+2+---+k+1) < 2(1+Iog(k+1)) < 3log(k+2),

since k > 1 and e < 3. Hence R]j contains the triangle A;B;C;. We also have that

1 1
hk_1+2+---+k+1>log(k+2).

Using these two facts, we obtain

1
IRjNE| > Area(AjB|Cj) = 22‘khk > 2 Llog(k +2). (10.1.2)

3 log (k+2)

Fig. 10.6 A closer look at R;.

Denote by |XY | the length of the line segment through the points X and Y. The
law of sines applied to the triangle AjB;Dj gives

_Sin(ZA;BjDj) 27k

AjDj|=27" . < .
IADj] sin(ZAjDjBj) ~ cos(ZA|C;B;j)

(10.1.3)

But the law of cosines applied to the triangle AjB;C; combined with the estimates
hk < |AjCjl,|BiCj| < v/5hy/2 give that
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1
.

2 2 _ (9—k\2
hf+hf—(272 4 2 1
e

COS(ZA]CJ‘BJ‘) > zihﬁ 5

(10.1.4)

Combining (10.1.3) and (10.1.4), we obtain
|ADj| <27t =2]A;Bj|.

Using this fact and (10.1.2), we deduce

RINE|>2% Hog(k+2) = -2 13log(k +2) > 112|R,-|,

12
which proves the required conclusion (4).

Conclusion (1) in Lemma 10.1.1 follows from the fact that the regions inside
the angles ZA;jC;B; and under the triangles AjC;B; are pairwise disjoint. This is
shown in Figure 10.5. This can be proved rigorously by a careful examination of the
construction of the sprouted triangles A;C;Bj, but the details are omitted.

It remains to prove (3). To achieve this we first estimate the length of the line
segment A;D; from below. The law of sines gives

IADjl - _ 27k
sin(ZAjBjDj)  sin(ZAjDjBj)’
from which we obtain that
|AjDj| > 2 %sin(£A;B;Dj) > 27%"1/A;B;D; > 27X 1/BjAC;.

(All angles are measured in radians.) But the smallest possible value of the angle
ZBjA;C;j is attained when j = 0, in which case ZByA¢Co = arctan2 > 1. This gives
that

|AiDj| > 271,

It follows that each R; has area at least 2~*~*3log(k + 2). Therefore,

TS E|
URi|= 3 Rl =227 3log(k +2) > |E|log(k +2) > 5
j=0 i=0

since |E| < 3/2 and k was chosen so that k +2 > el/9, O

Next we have a calculation involving the Fourier transforms of characteristic
functions of rectangles.

Proposition 10.1.2. Let R be a rectangle whose center is the origin in R? and let v
be a unit vector parallel to its longest side. Consider the half-plane

A ={xcR?*: x-v>0}

and the multiplier operator
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S%(f) = (f%%)v-
Then we have |S_»(xr)| > 110XR'-

Remark 10.1.3. Applying a translation, we see that the same conclusion is valid for
any rectangle in R2 whose longest side is parallel to v.

Proof. Applying a rotation, we reduce the problem to the case R = [—a,a] x [—b, b],
where 0 < a < b < e, and v = e, = (0,1). Since the Fourier transform acts in each
variable independently, we have the identity
S (R) (X1, %) = X-aa(X1) (X boX0-)) (X2)
I +iH
= AaaX) 5 (x-np)(X2)-

It follows that

IS (xR) (X1, X2)| = ;X[fa,a](xlﬂH(%[7b,b])(x2)|

1 X2+bH

= o aaa)| log| )

But for (x1,X2) € R" we have y[_, (1) =1 and b < [xz| < 3b. So we have two
cases, b < x, < 3band —3b < x, < —b. When b < x < 3b we see that

Xz—l—b‘ _ X2 +b

= 2
X2—b X2—b> ’

and similarly, when —3b < x, < —b we have

Xz—b‘ b—X2

= 2.
Xo+b —b—x2>

It follows that for (x1,x2) € R the lower estimate is valid:

log2 _ 1

p > >

1S (xr)(X1,%2)| > or 210
O

Next we have a lemma regarding vector-valued inequalities of half-plane multi-
pliers.

Lemma 10.1.4. Let vy, va,...,vj,... be a sequence of unit vectors in R2. Define the
half-planes
M ={xeR?: x-vj >0} (10.1.5)

and linear operators
S4(f) = (Fxrm)".
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Assume that the disk multiplier operator
T(f)= (fAXB(O,l))v
maps LP(R?) to itself with norm By, < <. Then we have the inequality

H (;IS%(fmz)%

for all bounded and compactly supported functions f;.

(10.1.6)

o <8 (ZI)’

LP

Proof. We prove the lemma for Schwartz functions f; and we obtain the general
case by a simple limiting argument. We define disks Djr = {x € R2: [x— Rvj| <R}
and we let ~

Tir(f) = (T xpjr)”

be the multiplier operator associated with the disk Dj r. We observe that xp;, —
X pointwise as R — oo, as shown in Figure 10.7.

Fig. 10.7 A sequence of disks
converging to a half-plane.

For f € .#(R?) and every x € R? we have
dim TjR(F)(x) = S5 (1) (%)

by passing the limit inside the convergent integral. Fatou’s lemma now yields

1 oo 1
|[(Zissn(tP)? ], <timinf|| (ZTia(f)R)?| - (10.1.7)
j j
Next we observe that the following identity is valid:
TLR(f)(X) _ eszVJ'XTR(e*Z’EiRVj'(') f)(X), (10.1.8)

where Tr is the multiplier operator Tr(f) = (fxg(r))". Setting g; = e~ 27RV () f;
and using (10.1.7) and (10.1.8), we deduce
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1
H(lef i) HLp<"mme(ZITR 91)I?) |- (10.1.9)

Observe that the operator Tr is LP bounded with the same norm B as T in view of
identity (2.5.15). Applying Theorem 4.5.1, we obtain that the last term in (10.1.9)
is bounded by

. 1 1
timinf [ Ta | oo | (X 1031%) * [l = Boll (XX 1Fil?) *[.o-
J J

Combining this inequality with (10.1.9), we obtain (10.1.6). O

We have now completed all the preliminary material we need to prove that the
characteristic function of the unit disk in R? is not an LP multiplier if p # 2.

Theorem 10.1.5. The characteristic function of the unit ball in R" is not an LP
multiplier when 1 < p # 2 < oo,

Proof. As mentioned earlier, in view of Theorem 2.5.16, it suffices to prove the
result in dimension n = 2. By duality it suffices to prove the result when p > 2.
Suppose that yg(,1) € M p(R?) for some p > 2, say with norm By, < co.

Suppose that 6 > Oiis given. Let E and Rj be asin Lemma10.1.1. We let fj = xg;.
Let v; be the unit vector parallel to the long side of R; and let H; be the half-plane
defined as in (10.1.5). Using Proposition 10.1.2, we obtain

[ smitmitax =3 [1sn(f00R
Z;Amﬂﬂﬁw

1 / (10.1.10)
10021-““5 NRj]

1
> -
- 1200%'R‘|’

where we used condition (4) of Lemma 10.1.1 in the last inequality. Holder’s in-
equality with exponents p/2 and (p/2)" = p/(p —2) gives

-2 1
L m(tefax < B (Xisn ()
]
p-2 1
BRIEL [[(I6P) 2
]
—2 2
B2E| " (ZIRil)’
]

p—2
B35 P Y IRjl,
J

IN

(10.1.11)

IN
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where we used Lemma 10.1.4, the disjointness of the R;’s, and condition (3) of
Lemma 10.1.1 successively. Combining (10.1.10) with (10.1.11), we obtain the in-
equality

-2
3 IR} <1200B,6 7 Y[R,
] ]

which provides a contradiction when § is very small. O

Exercises

10.1.1. Prove identity (10.1.1).
[Hint: With the notation of Figure 10.1, first prove

hi—hy  NC height (NGC) NC

hy b/2’ ho _NC+b/2
using similar triangles.}

10.1.2. Given a rectangle R, let R” denote either of the two parts that make up R’.
Prove that forany k € Z* and any & > 0, there exist rectangles Sj in R2,0< j< 2K
with dimensions proportionate to 2~ x log(k + 1),

k1

U si
j=0

<9,

such that for some choice of S, the Sj”s are disjoint.

[Hint: Consider the 2¥ triangles that make up the set E (¢, k) and choose each rectan-
gle Sj inside a corresponding triangle. Then the parts of the S/j ’s that point downward

are disjoint. Choose € depending on 6.]

10.1.3. Is the characteristic function of the cylinder

{(61,62,863) eR®: P+ 85 < 1}
a Fourier multiplier on LP(R®) for 1 < p < e and p # 2?

10.1.4. Modify the ideas of the proof of Lemma 10.1.4 to show that the character-

istic function of the set
{(&.6) R?: & > &}

is not in .#(R?) when p # 2.
[Hint: Let 74 = {(&1,&,) € R?: & >sj &2} for some sj > 0. The parabolic regions

2 _
{(&,6) eR?*: &+ Ri{ > (& +R 52’ )2} are contained in 7%, are translates of
the region { (&1,&) € R?: & > L &2}, and tend to 7 as R — o]
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10.15. Let ay,...,a, > 0. Show that the characteristic function of the ellipsoid

2 2
n. él én
{(5,...,§n)eR 2t +a%<1}
is not in .#p(R") when p # 2.
[Hint: Think about dilations.|

10.2 Bochner-Riesz Means and the Carleson-Sj6lin Theorem

We now address the problem of norm convergence for the Bochner-Riesz means.
In this section we provide a satisfactory answer in dimension n = 2, although a key
ingredient required in the proof is left for the next section.

Definition 10.2.1. For a function f on R" we define its Bochner—Riesz means of
complex order A with Re A > 0 to be the family of operators

BE(N)(0 = [ (L—I&/RPETE) ™S, R>0.

We are interested in the convergence of the family B () as R — co. Observe that
when R — oo and f is a Schwartz function, the sequence Bé () converges pointwise
to f. Does it also converge in norm? Using Exercise 10.2.1, this question is equiva-
lent to whether the function (1 —|£|2)* is an LP multiplier [it lies in .#,(R")], that
is, whether the linear operator

BH(1)(x) = [ (1~ 5P F(&)e™ 3 de
Rn

maps LP(R") to itself. The question that arises is given A with ReA > 0 find the
range of p’s for which (1 — |€|?)* is an LP(R") Fourier multiplier; this question is
investigated in this section when n = 2.

The analogous question for the operators Bé on the n-torus introduced in Defi-
nition 3.4.1 is also equivalent to the fact that the function (1 — |&|?)* is a Fourier
multiplier in .#,(R"). This was shown in Corollary 3.6.10. Therefore the Bochner—
Riesz problem for the torus T" and the Euclidean space R" are equivalent. Here we
focus attention on the Euclidean case, and we start our investigation by studying the
kernel of the operator B*.

10.2.1 The Bochner—Riesz Kernel and Simple Estimates

In view of the last identity in Appendix B.5, B is a convolution operator with kernel
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A +1) In42 (27 |x])

r(
Ka(x) = o IX| D4

(10.2.1)

Following Appendix B.6, we have for |x| < 1,

IC(A41)| B+ @rlx)]  r(ReA+1)

m2|ImA 2
|| x[3+ReA = gRed Coe '

Ky ()] =

where Cy is a constant that depends only on n/2 + ReA. Consequently, K; (x) is
bounded by a constant (that grows at most exponentially in [Im A|?) in the unit ball
of R".

For |x| > 1, following Appendix B.7, we have

IC(A+1)] By @al _ erlimAl+7?ImA* P (Re | 4-1)

Ky (X)| = < Co
K ()] |7r/1| |X|‘§+Rek nRel(2n|X|)% |X|‘§+Re)L

where Cy depends only on n/2 4+ ReA. Thus K; (x) is pointwise bounded by a con-

stant (that grows at most exponentially in [ImA|) times |x|*n§1*Re’L for x| > 1.
Combining these two observations, we obtain that for Re A > ”51, K, isasmooth

integrable function on R". Hence B* is a bounded operator on LP for 1 < p < eo.

Proposition 10.2.2. Forall 1 < p<eand A > ”51, B* is a bounded operator on
LP(R") with norm at most C, e%'M*?, where Cy,c; depend only on n,ReA.

Proof. The ingredients of the proof have already been discussed. a

We refer to Exercise 10.2.8 for an analogous result for the maximal Bochner—
Riesz operator.

According to the asymptotics for Bessel functions in Appendix B.8, K, is a
smooth function equal to

(A +1)cos(2m|x| — ”(“4+1) _ nzx
g+l |X| ngrl_i_)L

n+3

)+O(|x|‘ 2ty (10.2.2)

for [x| > 1. Itis natural to examine whether the operators B* are bounded on certain
LP spaces by testing them on specific functions. This may provide some indication
as to the range of p’s for which these operators may be bounded on LP.

Proposition 10.2.3. When A >0andp< ., orp> 2" the operators B*
are not bounded on LP(R").

Proof. Let h be a Schwartz function whose Fourier transform is equal to 1 on the
ball B(0,2) and vanishes off the ball B(0, 3). Then

B0 = [, (1167 dx= K ).



10.2 Bochner-Riesz Means and the Carleson-Sj6lin Theorem 353

and it suffices to show that K, is not in LP(R") for the claimed range of p’s. Notice
that

V2/2 < cos(2z|x| - " — 7y <1 (10.2.3)

for all x lying in the annuli

n+24 n+24 1
Ac={xeR": k+ 4;3 <X <k+ "My 3

kez*.
8 T4 <

Since in this range, the argument of the cosine in (10.2.2) lies in [27k, 2k 4- 7].
Consider the range of p’s that satisfy

2n 2n

> . 2.
n+1+22 =P  nt3+24 (10.24)

If we can show that B* is unbounded in this range, it will also have to be unbounded
in the bigger range +1+21 > p. This follows by interpolation between the values
p—ngJr 6.31ndp—n+Jr +0,6 >0, for A fixed.

In view of (10.2.2) and (10.2.3), we have that

1Kl =€’ Y /IXI P"3!Phy " — c”’/ X|7P"2*~PAdx, (10.2.5)
k=n+421" [x|>1

where C” is the integral of K, in the unit ball. It is easy to see that for p in the
range (10.2.4), the integral outside the unit ball converges, while the series diverges
in (10.2.5).

The unboundedness of B on LP(R") in the range of p > nifﬂﬂ follows by
duality. a

Fig. 10.8 The operator B* is
unbounded on LP(R") when .
(1/p,A) lies in the shaded 0 n=1 g n+l 1
region. 2n 2 2n

o|~y
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1

In Figure 10.8 the shaded region is the set of all pairs (p,

ators B* are known to be unbounded on LP(R").

A) for which the oper-

10.2.2 The Carleson—§6lin Theorem

We now pass to the main result in this section. We prove the boundedness of the
operators B}, 4 > 0, in the range of p’s not excluded by the previous proposition in
dimension n = 2.

Theorem 10.2.4. Suppose that 0 < ReA < 1/2. Then the Bochner—Riesz operator
B* maps LP(R?) to itself when , b, < P < ; 5k, - Moreover, for this range of

p’s and for all f € LP(R?) we have that
BA(f) — f
in Lp(RZ) asR — oo,

Proof. Once the first assertion of the theorem is established, the second assertion
will be a direct consequence of it and of the fact that the means Bé(h) converge
to h in LP for h in a dense subclass of LP. Such a dense class is, for instance, the
class of all Schwartz functions h whose Fourier transforms are compactly supported
(Exercise 5.2.9). For a function h in this class, we see easily that Bé(h) — h point-
wise. Butif h is supported in |&| < ¢, then for R > 2c, integration by parts gives that
the functions B (h)(x) are pointwise controlled by the function (1 + [x|)~N with
N large; then the Lebesgue dominated convergence theorem gives that the Bé(h)
converge to h in LP. Finally, a standard &/3 argument, using that

f{i%HB%HLP—»Lp = H(l_ |€|2)ﬁu///p <o

yields B4 (f) — f in LP for general LP functions f.

It suffices to focus our attention on the first part of the theorem. We therefore fix
a complex number A with positive real part and we keep track of the growth of all
involved constants in ImA.

We start by picking a smooth function ¢ supported in [—%, %] and a smooth

function y supported in [}, 3] that satisfy
& 1-t
w(t)+kzow( ok ) =1
forall t € [0,1). We now decompose the multiplier (1 — |£]?)% as

(1 |E[2)% = moo(&) +ki 25my (&), (10.2.6)
=0
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where moo(€) = @(|€])(1 —|€|?)* and for k > 0, my is defined by

_ (1IN 18] p
me(&) = ("0 ) w(T ) alED®.
Note that mgg is a smooth function with compact support; hence the multiplier mgg
lies in .#(R?) for all 1 < p < c. Each function my is also smooth, radial, and
supported in the small annulus

1-g2<ig|<1-32°"

and therefore also lies in .#,; nevertheless the .#, norms of the my’s grow as k
increases, and it is crucial to determine how this growth depends on k so that we can
sum the series in (10.2.6).

Next we show that the Fourier multiplier norm of each m, on L*(R?) is at most
C(1+ k)¥2(1+[ImA|)3. Summing on k implies that B* maps L*(R?) to itself
with norm at most a multiple of (14 |[Im2|)3 when Re A > 0. Given this bound, we
conclude the first (and main) statement of the theorem via Theorem 1.3.7 (precisely
Exercise 1.3.4), which permits interpolation for the analytic family of operators A —
B* between the estimates

1B [ s o) ooy < C (L [IMA]° when Re > 0,

B[l 2 m2) 12 r2) < Ca eetm whenReA > 3,
where C,Cy,c; depend only on Re A. The second estimate above is proved in Propo-
sition 10.2.2 while the set of points (1/p,A) obtained by interpolation can be seen
in Figure 10.8.

To estimate the norm of each my in .#4(R?), we need an additional decomposi-
tion of the operator my that takes into account the radial nature of my. Foreachk >0
we define the sectorial arcs (parts of a sector between two arcs)

1—|'(’€:{r62ﬂi6€R2: |9_€2*§|<2*57 1—22’k§r§1—§2*k}

forall ¢ € {0,1,2,...,[2%/2] — 1}. We now introduce a smooth function e supported
in [—1,1] and equal to 1 on [—1/4,1/4] such that for all x € R we have

Y ox—6)=1.

lezZ

Then we define my ,(re?™?) = my(re?™9)w(24/29 — ¢) for integers ¢ in the set
{0,1,2,..., [2k/2] —1}. If kis an even integer, it follows from the construction that

[2¥/2]—1

m(&) =, mie(§) (10.2.7)
=0
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for all & in R2. If k is odd we replace the function 6 — w(2%/26 — ([2/?] — 1)) by
a function ey (6) supported in the bigger interval [([2¥/2] —2)27%/2 1] that satisfies
o (0) + ®(2/2(6 — 1)) = 1 on the interval [([2¥/2] —1)27%/2,1]. This leads to a
new definition of the function My (24/2]_1 SO that (10.2.7) is satisfied.

This provides the circular (angular) decomposition of my. Observe that for all
positive integers o and f3 there exist constants C,, g such that

10%9P my ,(re?™0)| < Cy (1 + [1])*TP2Ke23P

and such that each my , is a smooth function supported in the sectorial arcs I .

We fix k > 0 and we group the set of all {my ,}, into five subsets: (a) those whose
supports are contained in Q = {(x,y) € R?: x>0, |y| < [x|}; (b) those my , whose
supports are contained in the sector Q' = {(x,y) € R?: x <0, |y| < |x|}; (c) those
whose supports are contained in Q” = {(x,y) € R?: y >0, |y| > |x|}; (d) the my ¢
with supports contained in Q" = {(x,y) € R?: y <0, |y| > |x|}; and finally (e)
those my , whose supports intersect the lines |y| = |x|.

There are only at most eight my , in case (e), and their sum is easily shown to be
an L* Fourier multilpier with a constant that grows like (1 + |A|)3, as shown below.
The remaining cases are symmetric, and we focus attention on case (a).

Let | be the set of all indices ¢ in the set {0,1,2,..., [Zk/z] — 1} corresponding to
case (a), i.e., the sectorial arcs Iy , are contained in the quarter-plane Q. Let Ty , be
the operator given on the Fourier transform by multiplication by the function my .
We have

4
N Tie(H)||, = /2 ZTk,E(f)‘ dx
tel Ryl
2
=/, 3D Tl H)Tiw(f ’dX (10.2.8)
R lelvel
2
=/ ZZTH ) * T ( f)‘ d¢,
R2 g el

where we used Plancherel’s identity in the last equality. Each function '@Tf) is sup-

ported in the sectorial arc I} . Therefore, the function '@(\f) * Ty () is supported
in I, + I and we write the last integral as

e

In view of the Cauchy-Schwarz inequality, the last expression is controlled by

/(ZZ“” ) T (1 1)(22|Xm+rkﬂ|)dé. (10.2.9)

lel el lelvel

2

de .

> 3 (Tea(5) T () 413,

lel el
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At this point we make use of the following lemma, in which the curvature of the
circle is manifested.

Lemma 10.2.5. There exists a constant Cy such that for all k > 0 the following
estimate holds:

Z Z XL o+Ty <Go.

Lel el

We postpone the proof of this lemma until the end of this section. Using Lemma
10.2.5, we control the expression in (10.2.9) by

co/ Y [Tee (D) # Teo (D)2 dE = COH(ZWM )1Hi4 (10.2.10)

el el Lel

We examiine each Ty, a bit more carefully. We have that my o is supported in a
rectangle with sides parallel to the axes and dimensions 2 (along the &;-axis) and

2-5+ (along the &p-axis). Moreover, in that rectangle, dz, ~ Jr and dg, ~ dg, and
it follows that the smooth function my o satisfies

|a§19 Mi0(E1.&2)| < Cp(1+|A]) *HP22%P
for all positive integers o and 3. This estimate can also be written as
|0¢ 08 [mo(2 ¥&1,272&)] | < Cop(1+ (A%,
which easily implies that
254my/o(2%%1, 25 30)| < Cop (1 A3 (L+ [xa] + [xe) =2

Let V, be the unit vector representing the point €272/ and V- the unit vector

representing the point jg2mit2 %, Applying a rotation, we obtain that the functions
my, satisfy

Iy (1, %) | < C(L+]AD% 2 (L+27%x- V[ +275 [x-V ) ° (10.2.11)

and hence
supsup||my || s <C1+]A])3. (10.2.12)
k>0 ¢el
The crucial fact is that the constant C in (10.2.12) is independent of ¢ and k.
At this point, for each fixed k > 0 and ¢ € | we let J;, be the &-projection of
the support of my ;. Based on the earlier definition of my ,, we easily see that when
>0,

o= [(1— 8279 sin(r27 (1)), (1 - 127 %)sin(2x 272 (£ 4 1))].
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A similar formula holds for ¢ < 0 in 1. The crucial observation is that for any fixed
k > 0 the sets J, , are “almost disjoint” for different £ € 1. Indeed, the sets J, , are
contained in the intervals

Joo=[1-227"sin@r2720)—10-27%, (1 - 22 ¥)sin(2w2 50) +10-27%],

which have length 20 - 2-% and are centered at the points (1 — ngk)sin(Zn 2‘56).
ForoeZand 1t € {0,1,...,39} we define the strips

Skor={(E1,&): &€ [40027% +7275,40(0+1)272 +71272)}.

These strips have length 40- 2-% and have the property that each J~kp is contained in
one of them; say J ¢ is contained in some S , ¢, which we call By ;. Then we have

Tie(F) = Te(fie),

where we set .y
fke= (XBk,z; f ) = X%/k,/ +f.

As a consequence of the Cauchy—Schwarz inequality (with respect to the measure
Imy ;| dx), we obtain

Tee(fic)1® < [Imi o]l o (Img ol [ e %)
< C(1+Al)3 (|mk,€|*|fk,€| )

in view of (10.2.12). We now return to (10.2.10), which controls (10.2.9) and hence
(10.2.8). Using this estimate, we bound the term in (10.2.10) by

I metor);

2
> [ Tee(fie) 2

L el L2
< C2(A+A|°
lel
2
(14 ]A) ( L S0« >gdx)
/el
2
LR O KL EINEY
el
2
< (14 ( sup (157 +g) 2|fw|2dx)
lel
1
2

< C2(1+(A)° Hsup |Mice| %) H H(ZI fif| )

L4’

where g is an appropriate nonnegative function in L?(R?) of norm 1.
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If we knew the validity of the estimates
[sup (il +g) |, < C 2+ A1 +k) o] (10.2.13)
S

and .
|(Z8el) ")

then we would be able to conclude that

<C|[f|4> (10.2.14)

Imill_, <C@A+IANA+K)? (10.2.15)

and hence we could sum the series in (10.2.6).
Estimates (10.2.13) and (10.2.14) are discussed in the next two subsections. [
10.2.3 The Kakeya Maximal Function

We showed in the previous subsection that m/, is integrable over R? and satisfies
the estimate

5 m K C (1—|- |/'L|)3
22k v 2kX 22X < .
Since
1 ° 2*5
(1 |X|)3 = :0 22s X[-25,25] x [-25,25] (x),
s—

it follows that N .
Mo(x)| <C'(1+[A])2 Y 27 R.[ R (),
s=0 | 5|

where Ry = [~ 252K 252K] x [—2522,252%]. Since a general My is obtained from Mg
via a rotation, a similar estimate holds for it. Precisely, we have

_ =1
M ()] <CA+A* Y 27° 7 xrg, (%), (10.2.16)

s=0 |R37Z|
where Rs is a rectangle with principal axes along the directions V, and V;* and

side lengths 252 and 2525, respectively. Using (10.2.16), we obtain the following
pointwise estimate for the maximal function in (10.2.13):

sup (|Micg| xg) < C" Y 2 °sup ! g(x—y)dy, (10.2.17)
Lel s=

0 el [Rsel Jrg,

where R, are rectangles with dimensions 252k and 2525.
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Motivated by (10.2.17), for fixed N > 10 and a > 0, we introduce the Kakeya
maximal operator without dilations

A0 =300 o / l9(y)dy, (102.18)

acting on functionsg € Lloc, where the supremum is taken over all rectangles R in R?
of dimensions a and aN and arbitrary orientation. What makes this maximal opera-
tor interesting is that the rectangles R that appear in the supremum in (10.2.19) are
allowed to have arbitrary orientation. We also define the Kakeya maximal operator
JEN by

SR (W) (X) = Sup A3 (W), (10.2.19)

a>0

for w locally integrable. The maximal function JZy (w)(x) is therefore obtained as
the supremum of the averages of a function w over all rectangles in R? that contain
the point x and have arbitrary orientation but fixed eccentricity equal to N. (The
eccentricity of a rectangle is the ratio of its longer side to its shorter side.)

We see that 7y () is pointwise controlled by acN M(f), where M is the Hardy—
Littlewood maximal operator M. This implies that J#y is of weak type (1,1) with
bound at most a multiple of N. Since %y is bounded on L= with norm 1, it follows
that .7y maps LP(R?) to itself with norm at most a multiple of N*/P. However, we
show in the next section that this estimate is very rough and can be improved sig-
nificantly. In fact, we obtain an LP estimate for ¢y with norm that grows logarith-
mically in N (when p > 2), and this is very crucial, since N = 2%/2 in the following
application.

Using this new terminology, we write the estimate in (10.2.17) as

s/uE)(|mk/|*g) < C(1+A]) zz 5" (). (10.2.20)
€ s=0

The required estimate (10.2.13) is a consequence of (10.2.20) and of the follow-
ing theorem, whose proof is discussed in the next section.

Theorem 10.2.6. There exists a constant C such that for all N > 10 and all f in
L?(R?) the following norm inequality is valid:

sup [ (F)]] 22y < C (10gN) || ] 2 2

Theorem 10.2.6 is a consequence of Theorem 10.3.5, in which the preceding
estimate is proved for a more general maximal operator 9t5,, which in particular
controls J#y and hence % for all a > 0. This maximal operator is introduced in
the next section.
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10.2.4 Boundedness of a Square Function

We now turn to the proof of estimate (10.2.14). This is a consequence of the follow-
ing result, which is a version of the Littlewood—Paley theorem for intervals of equal
length.

Theorem 10.2.7. For j € Z, let | be intervals of equal length with disjoint interior
whose union is R. We define operators P; with multipliers ;. Then for 2 < p <o,
there is a constant Cp, such that for all f € LP(R) we have

(o)

In particular, the same estimate holds if the intervals 1; have disjoint interiors and
equal length but do not necessarily cover R.

(10.2.21)

oy <Gl

Proof. Multiplying the function f by a suitable exponential, we may assume that the
intervals I have the form ((j— %)a, (j+ %)a) for some a > 0. Applying a dilation to
f reduces matters to the case a = 1. We conclude that the constant C;, is independent
of the common size of the intervals I; and it suffices to obtain estimate (10.2.21) in
the case a = 1.

We assume therefore that I; = (j— 3,j+ 3) for all j € Z. Next, our goal is to
replace the operators P; by smoother analogues of them. To achieve this we intro-
duce a smooth function y with compact support that is identically equal to 1 on the
interval [— ] and vanishes off the interval [—3 » 4] We introduce operators S; by
setting

— ~

Si(H(&) =tE)w(E—1)

and we note that the identity
Pj = P;S; (10.2.22)

is valid for all j € Z. Fort € R we define multipliers m; as

= ¥ e iy (E - ).

jez

and we set ky =my. With lg = (—1/2,1/2), we have

J Ik Pt = [ | 3 -2, (1))
" o'jez (10.2.23)
= 2 Isj(f
jez
where the last equality is just Plancherel’s identity on Iy = [ 2 2] In view of the

last identity, it suffices to analyze the operator given by convolution with the family
of kernels k;. By the Poisson summation formula (Theorem 3.1.17) applied to the
function x — y(x)e?™™, we obtain
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mt(g) — 72m1§t 2 l// 2m1§ it
jez
_ z (w(.)e27ri(-)t)’\(j)e27tij§e—27ri§t
jez
— T el vig(j-y).
jez

Taking inverse Fourier transforms, we obtain
k= W(i—1)d ju,
jez

where &, denotes Dirac mass at the point b. Therefore, k; is a sum of Dirac masses
with rapidly decaying coefficients. Since each Dirac mass has Borel norm at most
1, we conclude that

kel , < S 10(-t) < Y @+lji-t) <10, (10.2.24)
i€z jez

which is independent of t. This says that the measures k; have uniformly bounded
norms. Take now f € LP(R) and p > 2. Using identity (10.2.22), we obtain

p

L(Zrn0r) e~ [ (3Rt s

jez jez

/(ZlS o) o

jez

| /\

and the last inequality follows from Exercise 4.6.1(a). The constant ¢, depends only
on p. Recalling identity (10.2.23), we write

/ (gﬁ'S )gdxg Cp/R(/b'(kt*f)(xﬂzdt)gdx

cp/R<./I;|(kt*f)(x)|pdt>gdx
- cp/IO/R|(kt*f)(x)|pdxdt
lOcp/I/R|f(x)|pdxdt

= 10| f]%s.

IN

IN

where we used Hdlder’s inequality on the interval Iy (together with the fact that
p > 2) and (10.2.24). The proof of the theorem is complete with constant Cp =

(10cp)/P. O

We now return to estimate (10.2.14). First recall the strips
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K k
Skvg,f = {(51,52) : 52 S [4062_2 —|—’L’,40(G—|—1)2_2 + ‘L')}

defined for o € Zand 7 € {0,1,...,39}. These strips have length 40 - 2% , and each
JA;;[ is contained in one of them, which we called Sy 5, ;, = By /.

The family {By}¢ci does not consist of disjoint sets, but we split it into 40 sub-
families by placing By , in different subfamilies if the indices 7, and 7, are different.
We now write the set | as

I=11ul?u.--uI*,

where for each ¢, ¢’ € 1 the sets Bi,¢ and By« are disjoint.

We now use Theorem 10.2.7 to obtain the required quadratic estimate (10.2.14).
Things now are relatively simple. We observe that the multiplier operators f —
(x8,, )" on R? obey the estimates (10.2.21), in which LP(R) is replaced by LP(R?),
since they are the identity operators in the &;-variable.

We conclude that

(3 mani)

X SCPHfHLp(RZ) (10.2.25)
Lell

LP(R2)

holds for all p > 2 and, in particular, for p = 4. This proves (10.2.14) for a single
I, and the same conclusion follows for | with a constant 40 times as big.

10.2.5 The Proof of Lemma 10.2.5

We finally discuss the proof of Lemma 10.2.5.

Proof. Ifk =0,1,...,ko up to a fixed integer ko, then there exist only finitely many
pairs of sets I'; + I'» depending on kg, and the lemma is trivially true. We may there-
fore assume that k is a large integer; in particular we may take & = 2% < 24002,
In the sequel, for simplicity we replace 2% by § and we denote the set I by I;. In
the proof that follows we are working with a fixed & € [0,2400~2]. Elements of the
set I; + Iy have the form

re2mi(l+e)8Y? | pro2mi(l'+o)8Y2 (10.2.26)

where o, o’ range in the interval [—1,1] and r,r’ range in [1 — 26,1 — é6]. We set

w(e, ') = e2mitdY? | 2mil'sY? _ 5 oag(nlp — ¢/|52)em(+82 (10.2.27)

where the last equality is a consequence of a trigonometric identity that can be found
in Appendix E. Using similar identities (see Appendix E) and performing algebraic
manipulations, one may verify that the general element (10.2.26) of the set I'; + I'y
can be written as
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WE0)+ {r cos(2mad?) + (;os(zm/a% )—2 } W(E,0)

. 1 . 1!
{r sm(27ra62);sm(27ra 62)}iw(€,é’)

+E(r el 0,a,5),
where
E(r,,0 o0 ,8) = (r_1)<e2ni£61/2+e2ﬂig/51/2)
+(r — el et

2miesl/? ezﬂml/z) (cos(Znoc5 2)—cos(2ma’82) )
2

B ezﬂw,sl/Z) (sin(znaa%)—sin(zna'(s%))
) .

+r<e
+r<e

The coefficients in the curly brackets are real, and E(r,£,¢', o, 0/, ) is an error of
magnitude at most 26 + 872|¢ — '|3. These observations and the facts |sinx| < |x|
and |1 — cosx| < |x|?/2 (see Appendix E) imply that the set I} + I}/ is contained in
the rectangle R(¢,¢') centered at the point w(¢, ¢') with half-width

2725+ (25 +8m2|¢ — ¢'16) <80 (1+ ¢ — )
in the direction along w(¢, ¢') and half-length
2782 + (25 + 8m2|0 — 0']5) < 3052

in the direction along iw(¢,¢") [which is perpendicular to that along w(¢,¢')]. Since
2n|€—€/|6% < 7, this rectangle is contained in a disk of radius 10582 centered at
the point w(¢,¢') .

We immediately deduce that if |w(¢,¢') —w(m,m’)| is bigger than 21082, then
the sets I; + Iy and I', + I}y do not intersect. Therefore, if these sets intersect, we
should have .

[w(£,¢") —w(m,m’)| < 21052 .

In view of Exercise 10.2.2, the left-hand side of the last expression is at least
22 cos( %) |m(C+ ') — (m+m')| 52

(here we use the hypothesis that |27r£6%| < 7 twice). We conclude that if the sets
I; + Iy and Iy + Iy intersect, then

|(040") — (m+m')| <210/2v/2 < 150. (10.2.28)

In this case the angle between the vectors w(¢,¢’) and w(m,m’) is
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1
Qoo = m|(L+ ) — (m+m')|52,

which is smaller than 7/16, provided (10.2.28) holds and § < 2400~2. This says
that in this case, the rectangles R(¢,¢') and R(m,m’) are essentially parallel to each
other (the angle between them is smaller than 7 /16).

Let us fix a rectangle R(¢,¢'), and for another rectangle R(m,m’) we denote by
R(m,m’) the smallest rectangle containing R(m,m’) with sides parallel to the corre-
sponding sides of R(¢,#'). An easy trigonometric argument shows that R(m,m’) has
the same center as R(m,m’) and has half-sides at most

3082 COS(@y, ¢ ) +80(L+ € — €) 8 SIN(Pypr )
80(1+ € — )8 COS(@y ¢ ) -+ 3082 SIN( @y ¢ )

in view of Exercise 10.2.3. Then R(m,m’) has half-sides at most 6000052 and
18000(1 + [¢ —¢'[)6 and is therefore contained in a fixed multiple of R(m,m’). If
I;+ I and Iy, + Iy intersect, then so do R(m,m’) and R(¢,¢’), and both of these
rectangles have sides parallel to the vectors w(¢,¢’) and iw(¢,¢'). But in the direc-
tion of w(¢, ¢'), these rectangles have sides with half-lengths at most 80(1+ £ —¢'|)
and 16000(1+ |[m —m'|)8. Note that the distance of the lines parallel to the direction
iw(¢,¢') and passing through the centers of the rectangles R(m,m’) and R(4, ¢') is

2|cos(r|¢ — £'|52) — cos(x|m—m'|52)]

as we easily see using (10.2.27). If these rectangles intersect, we must have
2| cos(|¢ — £'|57 ) — cos(zm —m'|52 )| < 16080 (2 + [¢ — |+ |m—m/|)5.
We conclude that if the sets R(m,m’) and R(¢,¢') intersect and (¢, ¢') # (m,m’), then
| cos(x|¢ — £|82) — cos(z|m —m'|§2)| < 50000 (|¢ — £] + |m —m'|)$.
But the expression on the left is equal to
2sin(x 1" 82 sin(x 1M 53

which is at least

2|l =0 —m—m'|| (|¢— | +|m—m'])&

in view of the simple estimate |sint| > 2 t| for |t| < 7. We conclude that if the sets
R(m,m’) and R(¢,¢') intersect and (¢,¢) # (m,m’), then

|[€— €| — Jm —m'|| < 25000. (10.2.29)
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Combining (10.2.28) with (10.2.29), it follows that if I', + Iy and I + I}» intersect,
then
25150
< .
2

max (\ min(m,m’) — min(¢,¢")|, | max(m,m’) — max(¢, ') ])

We conclude that the set It + I,y intersects the fixed set I7 + I for at most (25151)2
pairs (m,m’). This finishes the proof of the lemma. O

Exercises

10.2.1. For A > 0 show that for all f € LP(R") the Bochner—Riesz operators
BR(1)(X) = [ (1 1&/REY: Fi&)e?™ o
RN

converge to f in LP(R") if and only if the function (1 — |£[?)* lies in ., (R").

[Hint: In the beginning of the proof of Theorem 10.2.4 it was shown that if
(1—|€]2)% lies in .#,(R"), then the B4 () converge to f in LP(R"). Conversely,
if for all f € LP(R") the B4 (f) converge to f in LP as R — oo, then for every f
in LP(R") there is a constant Cs such that supg-q ||BX(f)|| » < Ct < eo. It fol-
lows that SUPg-q ||BA|| . » < = by the uniform boundedness principle; hence

B[ Lo_p < =]

10.2.2. Let |61],]6,] < 7 be two angles. Show geometrically that

r1e'% — rpe'%| > min(ry,ry)sin| 61 — 62|
and use the estimate |sint| > 2,‘;‘ for |t| < 7 to obtain a lower bound for the second
expression in terms of |61 — 65|.

10.2.3. Let R be a rectangle in R? having length b > 0 along a direction V = (£, &)
and length a > 0 along the perpendicular direction V- = (—&, ;). Let W be another
vector that forms an angle ¢ < 7 with V. Show that the smallest rectangle R’ that

contains R and has sides parallel to W and W has side lengths asin(¢) +bcos(¢)
along the direction W and acos(¢) + bsin(¢) along the direction w+.

10.2.4. Prove that Theorem 10.2.7 does not hold when p < 2.
[Hint: Try the intervals Ij = [j, j+ 1] and f = yonj as N — oo.]

10.2.5. Let {I }« be a family of intervals in the real line with |ly| = |l| and Iy Nl =
0 for all k £ k’. Define the sets

Sk={(&,...,&) €R": & € I}

Prove that forall p > 2 and all f € LP(R") we have
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;
£ v
[(ZI(Fxs) 2)
k

where Cy, is the constant of Theorem 10.2.7.

LP(RN) = Cp H f HLP(R”) ’

10.2.6. (a) Let {lx}k, {I¢}, be two families of intervals in the real line with |[Iy| =
[le], kNl =0 for all k # K, and |J¢| = [J¢|, IeN Iy = 0 for all £,¢'. Prove that for
all p > 2 there is a constant C,, such that

[ o)1)’

forall f € LP(R?).
(b) State and prove an analogous result on R".
[Hint: Use the Rademacher functions and apply Theorem 10.2.7 twice.}

LP(R?) < CFZ) H f HLP(RZ) )

10.2.7. (Rubio de Francia [273]) On R" consider the points x, = ¢v/§, £ € Z". Fix

a Schwartz function h whose Fourier transform is supported in the unit ball in R".
Given a function f on R", define f,(£) = f(£)R(8~2 (& —x)). Prove that for some
constant C (which depends only on h and n) the estimate

(3 107 <cmgrp)?

Lezn

holds for all functions f. Deduce the LP(R") boundedness of the preceding square
function for all p > 2.
[Hint: For a sequence A, with ¥, |42 = 1, set

Xy
S = T 2k = [ | 3 2% |1 7 no)ay.
tezn R L gezn
Split R" as the union of Qg = [— 3, 3]" and 211Qq \ 2)Qq for j > 0 and control the
integral on each such set using the decay of h and the L?(2i+1Qy) norms of the other
two terms. Finally, exploit the orthogonality of the functions e2™*¥ to estimate the

L2(211Qg) norm of the expression inside the square brackets by C2"/2, Sum over
j > 0 to obtain the required conclusion.]

10.2.8. For A > 0 define the maximal Bochner-Riesz operator

B (f)(x) = sup
R>0

[, (1 E/RPEF(E)e™ < a).

Prove that B* maps LP(R") to itself when 4 > "% for 1 < p < co.
[Hint: Use Corollary 2.1.12.]



368 10 Boundedness and Convergence of Fourier Integrals

10.3 Kakeya Maximal Operators

We recall the Hardy—L.ittlewood maximal operator with respect to cubes on R" de-
fined as 1
Me(1)0) = sup. [ [1(y)ldy. (103.1)
QeF |Q| Q
Q3x
where . is the set of all closed cubes in R" (with sides not necessarily parallel to
the axes). The operator M, is equivalent (bounded above and below by constants) to
the corresponding maximal operator M in which the family .% is replaced by the
more restrictive family .%’ of cubes in R" with sides parallel to the coordinate axes.
It is interesting to observe that if the family of all cubes .% in (10.3.1) is replaced
by the family of all rectangles (or parallelepipeds) # in R", then we obtain an op-
erator Mo that is unbounded on LP(R"); see also Exercise 2.1.9. If we substitute
the family of all parallelepipeds %, however, with the more restrictive family %’
of all parallelepipeds with sides parallel to the coordinate axes, then we obtain the
so-called strong maximal function

M) = sup = [F)ldy, (1032)
ReZ! |R| JR

R>x
which was introduced in Exercise 2.1.6. The operator Ms is bounded on LP(R") for
1 < p < o but it is not of weak type (1,1). See Exercise 10.3.1.

These examples indicate that averaging over long and skinny rectangles is quite
different than averaging over squares. In general, the direction and the dimensions
of the averaging rectangles play a significant role in the boundedness properties of
the maximal functions. In this section we investigate aspects of this topic.

10.3.1 Maximal Functions Associated with a Set of Directions

Definition 10.3.1. Let X be a set of unit vectors in R?, i.e., a subset of the unit
circle St. Associated with X, we define %5 to be the set of all closed rectangles in
R2 whose longest side is parallel to some vector in X. We also define a maximal
operator M s associated with X as follows:

M) = swp = [ [1(9)]dy.
REJ2|R|
R>x

where f is a locally integrable function on R2.
We also recall the definition given in (10.2.19) of the Kakeya maximal operator

JN (W) (X sup|R|/|w y)|dy, (10.3.3)

Rox
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where the supremum is taken over all rectangles R in R? of dimensions a and aN
where a > 0 is arbitrary. Here N is a fixed real number that is at least 10.

Example 10.3.2. Let ¥ = {v} consist of only one vector v = (a,b). Then

My (f)(x) = sup sup 2/ / x—t(a,b) —s(—b,a))|dsdt.
o<r<inN>0 N N

If ¥ ={(1,0),(0,1)} consists of the two unit vectors along the axes, then
EIRZ = MSa
where M is the strong maximal function defined in (10.3.2).

It is obvious that for each ¥ C S, the maximal function Mty maps L~ (R?) to
itself with constant 1. But 9ty may not always be of weak type (1,1), as the example
Ms indicates; see Exercise 10.3.1. The boundedness of Mtx on LP(R?) in general
depends on the set X.

An interesting case arises in the following example as well.

Example 10.3.3. For N € Z™, let
> =3y = {(cos(%&),sin(3T)) : j=0,1,2,...,N -1}

be the set of N uniformly spread directions on the circle. Then we expect Mix, to
be LP bounded with constant depending on N. There is a connection between the
operator My, previously defined and the Kakeya maximal operator %y defined in
(10.2.19). In fact, Exercise 10.3.3 says that

JAN(F) <2005, (F) (10.3.4)
for all locally integrable functions f on R?.

We now indicate why the norms of 7y and M, on L2(R?) grow as N — oo, We
refer to Exercises 10.3.4 and 10.3.7 for the corresponding result for p # 2.

Proposition 10.3.4. There is a constant ¢ such that for any N > 10 we have
B HLZ r2)_12(r2) = C(I0gN) (10.3.5)

and .

H‘%/NHB R2)L2(R2) > c(logN)2. (10.3.6)
Therefore, a similar conclusion follows for s, .
Proof. We consider the family of functions fy(x) = ‘i‘ X3<|x<n defined on R2 for

N > 10. Then we have 1
[ ]l 2 (g2, < c1(logN)2. (103.7)
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On the other hand, for every x in the annulus 6 < |x| < N, we consider the rectangle

Rx of dimensions |x| — 3 and ‘X‘N_3, one of whose shorter sides touches the circle
ly] = 3 and the other has midpoint x. Then

d)’1dy2 I09|X|
) / oy dy> 2N // .
AN Z g | IOy = X

6<y1<\x\
\Yz\é‘xz‘ﬁ‘%
It follows that
1
log|x
[l () ||L2 >03( / ( |g|| |) dx) >c4(logN)§. (10.3.8)

6<[x/<N

Combining (10.3.7) with (10.3.8) we obtain (10.3.5) with ¢ = c4/c3.
We now turn to estimate (10.3.6). Since for all 6 < |x| < N we have

log |x| logN

JIN(fn)(X) > ¢3 X >0 o

it follows that | {7 (fn) > ¢3S }| > (N2 — 6?) > csN? and hence
1
supA|{on(fn) > A}|2
[ )ae S > 23]
Il c1(logN)?2
g, loaN [{ () >c3'°gN}\
- N c1(logN)?
Cav/Cs (log N)% .
C1

Y

This completes the proof. 0

10.3.2 The Boundedness of My, on LP(R?)

It is rather remarkable that both estimates of Proposition 10.3.4 are sharp in terms
of their behavior as N — <, as the following result indicates.

Theorem 10.3.5. There exist constants 0 < B,C < < such that for every N > 10 and
all f € L?(R?) we have

1953 (1)]| 2 ey < BIOGN)Z [ ] 2 (10.3.9)

and
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195, ()] 22y < C (10gN) [ ] 22, - (10.3.10)
In view of (10.3.4), similar estimates also hold for .#y.

Proof. We deduce (10.3.10) from the weak type estimate (10.3.9), which we rewrite
as

2
[{x e R?: My, (f)(x) > A}| <B?(logN) | ;Hsz : (10.3.11)

We prove this estimate for some constant B > 0 independent of N. But prior to doing
this we indicate why (10.3.11) implies (10.3.10).

Using Exercise 10.3.2, we have that 915, maps LP(R?) to LP(R?) (and hence
into LP) with constant at most a multiple of N¥/P for all 1 < p < . Using this
with p = 3/2, we have

2

[Buse ||Lg—»L§’°° < ||9ms, HL§—>L§ < AN3 (10.3.12)

for some constant A > 0. Now split f as the sum f = f; + f, + f3, where
fl = f%‘f‘gi)w
f2 = fxil<‘f‘§N2)L7
f3 = fXNZ)L<\f\ .

It follows that

{9y () > A} < [{Msy (f2) > S} +[{Mxy(fa) > 5}, (103.13)

since the set {szN f1)>4% } is empty To obtain the required result we use the L2
estimate (10.3.11) for f, and the L5 estimate (10.3.12) for f3. We have

s, (D)]
- 2/0 A9, (1) > A} dA

IN

[ 2l r) > é}\dﬂ./m“'{”‘m(h” o

oo 2
g/ ZABA('ZOQN) / I [2dx d)L+/ ZM N / 113 dxd2,
0
1a<|f|<N2A If|SN22

4101 g , s \f(>2<)\ da
2 2 "
28 10gN) [ IHOOF [l 5, B+ 2EN [ 11001E [ 7 o

(48%(1og2N) (IogN) +4A% )|,
< C(logN)?| [,

IN
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using Fubini’s theorem for integrals. This proves (10.3.10).

To avoid problems with antipodal points, it is convenient to split Xy as the union
of eight sets, in each of which the angle between any two vectors does not exceed
2w /8. It suffices therefore to obtain (10.3.11) for each such subset of Zy. Let us fix
one such subset of Xy, which we call Z3. To prove (10.3.11), we fix a A > 0 and
we start with a compact subset K of the set {x € R?: sz,% (f)(x) > A }. Then for
every x € K, there exists an open rectangle Ry that contains x and whose longest side
is parallel to a vector in X}. By compactness of K, there exists a finite subfamily
{Ro }acor OF the family {Ryx}xek such that

[ 1T0)ldy > 2 [Rql

for all o € &7 and such that the union of the R,,’s covers K.
We claim that there is a constant C such that for any finite family {Ry } 4c.s Of
rectangles whose longest side is parallel to a vector in X} there is a subset % of o7

such that
/ (z xRy (X ) dng’ U RB‘ (10.3.14)
pe# Bes
and that
| U Ra| < CllogN)| | Ry|. (10.3.15)
Bes

Assuming (10.3.14) and (10.3.15), we easily deduce (10.3.11). Indeed,

| URs| < X IR

Be# Be%’
< Z/ (y)ldy
Aﬂeﬁ
= L (2 ) 1101y

Be#

i(/Rz( > xRﬁ)zdx)%nfuLz

IN

IN

pes

from which it follows that

U R < gl

Then, using (10.3.15), we obtain
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Kl <| U Ra
o

c? 2
gC(IogN)‘ U Rﬁ‘ < A2(|09N)Hf|‘l_2’
Be#r

and since K was an arbitrary compact subset of {x : szﬁ (f)(x) > A}, the same

estimate is valid for the latter set.

We now turn to the selection of the subfamily {Rg}gc4 and the proof of
(10.3.14) and (10.3.15).

Let Rg, be the rectangle in {Rq}qcor With the longest side. Suppose we have
chosenRg ,Rg,, ..., RBH for some j > 2. Then among all rectangles R, that satisfy

j_l 1
>, IRg, NRa| < [Ral. (10.3.16)

we choose a rectangle Rg; such that its longer side is as large as possible. Since the
collection {Ry } e is finite, this selection stops after m steps. Define

93 = {ﬁlvﬁZa"'vﬁm}-
Using (10.3.16), we obtain

[ (3 ae,)

Be#

|R/3k ﬂRﬁj|

/\
Ms
M-

_
I
AN
=
Il
N

I
M=

(10.3.17)

A

N
M= L
[ — [a—

(ii|RﬁkaBj|) + |RBJ-|}
1
2

[Rg; |+ |RBJ|]

—
Il
iR

[
w
Ms
Es)
=

_
Il
N

A consequence of this fact is that

m . m
Rg.| = / ) dx
Jg‘l| BJ| 'Urjnleﬁj (ZXRﬁJ)

j=1
m 1 2 ]
< [0 ([ (£ ) )
j=1 Be#B
MR
< UlRBJ \/3(J21|R[31|) ,
= =

which implies that
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m
)y Ry | =3
i=1

Using (10.3.18) in conjunction with the last estimate in (10.3.17), we deduce the
desired inequality (10.3.14) with C = 9.

We now turn to the proof of (10.3.15). Let M be the usual Hardy-Littlewood
maximal operator with respect to cubes in R" (or squares in R?; recall n = 2). Since
M. is of weak type (1,1), (10.3.15) is a consequence of the estimate

m
R (10.3.18)
=1

U ReC{xeR%: MY, X(rg)-) () > c(log N)~*} (10.3.19)
acd\B Be#

for some absolute constant c, where (Rg)* is the rectangle Rg expanded 5 times in
both directions. Indeed, if (10.3.19) holds, then

[ URd < | URs[+| U Ra
acd Bex ocd\AB
10
< | URg|+ (I0gN) 3 |(Rs)|
BeR Bez
250
< | JRs|+ ) (logN) > |Rg|
Bex Bes
< C(log)| U Ry
Bes

where we just used (10.3.18) and the fact that N is large.

It remains to prove (10.3.19). At this point we need the following lemma. In the
sequel we denote by 6, the angle between the x axis and the vector pointing in the
longer direction of Ry, for any o € <7. We also denote by I, the shorter side of R,
and by L, the longer side of Ry, for any o € <7. Finally, we set

_2m2k

%= N

fork € Z* and wg = 0.

Lemma 10.3.6. Let R, be a rectangle in the family {Ry}qcor and let 0 <k <

['°ﬁ’é’§£8>]- Suppose that 8 € 4 is such that

ax < 60 — 6| < axi1

andsuchthatLg > L. Let sq = 8max(ly, wxLe). For an arbitrary x € Rq, let Q be
a square centered at x with sides of length s, parallel to the sides of R,,. Then we

have R AR R
R "Ral _ ) |(Rp) QI

10.3.20
R =¥ g (10.3.:20)
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Assuming Lemma 10.3.6, we conclude the proof of (10.3.19). Fix o € & \ £.
Then the rectangle R, was not selected in the selection procedure. This means that
forall | € {2,...,m+ 1} we have exactly one of the following: either

-1
1
R, MRl > [Ral (10.3.21)
=} 2
or
1-1 1
Y Rgy"Ral < JRel  and Lo <Ly, (10.3.22)
=1

If (10.3.22) holds for | = 2, we let u < m be the largest integer such that (10.3.22)
holds for all I < u. Then (10.3.22) fails for | = u + 1; hence (10.3.21) holds for
| = pu+1; thus

1 J
5[Ra| < ¥ IRg;NRa| < 3 RgNRal. (10.3.23)
=1 Be#
Lg>La

If (10.3.22) fails for | = 2, then (10.3.21) holds for | = 2, and this implies that

1
2|Rm| <IRg,NRa| < Y. |RgNRy].

Be#
Lg>La

In either case we have

1
Bes
Lg=La

and from this it follows that there exists a k with 0 < k < ['Og“\'/s)] such that

log2
1002 ol < S RgNRa (10.3.24)
2log(N/8) " * i pr Rl >
Lg=La

x<|0p—Oa| <41

By Lemma 10.3.6, for any x € R, there is a square Q such that (10.3.20) holds for
any Rg with B € % satisfying Lg > Ly and ax < [0 — 04| < x;1. It follows that

log2 |(Rg)*NQ|
<2 )
2log(N/8) IE@ Q|
Lg=La

x<[0p— 0| <xi1

which implies
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c log2 /
< « dX.
logN = 4log(N/8) = [Q| Qﬁg;/mw

This proves (10.3.19), since for a € & \ %, any x € R, must be an element of the
set {x e R?: Mc(Zﬁe%’X(Rﬁ)*)(X)>C(|OgN)_l}- O

It remains to prove Lemma 10.3.6.

h
.
Q
T

RO{
Fig. 10.9 For angles 7 less
than that displayed, the strip
R‘E meets the upper side of Q.
The length of the intersection
of RS with the lower side of RO
Q is denoted by b. p

Proof. We fix Ry, and Ry so that Lg > L, and we assume that Rg intersects Rq;
otherwise, (10.3.20) is obvious. Let 7 be the angle between the directions of the
rectangles R and Rg, that is,

T:|9a_9ﬂ|.

By assumption we have 7 < a1 < 7, since k+ 1 < ['®9(N/B)) < 1oo(N/8),
Let R denote the smallest closed infinite strip in the direction of the longer side

of Rg that contains it. We make the following observation: if

s, Ia
tant < 12 n (10.3.25)
2 Sa o

then the strip R% intersects the upper side (according to Figure 10.9) of the square
Q. Indeed, the worst possible case is drawn in Figure 10.9, in which equality holds
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in (10.3.25). For 7 < /4 we have tant < 37/2, and since T < 2ax, it follows that
tant < 3ay. Our choice of s, implies

1
250 —la

1

So > 6Ly +2lg = 3y < ;
7S+ La

hence (10.3.25) holds.
We have now proved that R‘E’ meets the upper side of Q. We examine the size
of the intersection R‘E N Q. According to the picture in Figure 10.9, this intersection

contains a parallelogram of base b = 1/ cos 7 and height s, —h and a right triangle
with base b and height h (with 0 < h <'s,). Then we have

RENQI 1 g 1 1 1g 41 11p
> - > > .
Q] T s% cosr(so‘ h+2h) ~s2 cosr(zsa) =25,

Since (Rg)* has length 5Lg and Rg meets Ry, we have that R5NQ € (Rg)*NQand

therefore i
|(Rg)*NQ| 1 g
Q T 2sq
On the other hand, let R,, 3 be the smallest parallelogram two of whose opposite

sides are parallel to the shorter sides of R, and whose remaining two sides are
contained in the boundary lines of R‘E’. Then

(10.3.26)

|
RaNRgl < Repl< 0 La <2l

Another geometric argument shows that

I(x T T Ialﬂ
RaNRg| < g . <lgl <lgl <2 .
RN ﬂ|_ﬁsm(r)_aﬁ21_a[32a)k_ oy
Combining these estimates, we deduce
|RaﬁRﬂ| . |ﬁ |ﬁ |ﬁ
< 2min , <16 " . 10.3.27
Re| — (IoC a)kLa) Sa ( )
Finally, (10.3.26) and (10.3.27) yield (10.3.20). O

We end this subsection with an immediate corollary of the theorem just proved.

Corollary 10.3.7. For every 1 < p < oo there exists a constant cp, such that

2_1 1
Nr =(logN)? whenl<p<2,
H‘%/NHLP(RZ)HLP(RZ) < Cp ( 1g ) P (10.3.28)
(logN)» when 2 < p < eo.
Proof. We see that
[ |1 g2 1= (r2) < CN (10.3.29)
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by replacing a rectangle of dimensions a x aN by the smallest square of side length
aN that contains it. Interpolating between (10.3.9) and (10.3.29), we obtain the first
statement in (10.3.28). The second statement in (10.3.28) follows by interpolation
between (10.3.9) and the trivial L™ — L* estimate. (In both cases we use Theorem
1.3.2) O

10.3.3 The Higher-Dimensional Kakeya Maximal Operator

The Kakeya maximal operator without dilations #& on L2(R?) was crucial in the
study of the boundedness of the Bochner—Riesz operator B* on L*(R?). An analo-
gous maximal operator could be introduced on R".

Definition 10.3.8. Given fixed a > 0 and N > 10, we introduce the Kakeya maximal
operator without dilations on R" as

a _ 1
A0 =swp o [ 110)]dy,

where the supremum is taken over all rectangular parallelepipeds (boxes) of arbi-
trary orientation in R" that contain the point x and have dimensions

axax---xaxaN.
~ ~ 4
n—1times

We also define the centered version &5 of £ as follows:

a _ 1
SN0 =swp o [ 1Tl

where the supremum is restricted to those rectangles among the previous ones that
are centered at x. These two maximal operators are comparable, and we have

A <8 <2"/Y
by a simple geometric argument.

We also define the higher-dimensional analogue of the Kakeya maximal operator
¢ introduced in (10.3.3).

Definition 10.3.9. Let N > 10. We denote by Z(N) the set of all rectangular paral-
lelepipeds (boxes) in R" with arbitrary orientation and dimensions

axax---xaxaN
~ ~ 4
n—1times

with arbitrary a > 0. Given a locally integrable function f on R", we define
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1 n
A= sup o 11y
REA(N) IRl Jr

oX

and

1 n
a0 = sup o[ fldy;
rez(N) IRIJR

R has center x
AN and 7y are called the centered and uncentered nth-dimensional Kakeya maximal

operators, respectively.

For convenience we call rectangular parallelepipeds, i.e., elements of Z(N),
higher-dimensional rectangles, or simply rectangles. We clearly have

SUp A8 = AN and SUPRY = AN;;

a>0 a>0

hence the boundedness of % can be deduced from that of J#y; however, this de-
duction can essentially be reversed with only logarithmic loss in N (see the refer-
ences at the end of this chapter). In the sequel we restrict attention to the operator
S48, whose study already presents all the essential difficulties and requires a novel
set of ideas in its analysis. We consider a specific value of a, since a simple dilation
argument yields that the norms of 7 and 2 on a fixed LP(R") are equal for all
a,b>0.
Concerning .7y}, we know that
<cyN™L. (10.3.30)

1 s gy = gy

n—1times

P
This estimate follows by replacing a rectangle of dimensions Tx 1 x - x 1 xN by
the smallest cube of side length N that contains it. This estimate is sharp; see Exer-
cise 10.3.7.
It would be desirable to know the following estimate for #":

n-1
n

H‘%/'\llHL“(Rn)_»an(Rn) < cy(logN) (10.3.31)
for some dimensional constant c;,. It would then follow that
||°%/NlHLn(Rn)*>Ln(Rn) < ¢y logN (10.3.32)

for some other dimensional constant c;;; see Exercise 10.3.8(b). Moreover, if esti-
mate (10.3.31) were true, then interpolating between (10.3.30) and (10.3.31) would
yield the bound

1
<cnpN B_l(log N)» | l<p<n. (10.3.33)

||¢%/'\ll||LP(R”)—>LP(R")
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It is estimate (10.3.33) that we would like to concentrate on. We have the follow-
ing result for a certain range of p’s in the interval (1,n).

Theorem 10.3.10. Let p, = “szl and N > 10. Then there exists a constant Cy, such
that

[ [ X T (10.3.34)
n 1

H'%/NlHLpn (RM)—LPn=(Rn) < CyNpn _1(|09N) o, (10.3.35)

148 | oo ey ey < CaN o~ *(logN). (10.3.36)

Moreover, for every 1 < p < pp there exists a constant Cy, j, such that

n 1
A4 Logrn)—Lorn) < CnpNP(logN) . (10.3.37)

Proof. We begin by observing that (10.3.37) is a consequence of (10.3.30) and
(10.3.35) using Theorem 1.3.2. We also observe that (10.3.36) is a consequence
of (10.3.35), while (10.3.35) is a consequence of (10.3.34) (see Exercise 10.3.8).
We therefore concentrate on estimate (10.3.34).

We choose to work with the centered version &% of 7}, which is comparable to
it. To make the geometric idea of the proof a bit more transparent, we pick 6 < 1/10,
we set N = 1/§, and we work with the equivalent operator ﬁ‘f/S, whose norm is the

same as that of #}. Since the operators in question are positive, we work with
nonnegative functions.

The proof is based on a linearization of the operator jifl%. Let us call a rectangle
of dimensions § x 6 x --- x 6 x 1 a 6-tube. We call the line segment parallel to
the longest edges that joins the centers of its two smallest faces, a 6-tube’s axis of
symmetry.

For every x in R" we select (in some measurable way) a §-tube 7(x) that contains

x such that
1
1/5( = |’L' | /

Suppose we have a grid of cubes in R" each of side length 6’ = 6/(2/n), and let
Qj be a cube in that grid with center cq;. Then any 5-tube centered at a pointz € Qj
must contain the entire Qj, and it follows that

R )5(H)(@) < 95(F)(cq)) < WCZQ |/CQ f(y)dy. (10.3.38)

This observation motivates the introduction of a grid of width 6’ = §/(2+/n) in
R" so that for every cube Qj in the grid there is an associated §-tube 7; satisfying

7jNQj # 0.

Then we define a linear operator
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5 1
L@ =X _ [ fody)xq,
] |7j] Jz;

which certainly satisfies
LO(f) <2"755(f) < 4"8%%5(f),
and in view of (10.3.38), it also satisfies

RY)5() <2L(f).

It suffices to show that L8 is bounded from LP»% to LPr= with constant Cy (8 1) %,
which is independent of the choice of 5-tubes ;.

Our next reduction is to take f to be the characteristic function of a set. The space
LPr= is normable [i.e., it has an equivalent norm under which it is a Banach space
(Exercise 1.1.12)]; hence by Exercise 1.4.7, the boundedness of L% from LP»! to
LPn* is a consequence of the restricted weak type estimate

Sp {12 (a) > A} < Ch(67) % Al (10.3.39)
>

for some dimensional constant C,, and all sets A of finite measure. This estimate can
be written as
n+1 _n-1
A28 2 |Ep| <CalAl, (10.3.40)
where

Ex={XxeR": Lo(xa)(x) > A} = {L%(xa) > 1}.

Our final reduction stems from the observation that the operator L9 is “local.”
This means that if f is supported in a cube Q, say of side length one, then L%(f) is
supported in a fixed multiple of Q. Indeed, it is simple to verify that if x ¢ 10Q and
f is supported in Q, then L®(f)(x) = 0, since no 8-tube containing x can reach Q.
For “local” operators, it suffices to prove their boundedness for functions supported
in cubes of side length one; see Exercise 10.3.9. We may therefore work with a
measurable set A contained in a cube in R" of side length one. This assumption has
as a consequence that E, is contained in a fixed multiple of Q, such as 10Q.

Having completed all the required reductions, we proceed by proving the re-
stricted weak type estimate (10.3.40) for sets A supported in a cube of side length
one. In proving (10.3.40) we may take A < 1; otherwise, the set E, is empty. We
consider the cases co(n) 6 < A and co(n) § > A, for some large constant co(n) to be
determined later. If co(n) 6 > A, then

Al

Exl <cha/er

(10.3.41)

by the weak type (1,1) boundedness of L® with constant C15". It follows from
(10.3.41) that
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-1 1 1
CLIAI > [EZ|8" 1A > co(n) "2 |Ex |22 6™

which proves (10.3.40) in this case.

We now assume co(n) § < A < 1. Since L%(xa) is constant on each Q;, we have
that each Q; is either entirely contained in the set E; or disjoint from it. Conse-
quently, setting

&=1{j: QjCEs},
we have
E,=UJQj.
jeé&
Hence
€l =#{j: je &} =|E4|(8)"

and for all j € & we have
|TjNA| > Altj| =4 8" L.

It follows that

|A| Stip > (%) / > xrdx

je& Jeg
= Y |5inA|
jeé&
> A 8"
n—1 |E)L|
=A6 (&)

— @) llEal

Therefore, there exists an Xg in A such that

- A B
. . n
#{je & x0€1j} > (2V/n) SIAl
Let S(Xo, %) be a sphere of radius % centered at the point Xo. We find on this sphere
a finite set of points © = {6} that is maximal with respect to the property that the
balls B(6, 6) are at distance at least 10 /n 6 from each other. Define spherical caps

S =S""1NB(6&,3).

Since the S ’s are disjoint and have surface measure a constant multiple of §"~1, it
follows that there are about §~" such points 6.

We count the number of §-tubes that contain xg and intersect a fixed cap Sx. All
these &-tubes are contained in a cylinder of length 3 and diameter c;(n)é whose
axis of symmetry contains Xo and the center of the cap Sg. This cylinder has volume
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3wn-1€1(n)""18"1, and thus it intersects at most c;(n)§ 1 cubes of the family Qj,
since the Qj’s are disjoint and all have volume equal to (8’)". We deduce then that
given such a cap Sy, there exist at most cg(n)§~* §-tubes (from the initial family)
that contain the point Xo and intersect S.

Let us call a set of 8-tubes e-separated if for every t and 7’ in the set with 7 # 7/
we have that the angle between the axis of symmetry of 7 and 7’ is at least € > 0.

Since we have at least (Nng‘“Al‘\Em O-tubes that contain the given point Xp, and each
cap S is intersected by at most c3(n)5*l S-tubes that contain xg, it follows that at

least c4(n) A “E‘“ of these 8-tubes have to intersect different caps Si. But d-tubes that
intersect different caps Sk and contain xg are 6-separated. We have therefore shown

that there exist at least c4(n)’l“AE‘“ o-separated tubes from the original family that
contain the point xq. Call .7 the family of these §-tubes.

We find a maximal subset @’ of the 6’s such that the balls B(6,d), 6 € ©',

have distance at least 30%”5 from each other. This is possible if /6 > co(n) for
some large constant co(n) [such as co(n) = 1000+/n]. We “thin out” the family .7
by removing all the 5-tubes that intersect the caps Sy with 6 € © \ ©’. In other
words, we essentially keep in .7 one out of every 1/A"~ §-tubes. In this way we

extract at least cs(n)“‘/‘f‘” o-tubes from 7 that are 60‘l/”‘s—separated and contain
the point Xo. We denote these tubes by {7j: j € .7 }.

We have therefore found a subset .# of & such that

Xoertj forall je.Z, (10.3.42)

T,Tj are 60\/n?L - separated when j ke .#, j#K, (10.3.43)
n

|-Z| > cs5(n) |E|7EA||A . (10.3.44)

Notice that )
AN NB(xo, 3)| < |71NB(x0, 5)[ < gA8" 1,

and since for any j € & (and thus for j € %) we have |ANT1j| > A8"1, it must be
the case that

1
|ANTiNB(Xo, 5)°| > 3/15”—1. (10.3.45)
Moreover, it is crucial to note that the sets
ANTiNB(Xo, 5)°, je .7, (10.3.46)

are pairwise disjoint. In fact, if x; and X are points on the axes of symmetry of two
60+/n f-separated o-tubes 7j and 7 in .% such that |Xj — Xo| = |Xx — Xo| = é then
the distance from x, to xj must be at least 10,/nd. This implies that the distance
between 7j N B(xo, 5 ) and % NB(xo, 5 )¢ is at least 6,/n & > 0. We now conclude
the proof of the theorem as follows:
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Al >|AN | (7jnB(x0, 3)%)|
jez
= Y [An7iNB(x0,5)°|
jez
A8"-1
>
je7 3
/'L5nfl
3
[Ex|A" A8"-1
_CS(n) |A| 3 y

=7

using that the sets in (10.3.46) are disjoint, (10.3.45), and (10.3.44). We conclude
that

1 _ _
AP = S es(m) AM18MHEL| = co(n)AT SN E, 2,

since, as observed earlier, the set E;, is contained in a cube of side length 10. Taking
square roots, we obtain (10.3.40). This proves (10.3.39) and hence (10.3.36). O

Exercises

10.3.1. Let h be the characteristic function of the square [0,1]2 in R2. Prove that for
any 0 < A < 1we have

[{x e R?: Ms(h)(x) > 1}| > i Iog/,lL .

Use this to show that Ms is not of weak type (1,1). Compare this result with that of
Exercise 2.1.6.

10.3.2. (a) Given a unit vector v in R? define the directional maximal function along
V by
1 +&
My(f)(x) = sup / I (x— tv)| dt
e>0 26 J—¢
wherever f is locally integrable over R2. Prove that for such f, My(f)(x) is well
defined for almost all x contained in any line not parallel to V.
(b) For 1 < p < s, use the method of rotations to show that My maps LP(R?) to itself
with norm the same as that of the centered Hardy-L ittlewood maximal operator M
on LP(R).
(c) Let X be a finite set of directions. Prove that for all 1 < p < oo, there is a constant
Cp > 0 such that

1
1905 (F)]| o 2y < CpIZIP || flLo(re
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forall f in LP(R?).
[Hint: Use the inequality Mtz (f)P < VEZ[MVMVL (F)]P.]

10.3.3. Show that
ji/N < 209:),IZN )

where Xy is a set of N uniformly distributed vectors in St.
[Hint: Use Exercise 10.2.3.]

10.3.4. This exercise indicates a connection between the Besicovitch construction
in Section 10.1 and the Kakeya maximal function. Recall the set E of Lemma 10.1.1,
which satisfies 1 < |E| < 3.

(a) Show that there is a positive constant ¢ such that for all N > 10 we have

[{x € R?: J(xe)(X) > 134 }| > cloglogN .

(b) Conclude that for all 2 < p < <o there is a constant ¢, such that

[ > cp(loglogN) »

||LP(R2)HLP(R2)

[Hint: Using the notation of Lemma 10.1.1, first show that

[{x € R? 1 g pk10g(ks2) (XE) (X) > 45 }| > log(k+2),

by showing that the previous set contains all the disjoint rectangles Rj for j =
1,2,...,2% here k is a large positive integer. To show this, for x in U?kzl Rj con-
sider the unique rectangle Rj, that contains x union (Rj,)" and set Ry = Rj, U(Rj,)".
Then |Ry| = 3|Rj,| = 3-2 ¥log(k + 2), and we have

1 ENR _ [ENR;)| . 1
dy = > X/
|Rx|/RX ZEWIdY="10 "2 gr | 236

in view of conclusion (4) in Lemma 10.1.1. Part (b): Express the LP norm of £y (xe)
in terms of its distribution function.}

10.3.5. Show that M is unbounded on LP(R?) for any p < .
[Hint: You may use Proposition 10.3.4 when p < 2. When p > 2 one may need
Exercise 10.3.4.

10.3.6. Consider the n-dimensional Kakeya maximal operator 7. Show that there
exist dimensional constants c, and c;, such that for N sufficiently large we have

|| > cn (logN),

||L”(R")HL”(R")

[z > ¢ (logN) "’

HLn(Ranmw(Rn)

[Hint: Consider the functions fy(x) = ‘i‘ X3<|x|<n and adapt the argument in Propo-
sition 10.3.4 to an n-dimensional setting.]
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10.3.7. For all 1 < p < n show that there exist constants cn , such that the n-
dimensional Kakeya maximal operator J#y satisfies

N1
H'%/NHLP(R”)—LP(R“) = H’%f'\‘HLP(Rn)—>L9>°"(R“) > CopNP =
[Hint: Consider the functions hy (x) = |x|_n$1 X3<|xj<n and show that J#y (hn ) (x) >
c/|x| for all x in the annulus 6 < [x| < N.]

10.3.8. (Carbery, Hernandez, and Soria [51] ) Let T be a sublinear operator defined
on LY(R™ 4 L=(R") and taking values in a set of measurable functions. Let 10 <
N<eo,l<p<e,and0<a,M < co,

(a) Suppose that
HTHL1—>L1'°° S C]-Naa
HTHLP>1—»LP~°° <M,
[ai—
Show that 1
ITlLp_Lpe <C(a,p,C1)M (logN) ¥ .
(b) Suppose that
||T||L1*>|_l,oo S C]_Na,
||THLP—>LP,°" S Ma
[ae—
Show that 1
Tl _r <C'(a,p,C1)M(logN)P.
[Hint: Part (a): Split f = fy 4 f, + f3, where f3 = D 2= 11 _ g0 AN

f1 = fxt;>La, where LP~1 = N2, Use the weak type (1,1) estimate for f; and the
restricted weak type (p,p) estimate for f, and note that the measure of the set
{IT (f3)] > A/3} is zero. One needs the auxiliary result

1
I 2a<isi<ollLps < Cp) (L+1og2) ™ [ 5

which can be proved as follows. First use the identity of Proposition 1.4.9. Then
note that the distribution function df,, _ ., (s) is equal to d¢(a) for s < a, to d¢(s)
for a < s < b, and vanishes for s > b. It follows that

b a b
Hf}(ag‘f‘gbuwlSadf(a)ll’-l-/ df(t)%dtgz/a df(t)%dt+/ di(t)pdt,
a 2 a
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from which the claimed estimate follows by Hoélder’s inequality and Proposition
1.1.4. Part (b): Use the same splitting and the method employed in the proof of
Theorem 10.3.5.]

10.3.9. Suppose that T is a linear operator defined on a subspace of measurable
functions on R" with the property that whenever f is supported in a cube Q of side
length s, then T () is supported in aQ for some a > 1. Prove the following:
(@) If T is defined on LP(R") for some 0 < p < e and

Tl <BlIflL
for all f supported in a cube of side length s, then the same estimate holds (with a
larger constant) for all functions in LP(R").
(b) If T satisfies for some 0 < p < oo,

1
HT(XA)Hme <BJA|P

for all measurable sets A contained in a cube of side length s, then the same estimate
holds (with a larger constant) for all measurable sets A in R".

10.4 Fourier Transform Restriction and Bochner-Riesz Means

If g is a continuous function on R", its restriction to a hypersurface S C R" is a well
defined function. By a hypersurface we mean a submanifold of R" of dimension
n— 1. So, if f is an integrable function on R", its Fourier transform f is continuous
and hence its restriction fA|S on S is well defined.

Definition 10.4.1. Let 1 < p,q < . We say that a compact hypersurface S in R"
satisfies a (p,q) restriction theorem if the restriction operator

f—f |s’

which is initially defined on L*(R") N LP(R"), has an extension that maps LP(R")
boundedly into L%(S). The norm of this extension may depend on p,q,n, and S. If S
satisfies a (p, ) restriction theorem, we write that property Rp_q(S) holds. We say
that property Rp_q(S) holds with constant C if for all f € L1(R") NLP(R") we have
<l

||fAH|_q(5) |LP(R")'

Example 10.4.2. Property R;_...(S) holds for any compact hypersurface S.

We denote by Z(f) = ﬂSH the restriction of the Fourier transform on a hy-
persurface S. Let do be the canonically induced surface measure on S. Then for a
function ¢ defined on S we have
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/ f¢dc::/)f1655wd§::/ f pdodx,
Jen-1 RO JRN
which says that the transpose of the linear operator Z is the linear operator
%' (9) = @do. (10.4.1)

By duality, we easily see that a (p,q) restriction theorem for a compact hypersurface
S is equivalent to the following (¢’, p’) extension theorem for S:

Z': LY (S) — LM (RM).

Our objective is to determine all pairs of indices (p,q) for which the sphere S"1
satisfies a (p,q) restriction theorem. It becomes apparent in this section that this
problem is relevant in the understanding of the norm convergence of the Bochner—
Riesz means.

10.4.1 Necessary Conditionsfor Rp_q(S"~1) to Hold

We look at basic examples that impose restrictions on the indices p,q in order
for Rp_.q(S"~1) to hold. We first make an observation. If Rp_q(S""1) holds, then
Rp_s(S"1) forany s < q.

Example 10.4.3. Let do be surface measure on the unit sphere S"1. In view of the
identity in Appendix B.4, we have

—~ 2

45(8) = o2 Iz (27D

Using the asymptotics in Appendix B.8, the last expression is equal to

2\/2717 _ _n+l

e S0 - "o )
as |&| — oo. It follows that ' (1)(&) = do (&) does not lie in LP' (R") if ”51 p'<n
and "31p’ > n. Thus Ry_q(S"?) fails when 2" < p < 2. Since Ri_q(S" 1)
holds for all g € [1,], by interpolation we deduce that Rp_q(S""?) fails when

p> nﬂ‘l. We conclude that a necessary condition for Rp_q(S"~1) to hold is that

2n

< .
P<ni1

(10.4.2)

In addition to this condition, there is another necessary condition for Rp_q(S"1)
to hold. This is a consequence of the following revealing example.
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Example 10.4.4. Let ¢ be a Schwartz function on R" such that ¢ > 0and (&) > 1
for all £ in the closed ball |£| < 2. For N > 1 define functions

X1 X2 Xn—1 Xn)

fN(X17X27~~~7Xn717Xn):(p(N7Na"'a N 7N2

To test property Rp_.q(S"1), instead of working with S"~1, we may work with the
translated sphere S = S"~1 4-(0,0,...,0,1) in R" (cf. Exercise 10.4.2(a)). We have

TW(E) =N"H(NELNE, . N&-1,N?Er).
We note that for all & = (&1,..., &) in the spherical cap
S=SN{EcR": &+ -+ <N? and & <1}, (10.4.3)
we have &, <1—(1— le)% < le and therefore
|(N€15N€25"'7N§n—17N2€n)| S 2

This implies that for all £ in S’ we have ﬂ(i) > N1, But the spherical cap S’ in
(10.4.3) has surface measure ¢(N~1)"~1, We obtain

T - 1 1-
|| fN ||LQ(S) 2 || fN ||Lq(S’) > Can+lN ql‘l .

On the other hand, || fy N5 Therefore, if Rp—q(S"1) holds,

we must have

HLP(RH) = H(pHLP(R“)
[llcnpN'e" > CotnmiNa",

and letting N — oo, we obtain the following necessary condition on p and q for
Rp—q(S"1) to hold:
1 _n+11
2 . 10.4.4
g n-1p ( )
We have seen that the restriction property Rp_q(S"~1) fails in the shaded region
of Figure 10.10 but obviously holds on the closed line segment CD. It remains to
investigate the validity of property Rp_,q(S”‘l) for (‘1), é) in the unshaded region of
Figure 10.10.
It is a natural question to ask whether the restriction property Rp_,q(S”‘l) holds
on the line segment BD minus the point B in Figure 10.10, i.e., the set

1 n+11 2n } (10.45)

D= <

{(p,q) q n-1p 1*p<n+1
If property Rp—q(S"~1) holds for all points in this set, then it will also hold in the
closure of the quadrilateral ABDC minus the closed segment AB.
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1A
q
1 A IE C
I
I
Mg |
2n B
S G
Fig. 10.10 The restriction 2 |
property Rp_.q(S"?) fails |
in the shaded region and on
the closed line segment AB I
but holds on the closed line I
segment CD and could hold
on the open line segment . | | D >
BD and inside the unshaded 0 1 n+l n+3 11
region. 2 2n 2(n+1) P

10.4.2 A Restriction Theorem for the Fourier Transform

In this subsection we establish the following restriction theorem for the Fourier
transform.

Theorem 10.4.5. Property Rp_q(S"~1) holds for the set
1 n+l11 2(n+1)
. = < < B N
{pa: =T 1se<T (10.4.6)
and therefore for the closure of the quadrilateral with vertices E, G, D, and C in

Figure 10.10.

Proof. The case p=1and q =« is trivial. Therefore, we need to establish only the

case p = 2%”;“ and g = 2, since the remaining cases follow by interpolation.

Using Plancherel’s identity and Hélder’s inequality, we obtain
~ 2 o~ S
1Tz = [, & f&)do@)
- / £(x) (f +do")(x) dx
RI‘I

< [ llp g [ d0 |l gy -

To establish the required conclusion it is enough to show that

2(n+1)

10.4.7
n+3 ( )

||f*d6v||LP/(R") SCanHLp(Rn) when  p =



10.4 Fourier Transform Restriction and Bochner-Riesz Means 391

To obtain this estimate we need to split the sphere into pieces. Each hyperplane
& = 0 cuts the sphere S"~1 into two hemispheres, which we denote by H} and HZ.
We introduce a partition of unity {¢; }j of R" with the property that for any j there
existk e {1,2,...,}and | € {1,2} such that

(supporte;) NS G Hy;

that is, the support of each ¢; intersected with the sphere S"~1 is properly contained
in some hemisphere Hd. Then the family of all ¢j whose support meets S"~1 forms
a finite partition of unity of the sphere when restricted to it. We therefore write

do =Y ¢jdo,
jeF
where F is a finite set. If we obtain (10.4.7) for each measure ¢;do instead of do,
then (10.4.7) follows by summing on j. We fix such a measure ¢; do, which, without
loss of generality, we assume is supported in {& € S™1: & >c} S HZ for some
¢ €(0,1). In the sequel we write elements x € R" as x = (x',t), where x' € R"~* and

t € R. Then for x € R" we have

\Y, Tix- Tix- (P-(gl’\/l_|§/|2)d€/
(oid0)' 0= [ @ Sdoe) = [ @ PV S

&'ern-1
|E[><1—c?

where & = (&',&,); for the last identity we refer to Appendix D.5. Writing x =
(x',t) € R"1 x R, we have

(on dG)v(X/,t) _ eZnix/-i’eZnit\/lf\i’\z 9 (é/’ \/1_|§/|2) dél
&'ern-t \/1_|§/|2
‘{(;,/‘ZS:L_CZ (1048)
_ (EZﬂit\/15’2 P (5/, \/1_|5/|2))V(X/)
V1182 ’
where V indicates the inverse Fourier transform in the &’ variable. For eacht € R
we introduce a function on R"~1 by setting
Ki(x') = (pjdo)" (X, 1).

We observe that identity (10.4.8) and the fact that 1 — |&/|2 > ¢ > 0 on the support
of ¢; imply that

sup sup | (K)2(E")] < Cp < oo, (10.4.9)
teR g/eRn—l

where 2 indicates the Fourier transform on R, We also have that

Ki(X') = (pjdo)” (X',t) = ((,ojv xdo”) (X' ,t).
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Since ¢’ is a Schwartz function on R" and the function |[do (x',t)| is bounded by
1+, )" 2! (see Appendices B.4, B.6, and B.7), it follows from Exercise 2.2.4
that

K(X)] <C+|(X. )~ "2 <C+[t)" (10.4.10)
forall X' € R"1. Estimate (10.4.9) says that the operator given by convolution with

K¢ maps L2(R"1) to itself with norm at most a constant, while (10.4.10) says that
the same operator maps L*(R"1) to L*(R"~1) with norm at most a constant multi-

ple of (1+ |t|)‘n51. Interpolating between these two estimates yields

1
||Kt*gH|_p (Rn-1) <Cpn|t| 2 HgHLp Rn-1)

forall 1 < p < 2, where x denotes convolution on R"~1 (and * convolution on R").
We now return to the proof of the required estimate (10.4.7) in which doV is
replaced by (¢;do). Let f(x) = f(x',t) be a function on R". We have

|+ (¢jdo)|| T)x Ko d7

Lp’(R“) - | Lp’(Rn—l) Lp/(R)

/R’f(-,r)*Kt_T

f(- "
[V
R 2)

It— LP (R)

Ig (Hf(wt)HLp(R"*l)) HLp%R,dt) ’

where f =1—(n— 1)(‘1) - %) and lg is the Riesz potential (or fractional integral)

given in Definition 6.1.1. Using Theorem 6.1.3 withs =, n=1, and q = p/, we
obtain that the last displayed equation is bounded by a constant multiple of

/ —
LP(RM1) /

LP(R)

IN

< Cpn

= Cp’n

H||f(.,t)y|Lp<Rn71> oy = 1o m -
The condition %, — é = ; ontheindices p,q,s,n assumed in Theorem 6.1.3 translates
exactly to

1 1 B n—-1 n-1

p p 1 p 27

which is equivalent to p = n”:3l) This concludes the proof of estimate (10.4.7)

in which the measure ¢ is replaced by (¢;do)Y. Estimates for the remaining
(pjdo)V follow by a similar argument in which the role of the last coordinate is
played by some other coordinate. The final estimate (10.4.7) follows by summing j
over the finite set F. The proof of the theorem is now complete. O
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10.4.3 Applicationsto Bochner—Riesz Multipliers

We now apply the restriction theorem obtained in the previous subsection to the
Bochner—Riesz problem. In this subsection we prove the following result.

Theorem 10.4.6. For ReA > zg‘njrll), the Bochner—Riesz operator B* is bounded on

LP(R™) for p in the optimal range

2n cp< 2n
n+142ReA P n—1—2Rel"’

Proof. The proof is based on the following two estimates:

2 _
||Bl||L1(R")HL1(R") < Cy(ReA) etolima| whenReA > "1, (10.4.11)

< Cy(ReA) ecolm2f? when Re > ,i"%, (10.4.12)

HB/1 HLP RM)—LP(RN n+1)
( )

where p = 2%”:31) and Cq, C, are constants that depend on n and Re A, while cg is an
absolute constant. Once (10.4.11) and (10.4.12) are known, the required conclusion
is a consequence of Theorem 1.3.7. Recall that B is given by convolution with the
kernel K, defined in (10.2.1). This kernel satisfies

_n

IK; (x)| < Ca(ReA)e®MAP (1 4 |xy="2" —Red (10.4.13)

in view of the estimates in Appendices B.6 and B.7. Then (10.4.11) follows easily
from (10.4.13) and we focus our attention on (10.4.12).

The key ingredient in the proof of (10.4.12) is a decomposition of the kernel.
But first we isolate the smooth part of the multiplier near the origin and we focus
attention on the part of it near the boundary of the unit disk. Precisely, we start with
a Schwartz function 0 < n < 1 supported in the ball B(0, i) that is equal to 1 on the

smaller ball B(0, %). Then we write

mu(§) = (1 IEA% = L—1EAinE) + 1 EPL L -n(&)).

Since the function (1 —|&[2)An (&) is smooth and compactly supported, it is an LP
Fourier multiplier for all 1 < p < oo, with norm that is easily seen to grow poly-
nomially in |A|. We therefore need to concentrate on the nonsmooth piece of the
multiplier (1 —|&[?)% (1 —n(&)), which is supported in B(0, ). Let

KA = ((1- 6P - () 09

be the kernel of the nonsmooth piece of the multiplier.
We pick a smooth radial function ¢ with support inside the ball B(0,2) that is
equal to 1 on the closed unit ball B(0,1). For j =1,2,... we introduce functions

wi(x) = 9(27)x) — p(271*1x)
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supported in the annuli 211 < |x| < 2J+1, Then we write

KA f = T8 (1) + X, T (), (10.4.14)

where T¢t is given by convolution with pK* and each T# is given by convolution
with l[/ij.

We begin by examining the kernel pK* . Introducing a compactly supported func-
tion ¢ that is equal to 1 on B(0, g), we write

K* = (-] Pra-mg)
= (=1 Ph) = (@-mg)”
= K?L*( C)v

Using this and (10.4.13) implies that K* is a bounded function, and thus @K* is
bounded and compactly supported. Thus the operator TOl is bounded on all the LP
spaces, 1 < p < oo, with a bound that grows at most exponentially in [Im 2|2,

Next we study the boundedness of the operators T#; here the dependence on the
index j plays a role. Fix p < 2 as in the statement of the theorem. Our goal is to
show that there exist positive constants C, 8 (depending only on n and Re 1) such
that for all functions f in LP(R") we have

||zj(f)HLP(R") < Ceco“mMzz_wH f HLP(R") ' (10.4.15)

Once (10.4.15) is established, the LP boundedness of the operator f — K% x f fol-
lows by summing the series in (10.4.14).
As a consequence of (10.4.13) we obtain that

K ()]

IN

Ca(Re ) e@MA* (14 ) =" ~ReA |y ()|

o (10.4.16)
< C/Z—( s +Reld)j

)

since y;j(x) = y(271x) and v is supported in the annulus } < |x| < 2. From this
point on, the constants containing a prime are assumed to grow at most exponentially
in [ImA |2, Since KJ-l is supported in a ball of radius 211 and satisfies (10.4.16), we
deduce the estimate

IKH[2 = [[K[2, < Cr2-(rea2Remign — crp-(42Red)s (10.4.17)

We need another estimate for KJ-’l. We claim that for all M > n+ 1 there is a
constant Cy such that

/\w KHE)PIE[PdE <Cynp2 MM Bn. (10.4.18)
—8
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Indeed, since @(g) is supported in |£] > % [recall that the function 1 was chosen
equal to 1 on B(0, 3)], we have

—

KO =K sgp@) <2 [ (1-|g- 0P/ 7Rlo)do.

3<[E-o|<1
Suppose that |&| < §. Since |€ — w| > }, we must have || > 3. Then
P2l o) <Cu(2|o|) ™ < (8/3)MCpm2 M,
from which it follows easily that

sup [K}(&)| <Cy2 1M, (10.4.19)

1
1E1<g

Then (10.4.18) is a consequence of (10.4.19) and of the fact that the function |£| P
is integrable near the origin.

We now return to estimate (10.4.15). A localization argument (Exercise 10.4.4)
allows us to reduce estimate (10.4.15) to functions f that are supported in a cube of
side length 2J. Let us therefore assume that f is supported in some cube Q of side
length 21, Then Tj’l(f) is supported in 5Q and we have for 1 < p < 2 by Holder’s
inequality

1_1
T (DEpse) < 15QIP 2 TH(H)|[z(s0)

(tynin T 2 (10.4.20)

< Co2be M| KEAE|
Having returned to L2, we are able to use the LP — L? restriction theorem obtained
in the previous subsection. To this end we use polar coordinates and the fact that KJ-l
is a radial function to write

A E12 A n -
||KJ-7Lf||L2:/O |Kf(re1)|2(/sn1|f(re)|2de) r"dr, (10.4.21)

where e; = (1,0,...,0) € S"1. Since the restriction of the function x + r="f (x/r)
on the sphere S"~1 is f(r@), we have

2n
p/

2
. .- 2 ) ,
,/Sn71|f(r9)|2d9 SC’Z””URnr nP|f(x/r)|de} =Co,r fllZ,, (10.4.22)

where Cy p is the constant in Theorem 10.4.5 that holds whenever p < 2%”3). So

assuming p < 2(n”j31) and inserting estimate (10.4.22) in (10.4.21) yields
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i by _q_2n
||KJ')Lin2 < Cg,anHip/O K2 (reg)2r" - dr

c2 , o . (10.4.23)
;n -2
oI [ IKHERIE P g

IN

where wn_1 = [S"71|. Appealing to estimate (10.4.18) for |£| < I with § = f)r,‘ <n
(since p < 2) and to estimate (10.4.17) for |&| > } 3, We obtain

[Pl <c™2-Ge2Remi

Combining this inequality with the one previously obtained in (10.4.20) yields

(10.4.15) with

="l Rea-"
2 p

This number is positive exactly when n+1+2Re)L < p. This was the condition as-

sumed by the theorem when p < 2. The other condition ReA > 2 n+1) is naturally

imposed by the restriction p < n”;gl) Finally, the analogous result in the range

p > 2 follows by duality. a

10.4.4 The Full Restriction Theorem on R?

In this section we prove the validity of the restriction condition Rp_q(S*) in dimen-
sion n = 2, for the full range of exponents suggested by Figure 10.10.

To achieve this goal, we “fatten” the circle by a small amount 2§. Then we obtain
a restriction theorem for the “fattened circle” and then obtain the required estimate
by taking the limitas § — 0. Precisely, we use the fact

1+6 .
/ f@)"do = lim / 1f(ro)[9derdr (10.4.24)
5 1-§ Jst
to recover the restriction theorem for the circle from a restriction theorem for annuli
of width 26.
Throughout this subsection, & is a number satisfying 0 < § < 10100, and for sim-

plicity we use the notation

x°(E) =xa-s1+6) ), & eR?.

We note that in view of identity (10.4.24), the restriction property Rp_,q(Sl) is a
trivial consequence of the estimate

1 oo
268 /0 o x°(re)f(re) [ derdr <CI|f|l,, (10.4.25)
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or, equivalently, of
~ 1
Hxsf HLq(RZ) < (26)QCH f HLP(RZ)' (10.4.26)

We have the following result.

Theorem 10.4.7. (a) Given 1 < p < ‘3‘, setq= %’. Then there is a constant Cp, such
that for all LP functions f on R? and all small positive § we have

~ 1
12 Flliare) = Co8 1 lpe- (10.4.27)

(b) When p = q = 4/3, there is a constant C such that for all L*/3 functions f on R?
and all small 6 > 0 we have

x° 7] s gcﬁ(logg)%uf||L§(R2 . (10.4.28)

(R?) )

Proof. To prove this theorem, we work with the extension operator
E®(g) = x99 = x° =4,
which is dual (i.e., transpose) to f — 9 f, and we need to show that

ES ()| o ey < 83 (log 1P|

L (R2) » (10.4.29)
where B =} when p= % and B =0when p < 3.

We employ a splitting similar to that used in Theorem 10.2.4, with the only dif-
ference that the present partition of unity is nonsmooth and hence simpler. We define
functions

%2(E) = 2° (&) Xonmst/2<rg E<2n(t+1)81/2

for £ € {0,1,...,[61/?]}. We suitably adjust the support of the function X[Zfl/Z] S0
that the sum of all these functions equals x°. We now split the indices that appear
in the set {0,1,...,[8'/2]} into nine different subsets so that the supports of the
functions indexed by them are properly contained in some sector centered at the ori-
gin of amplitude 7 /4. We therefore write E? as a sum of nine pieces, each properly
supported in a sector of amplitude 7 /4. Let | be the set of indices that correspond
to one of these nine sectors and let

EP(f) =Y 20t
Lel

It suffices therefore to obtain (10.4.29) for each E? in lieu of E9. Let us fix such an
index set | and without loss of generality we assume that

1=1{0,1,...,[671/2)}.
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Since the theorem is trivial when p = 1, to prove part (a) we fix a number p with
1<p< 3. Weset
=(p'/2)

and we observe that this r satisfies } = ;/ + ql/ We note that 1 < r < 2 and we apply
the Hausdorff-Young inequality ||h|| . < [|h"]| ;. We have

EZ ()% gy = ./R2|E|5(f)2|r/dx
< ( RZI(Ef(f)Z)VIrdX> (10.4.30)
- (LIZzmn-ain| o)
el el

We obtain the estimate

(e

which suffices to prove the theorem.
Denote by Ss ;. the support of x2 + x3. Then we write the left-hand side of

(10.4.31) as
(k

which, via Holder’s inequality, is controlled by

/

ZZ Xg XE/ ‘ dX) <C6q Hf

lel el

(10.4.31)

)’

/

rdx) - (10.4.32)

z z ( Xﬁ’ ))Xss,u’

el el

/

</ (z z ‘ XW ‘r) : (z Z ‘Xsa,w’ ‘r/) ’ dX) rf . (10.4.33)

Lel el Lel el

We now recall Lemma 10.2.5, in which the curvature of the circle was crucial. In
view of that lemma, the second factor of the integrand in (10.4.33) is bounded by a
constant independent of §. We have therefore obtained the estimate

/

[EP(f HLp'<C<ZZ/\xe (x?f)\rdx>r. (10.4.34)

Lel el
We prove at the end of this section the following auxiliary result.

Lemma 10.4.8. With the same notation as in the proof of Theorem 10.4.7, for any
1 <r < o, there is a constant C (independent of 6 and f) such that

3

1
o2 '
126+ (o) < C<|€_€,| +1> 2 £l 1S ], (10.4.35)
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forall ¢,¢' € 1 ={0,1,...,[367Y/?]}.
Assuming Lemma 10.4.8 and using (10.4.34), we write

/ 3 le r rr,
ereols, <ot 2tk (g T )
Lel Vel (10.4.36)

<cé? o] Il N7
<C8 > [ flle| |2 2 )

tel vl Npe (0= +1

where we used Holder’s inequality for some 1 < s < e. We now recall the discrete
fractional integral operator

air
@ {2 ety

j/
which maps £5(Z) to ¢ (Z) (see Exercise 6.1.10) when

s =0, O<a<l. (10.4.37)

Whenl<p< g, we have 1 < r <2, and choosing o =2 —r =1— [, we obtain
from (10.4.36) that

eI, <ot | Sl | 1l
Lel Lel

2r’
rs

—C'8 {2 fofu[i] . (10.4.38)
Lel

The unique s that solves equation (10.4.37) is seen easily to be s = g’/r. Moreover,
since q = p’/3, we have 1 < s < 2. We use again Holder’s inequality to pass from

12 ]|, to || f| - Indeed, recalling that the support of %2 has measure ~ &2,

we have
1 1

2 e <C82)" 4 ¥l
Inserting this in (10.4.38) yields

2r’
/ 1 rs| rs
P < cg%[;l(qsz )
€

/

oot D5 1)

C53||fHLq

.Q

IN

—C§
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which is the required estimate since { = J +  and p’ = 2r'. In the last inequality

we used the fact that the supports of the functions xf are disjoint and that these add
up to a function that is at most 1.

To prove part (b) of the theorem, we need to adjust the previous argument to
obtain the case p = g. Here we repeat part of the preceding argument taking r =
r=s=¢=2.

Using (10.4.34) with p = ‘3‘ (which forces r to be equal to 2) and Lemma 10.4.8
with r = 2 we write

- 2
4 3 Sel1l2 HMS/‘CHB
B0 < ©5% 5 fuLz(z e
fII%
< cs? f [ ( Il )]
_%HM HLZ [zel //Zel 4/|+1
3 Selld
< co! _E.”"f 0] [z [0
<co| Y xf fuLz log(3~2)
Liel
< C57(52) [lem f||L4] log ;
< C8°(log §)|| ]|

We now prove Lemma 10.4.8, which we had left open.

Proof. The proof is based on interpolation. For fixed ¢, ¢ € | we define the bilinear
operator

Teo(9:) = (929) * (hxd).
As we have previously observed, it is a simple geometric fact that the support of xf

is contained in a rectangle of side length ~ § in the direction 628" and of side

length ~ 82 in the direction ie2i6"/%, Any two rectangles with these dimensions
in the aforementioned directions have an intersection that depends on the angle be-
tween them. Indeed, if ¢ £ ¢’ this intersection is contained in a parallelogram of

sides & and 6/sin(2n6% |¢—¢'|), and hence the measure of the intersection is seen
easily to be at most a constant multiple of

. B
sin(rdz|0—0))

As for £,¢' in the index set | we have 2182 |¢ — ¢'| < /4, the sine is comparable to
its argument, and we conclude that the measure of the intersection is at most
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3
Co2(1+ -t
It follows that

co?

O, 0 1 o
22« 2 = 5p I(z—supp (7)) Nsupp ()l < 4 g

which implies the estimate

Tee @Ml <127 x2ll-lloll- 1]
css (10.4.39)
S 1+|€_€/| ||g||L°°Hh||L°°'

Also, the estimate

[Ter (@Ml < [lgd [l Il
< gl Infl

holds trivially. Interpolating between (10.4.39) and (10.4.40) yields the required
estimate (10.4.35). Here we used bilinear interpolation (Exercise 1.4.17). O

(10.4.40)

Example 10.4.9. The presence of the logarithmic factor in estimate (10.4.28) is nec-
essary. In fact, this estimate is sharp. We prove this by showing that the correspond-
ing estimate for the “dual” extension operator E9 is sharp. Let | be the set of indices
we worked with in Theorem 10.4.7 (i.e., 1 = {0,1,...,[58¥/2]}.) Let

fo :Zx,fs.
lel

Then .
[£0]] o =~ 8%

However, e
E2(19) =3¢,
lel
and we have

B2 (F)]|e

(LIs 3 )

el el

1
. 4
(g are)

lel el

1

(S5 [, -nifex)

lel el

Y
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At this point observe that the function y? *xg is at least a constant multiple of

5 (|¢—¢')+1)* on a set of measure c§? (|¢—¢'|+1). (See Exercise 10.4.5.) Using
this fact and the previous estimates, we deduce easily that

1

I8 e ze(X X, mﬂ) 83(1—£1+1))* = 3(log §)1,

el el

since || = 52, It follows that

5(
[E° () s > c8i(log L),
(g

which justifies the sharpness of estimate (10.4.28).

Exercises

10.4.1. Let S be a compact hypersurface in R" and let do be surface measure on it.
Suppose that for some 0 < b < n we have

do(§) <Ca+g)h
forall £ € R". Prove that Rp_.q(S) does not hold forany 1 < q < e whenp > ",

10.4.2. Let S be a compact hypersurface and let 1 < p,q < eo.

(a) Suppose that Rp_.q(S) holds for S. Show that R, _.q(7+S) holds for the translated

hypersurface 7+ S.

(b) Suppose that the hypersurface S is compact and its interior contains the origin.

Forr>0letrS={r&: & € S}. Suppose that Rp_.q(S"~1) holds with constant Cpgn.
1_n

Show that Rp_.q(rS"~?) holds with constanthanna .

10.4.3. Obtain a different proof of estimate (10.4.7) (and hence of Theorem 10.4.5)
by following the sequence of steps outlined here:

(a) Consider the analytic family of functions

\]n22+z(27€|§|)

&2+

(Ko)Y() =2

and observe that in view of the identity in Appendix B.4, (K;)¥ (&) reduces to
do V(&) when z= 0, where do is surface measure on S"1,
(b) Use for free that the Bessel function ‘]—%+i6’ 0 € R, satisfies

1
9510001 <Colxl 2,
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where Cy grows at most exponentially in |6/, to obtain that the family of operators
given by convolution with (K,)" map L*(R") to L*(R") whenz = — ", + 6.
(c) Appeal to the result in Appendix B.5 to obtain that for z notequal to 0, —1, -2, ...

we have
2

r()
Use this identity to deduce that for z = 1+i6 the family of operators given by
convolution with (K;)" map L?(R™) to itself with constants that grow at most expo-
nentially in |6]. (Appendix A.6 contains a useful lower estimate for |[I"(1+i6)].)
(d) Use Exercise 1.3.4 to obtain that for z = 0 the operator given by convolution

with do maps LP(R") to LP'(R") when p = *"" 1)

(L= Xt

10.4.4. Suppose that T is a linear operator given by convolution with a kernel K
that is supported in the ball B(0,2R). Assume that there is a constant C such that for
all functions f supported in a cube of side length R we have

Tl < Bl
for some 1 < p < . Show that this estimate also holds for all LP functions f with
constant 5"B.
[Hint: Write f = 3; f xq,, where each cube Q; has side length R.|

10.4.5. Using the notation of Theorem 10.4.7, show that there exist constants c, ¢’
such that the function y? *952 is at least ¢/52 (|6 —#|+1)~1 on a set of measure
82 (j0—0|+1).

[Hint: Prove the required conclusion for characteristic functions of rectangles with
the same orientation and comparable dimensions. Then use that the support of each
xf contains such a rectangle.]

10.5 Almost Everywhere Convergence of Bochner-Riesz Means

We recall the Bochner—Riesz means Bé of complex order A given in Definition
10.2.1. In this section we study the problem of almost everywhere convergence of
BA(f) — f as R — co. There is an intimate relationship between the almost ev-
erywhere convergence of a family of operators and boundedness properties of the
associated maximal family (cf. Theorem 2.1.14).1

For f € LP(R"), the maximal Bochner—Riesz operator or order A is defined by

B} (f) =sup|BA(f)].
R>0

L In certain cases, Theorem 2.1.14 can essentially be reversed. Given a 1 < p < 2 and a family of
distributions uj with the mild continuity property that uj * fy — uj* f in measure whenever f, — f
in LP(R") such that the maximal operator ./ (f) = sup; | f * uj| < e whenever f € LP(R"), then
A maps LP(RM) to LP=(K) for any compact subset K of R". See Stein [289], [292].
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10.5.1 A Counterexample for the Maximal Bochner—Riesz
Operator

We have the following result.

Theorem 10.5.1. Letn > 2, A > 0, and let 1 < p < 2 be such that

2n—1 n
<

AT

Then B does not map LP(R") to weak LP(R").

Proof. Figure 10.11 shows the region in which B2 is known to be unbounded; this
region contains the set of points (1/p, ) strictly below the line that joins the points
(1,(n—1)/2)and (n/(2n—1),0).

A A
n-1 n-1
2 2
Fig. 10.11 The operators B* i
are unbounded on LP(R") 2 >
when (1/p,A) lies in the 0 n-1 0 n+l 11
interior of the shaded region. 2n 21 2n p

We denote points x in R" by x = (X', xn ), where x’ € R™~, and we fix M > 100 and
€ < 1/100. We let w(y) = xy1<1(Y') §(yn), where £ is a smooth bump supported
in the interval [—1,1] that is equal to 1 on [—1/2,1/2] and satisfies 0 < § < 1. We

define

- - _1 _ _1
WS,M(y):W(g ly/v‘g lM ZYn)ZZ\yf\gs(y/)C(e‘ lM Zyn)

and we note that w, m(y) is supported in the set of y’s that satisfy |y’| < & and
[Vn| < eM 2. We also define
fu(y) = €™ yem(y)

and
Sm=1{(X,Xa): M<X|<2M, M < [xn| < 2M}.
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Then L
[fullp~M2er  and  |Su|~M". (10.5.1)

Every point x € Sy must satisfy M < |x| < 3M. We fix x € Sy and we estimate
B*(fm)(X) = SUpg-g |BE (fm)(x)| from below by picking R = Ry = |X|/X. Then
1/2 <Ry < 3 and we have

r(A+1)

o ey m(y) dy|

B2 (fu)(x) > /R Jg.42 (27R|x — 1)

(Refx —yl)2 +4

We make some observations. First [x' —y'| > ;|X|, since [x'| > M and |y'| < e.
Second, [Xn —Yn| > [Xn| — [yn| > 3 [Xa|, since [xa| > M and |yn| < eMY/2. These facts
imply that |x —y| > §|x|; thus |x —y| is comparable to |x|, which is of the order of
M. Since 27Ry|x —y| is large, we use the asymptotics for the Bessel function JQM
in Appendix B.8 to write

Jn 2 (27R|x —y]) G e2miRx—Ylgip ¢, @=2miRxx—Y|g—ip

n - n + n +V )L(R |X_y|)7
(Relx=yD2 ™% Rx—y)"s" % (Rx—y)"s 4

where 9 = -7 (5 +1)—7 and

Cn)L Cr/ﬂL
V,, 1 (Ry[x —y|)| < ) < 10.5.2
| I’LX( X| y|)|— (RX|X—y|)n§3+l — ,vlng?ur)L ( )

since Ry = ‘)fn‘ ~land |x—y|> %M. Using the preceding expression for the Bessel
function, we write

A ) eZnin\x\ei(p
B (fw)(x) > C} /R ( i Ven()dy

Ru|x =)
/ (927ri(Rx\X—y\+yn) — 927rin\><\)ei<p
R" (Rulx —y|)"2 "+

/‘ eZ”i(—Rx\X—Y\"‘Yn)e—i(P
R (Rex—y|)"2

| [ Vna Ry () 0

_CSL

%,M(y)dy‘

_CSL

%,M(y)dy]

The positive term is the main term and is bounded from below by

1
c1E"M2

R (10.5.3)

Cj (6M)~"#'* | yem(y)dy =

The three terms with the minus signs are errors and are bounded in absolute value
by smaller expressions. We notice that
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X X X
Ryl =R = 1 ix=y1+ 50 = | = 1 Fuly) - RO,

where Fx(y) = [x — Y| + [X| "Xnyn. Taylor’s expansion yields

F(y) — Fx(0) = VyFx(0) ~y+0(|y|28julf> 19jF(y)]) .

and a calculation gives VyFx(0) = (—|x|~1x’,0), while [9jdFc(y)| < C|x —y| 7. It
follows that

o - 1/2\2
|;(||Fx(y)_|:x(0)|<3[| Vo W T corfes @M oo,
n

X x=yl] = | M
Using this fact and the support properties of v, we obtain

@27i(Rx[x=y|+¥n) _ g27iRx(x|)ai¢ CrE "M 2
/ ( Nl = pem)ty) < (m l)
R (Refx—y])"2 * M2+

!

A (10.5.4)

Next we examine the phase Ry|x — y| + yn as a function of yj. Its derivative with
respect to y, is
Xn—Yn
x=yl
since X, > M and |y,| < eM¥/2, which implies that x, — yn > 0. Also note that

d
ayn(R)(|X_y|"—yn):R)( +121,

2 (o Yo )1 c
R +1 <
'8yn< “x—y| - M
and that
a 1 C///
‘8yn |X_y|"§l+k MM

while the derivative of C(e‘lM‘%yn) with respect to y, gives only a factor of
e IM~2. We integrate by parts one time with respect to y, in the integral

e27r| —Rx|x— y\+yn —ip v
/Rn 1/ (Rulx— ) "H—M Ve m(y)dyndy

to obtain an additional factor of =M ~32. Thus

C3e"MZz(e~IM~2)

@2mi(—Rx[x—Y|+¥n) g—ip
/ e (10.5.5)
RN M 2 +A

(Rex—y|) "2 +4

%,m(y>dy’ <

Finally, using (10.5.2) we obtain that
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1
C48nM2

e (10.5.6)

[ Vo Rk oy ) ) <

We combine (10.5.3), (10.5.4), (10.5.5), and (10.5.6) to deduce for x € Sy,

c1e"  cpeMtl  egen? CqeN
B (fw)(x) > 2 ° ;

TMBHAE T MEFA pgEtA gt

We pick ¢ sufficiently small, say € < ¢;/(2c5), and My sufficiently large (depending
on the constants ¢y, cy,C3,C4) that

X €Sm = B (fm)(x) > co M3

whenever M > M. This fact together with (10.5.1) gives

A _n_ 1
HB*(fM)Hme > coM™—2 7Ll|SM|P :CMznfl_g_x’
HfMHLP c’'M2p

and the required conclusion follows by letting M — oo, a

10.5.2 Almost Everywhere Summability of the Bochner—Riesz
Means

We now focus attention on the case p > 2 and we investigate whether the Bochner—
Riesz means converge almost everywhere outside the range in which they are known
to be unbounded on LP. Our goal is to prove the following result.

Theorem 10.5.2. Let A >0andn>2.Thenforall f inLP(R")with2<p< n—fEZA
we have
lim BA(f)(x) = f(x)

R—so0

for almost all x € R".

Since the almost everywhere convergence is obvious for functions in the Schwartz
class, to be able to use Theorem 2.1.14 to derive almost everywhere convergence for
general LP functions, it suffices to know a weak type (p, p) estimate for B*. How-
ever, instead of proving a weak type (p, p) estimate, we prove an L? and a weighted
L2 estimate for B2. Precisely, we prove the following result.

Proposition 10.5.3. Let A > 0 and 0 < o < 1424 < n. Then there is a constant
C =C(a,4,n) such that

[ BN dx<C [ 1100 dx
RN RN
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for all functions f € L?(R", |x|~%dx).

Assuming the result of Proposition 10.5.3, given p such that

2n

2<p<pi=_ 1 o

choose o satisfying

0<n<1—2><a<1+2A:n<1— 2 )
p P

Then the maximal operator B? is bounded on L? and also on L?(|x|~®dx). Hence
the almost everywhere convergence of the family {B# ()1 holds on L? and also on
L2(|x|~*dx). Since 0 < & < n, we have

LPC L2+ L2(]x| "),

and thus B () converges almost everywhere for functions f € LP(R"). See Exer-
cise 10.5.1 for this inclusion.

To prove Proposition 10.5.3, we decompose the multiplier (1 —|£|?)% as an in-
finite sum of smooth bumps supported in small concentric annuli in the interior of
the sphere |£| = 1 as we did in the proof of Theorem 10.2.4.

We pick a smooth function ¢ supported in [—%, %] and a smooth function y
supported in [§, 3] and with values in [0, 1] that satisfy

<p(t)+§0w(12jkt) =1
forall t € [0,1). We decompose the multiplier (1 —|&[?)* as
(L= 18 = moo€) + 3,274 my(8). (105.7)
where moo(&) = (|&[)(1—|E]?)*, and for k > 1, my is defined by

m@)= (1 N (T,

Then we define maximal operators associated with the multipliers mgg and my,
ST(F)(x) = sup | (F(&)m(&/R)) " (X,
R>0
for k > 0, and analogously we define S7'. Using (10.5.7) we have

BA(f) <SMoo(f)4 Y 274sT(f). (10.5.8)
k=0
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Since S7', ST S™ and any finite number of them are pointwise controlled by the
Hardy-Littlewood maximal operator, which is bounded on L?(|x|*) whenever —n <
o < n (cf. Theorem 9.1.9 and Example 9.1.7), we focus attention on the remaining
terms.

We make a small change of notation. Thinking of 2 as roughly being & (pre-
cisely § =273), for § < 1/10 we let m?(t) be a smooth function supported in the
interval [1 — 56,1 — 6] and taking values in the interval [0, 1] that satisfies

14
sup ‘ dt£m5(t)‘ <Ci5" (10.5.9)
1<t<2

forall ¢ € Z+ U{0}. We define a related function
mo(t) = 5t d m®(t)
dt ’

which obviously satisfies estimates (10.5.9) with another constant Cyin place of C,.
Next we introduce the multiplier operators

S2(f)(x) = (F(&mP (1)) " (x), S2(f)(x) = (F(&)M(tE)* (x).

and the L?(|x|~*)-bounded maximal multiplier operator

S2(f) =sup|S?(f)],

t>0

as well as the continuous square functions

(/ 189 (f |2dt) (/ 88 (1 |2dt)

The operators S¢ and S are related. For f e L2(|x|~*) and t > 0 we have

d s 1
G S = 5 8.

Indeed, this operator identity is obvious for Schwartz functions f by the Lebesgue
dominated convergence theorem, and thus it holds for f € L2(|x|~%) by density.

The quadratic operators G and G® make their appearance in the application of
the fundamental theorem of calculus in the following context:

SONP =2Re [[S3(1)00 1 SSD0du=5Re [N L

which is valid for all functions f in L?(|x|~%) and almost all x € R". This identity
uses the fact that for almost all x € R" we have
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tlLrgSt (H(x)=0 (10.5.10)

when f € L?(|x|~%). To see this, we observe that for Schwartz functions, (10.5.10)
is trivial by the Lebesgue dominated convergence theorem, while for general f in
L2(|x|~®) it is a consequence of Theorem 2.1.14, since S%(f) < Cs M(f), where M
is the Hardy-L.ittlewood maximal operator. Consequently,

d

S0P < s [ OISO < 268 hmIemm)

forallt > 0, for f € L?(|x|~%) and for almost all x € R". It follows that
2 2 =
182 ()20 < 5 1167 (Bl IG° ()l 2o (10.5.11)
X2 =5 (IxI=2) (Ix|=2)
and the asserted boundedness of S9 reduces to that of the continuous square func-

tions G% and G% on weighted L? spaces with suitable constants depending on &.
The boundedness of G® on L?(|x|~%) is a consequence of the following lemma.

Lemma 10.5.4. For0 < 6 < 1/10and 0 < & < n we have

2 dt dx dx
[ 2 2
Lo [ S O00R T L < Craha(d) [ IT0OR o (10512

for all functions f in L?(|x|~%), where for &£ > 0, Aq(€) is defined by

gk« whenl< o <n,
Ax(e) =1 €(|loge|+1) whena =1, (10.5.13)
€ when 0 < o < 1.

Assuming the statement of the lemma, we conclude the proof of Proposition
10.5.3 as follows. We take a Schwartz function y such that y vanishes in a
neighborhood of the origin with (&) = 1 whenever 1/2 < |£] < 2 and we let
Wk (X) = 27Ky (27Kx). We make the observation that if 1 —58 <t|&| <1—§ and
21 <t < 2K then 1/2 < 2X&] < 2, since § < 1/10. This implies that y(2X&) = 1
on the support of the function & — m?(t|&|). Hence

SP(f) =Sy f)

whenever 2¢-1 <t < 2¥, and Lemma 10.5.4 (in conjunction with Exercise 10.5.2)

yields
2 dt dx _ dx

Summing over k € Z we obtain
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HG5 HLZ (x|~ <Cn aAa H(ke%hlfzk )% iz(\x\*"‘).

A randomization argument relates the weighted L2 norm of the square function to
the L2 norm of a linear expression involving the Rademacher functions as in

H(lezk*l L2 —/ > nc(t) (i

kez kez
where ry denotes a renumbering of the Rademacher functions (Appendix C.1) in-
dexed by the entire set of integers. For each t € [0, 1] the operator

Zrk 2k*f

kez

2

)

Lz(\X\’“)

is associated with a multiplier that satisfies Mihlin’s condition (5.2.10) uniformly in
t. It follows that M is a singular integral operator bounded on all the LP spaces for
1 < p < o, and in view of Corollary 9.4.7, it is also bounded on L2(w) whenever
w € Ay. Since the weight |x|~* is in Ay whenever —n < o < n, it follows that M is
bounded on L?(|x|~%) with a bound independent of t > 0. We deduce that
~ 1
HGS(f) +HG5(f) SCI{LOC (AOC(S))ZH]‘HLZ(‘X‘—a)'

HL2(\XM) HLZ(\X\*“)

We now recall estimate (10.5.11) to obtain

_ 1/2
1S3z e < C'0 @) (8 2 (8)) 22 e
Taking § = 2773, recalling the value of A,(8) from Lemma 10.5.4, and inserting
this estimate in (10.5.8), we deduce Proposition 10.5.3. We note that the condition
o < 1424 is needed to make the series in (10.5.8) converge when 1 < o < n.

10.5.3 Estimatesfor Radial Multipliers

It remains to prove Lemma 10.5.4. Since all subsequent estimates concern linear
operators on weighted L? spaces, in the sequel we will be working with functions in
the Schwartz class, unless it is otherwise specified.

We reduce estimate (10.5.12) to an estimate for a single t with the bound
Aq(8)/6, which is worse than Ay (6). The reduction to a single t is achieved via
duality. Estimate (10.5.12) says that the operator f — {S?(f)}1<t<> is bounded
from L2(R", |x|~*dx) to L2(L?(9"),|x|~*dx). The dual statement of this fact is that
the operator

2 dt
{0t}i<t<2 H/l 2 (a)
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maps L2(L2(4"), |x|%dx) to L?(R", x| *dx). Here we use the fact that the operators S;
are self-transpose and self-adjoint, since they have real and radial multipliers. Thus
estimate (10.5.12) is equivalent to

L] [siaom

which by Plancherel’s theorem is also equivalent to

2 2
Mk < CraAa(8) [ [ ot { i dx, (10529
RN J1

[02 2 2
L7 ([ motrngo) ¢ ) @) 2 <Cranato) e
Here Bt .
sioo— [ [ PP WP 1!
A= [ G ]

where Dy(f)(x) = f(x+y) — f(x) is the difference operator encountered in Section
6.3and D)'j =Dyo---oDy (ktimes). The operator 2P obeys the identity (see Exercise
6.3.9)

|12 @))% = co(n,ﬁ)./l;n 1) 2 %2 dx.

Using the definition of 2%/2 we write

o5 ( [neernao )] = [,

If the inner integrand on the right is nonzero, expressing D';*l asin (6.3.2) and using

the support properties of m?, we obtain that 1 — 58 < t|& +sn| < 1— & for some
s e {0,1,...,[a/2] + 1}; thus for each such s, t belongs to an interval of length
45|&4-sn|7 <48t(1—-58)L. Sincet <2and § < 1/10, it follows that t lies in a
set of measure at most 2([a/2] + 2)68. The Cauchy—Schwarz inequality then yields

7% (/12m5<t|-|>@<-> dt)(&) 2

< Cqy

2
[oi miapan@f]

24t dny
t |n[rre

m°(t] - )Gi(-)) (€)

In view of the preceding reduction, we deduce that (10.5.14) is a consequence of

24t dn
t |n|n+(x

m®(t] - )G ())(5)

A
<Cra a(

dé

RMJR"

2dt &

Rn

which can also be written as
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2
dtd CWAOC / / ‘ Zdtdé.
Rn

m?(e-)6:())(&)] |

Rn
This estimate is a consequence of

2
ae < CS: Aaé(S) /R |2%(6)(8)]°dé  (10.5.15)

Je ]-@‘f (m° (t]- )G () (&)

forallt € [1,2]. A simple dilation argument reduces (10.5.15) to the single estimate

2

. N Coa Ad
L1 7% mea-naen @] de< DA [ o5 @e)fae, aosae)
RN Co RN

which is equivalent to

CnaAa
s3( X|%dx < / X|* dx
[ 182@00 o < 900 I«
and also equivalent to
dx C Aol 2 dx
3|2 na Aa / 105.17
L ST00F o< 100l L (105.17)

by duality. We have now reduced estimate (10.5.12) to (10.5.17).
We denote by K?(x) the kernel of the operator S, i.e., the inverse Fourier trans-

form of the multiplier m®(|€|). Certainly K? is a radial kernel on R", and it is con-
venient to decompose it radially as

KO =K§+ Y K,
j=1

where K¢ (x) = K? (x)(8x) and K? (x) = K®(x) (¢(2716x) — ¢(2'~18x)), for some
radial smooth function ¢ supported in the ball B(0,2) and equal to one on B(0,1).
To prove estimate (10.5.17) we make use of the subsequent lemmas.

Lemma 10.5.5. For all M > 2n there is a constant Cyy = Cm(n, ¢) such that for all
j=0,1,2,... we have

sup K3 ()] < Cu2 M (10.5.18)
EeRn

and also - _
K3 (&)] <Cpm2UHM (10.5.19)

whenever ||£| — 1| > 2k8 and k > 4. Also
K3 ()] <Cm2 MaM(1+|g)™ (10.5.20)

whenever |&] <1/8or |€] > 15/8.
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Lemma 10.5.6. Let 0 < a < n. Then there is a constant C(n, &) such that for all
Schwartz functions f and all € > 0 we have

2 %= 1 a
/Hé\—l\s I(E)dE <Cn,a) e *Aa / [f)[?[x|“dx  (105.21)

and also for M > 2n there is a constant Cy (n, o) such that

(&) L dE <Cu(n,a / 1£(x)? x|%dx. (105.22)
Rn

(1+|€|)

Assuming Lemmas 10.5.5 and 10.5.6 we prove estimate (10.5.17) as follows.
Using Plancherel’s theorem we write

RN an
where
_ /\5 ot in
= /\§\< ‘§‘>15| 1(5)| |f(€)| d&a

“092 160" ] . —~

= KE(E)PIF(E)Pde,

k=4 /2k5§\\5\71\g2k+15
I :/ 2T e
\\5\—1\g165| P(E)IFIT(E)[7dE
Using (10.5.20) and (10.5.22) we obtain that
| SC:\A(H7(X)2_1M6M /Rn |f(x)|2|x|adx,

In view of (10.5.19) and (10.5.21) we have
[logy 6 1]+1
< Z Cn, o) (2718)% 1A, (2 18)2- M2~ kM/ I (X)[2 x| “dx
gC,’\A(n,a)Z*JM6°‘*1Aa(6)/Rn|f(x)| Ix|%dx.
Finally, (10.5.18) and (10.5.21) yield
i gC,’\A(n,oc)Z*jMS“*lAa(S)/F;n|f(x)|2|x|°‘dx.

Summing the estimates for I, 11, and 11 we deduce

/|(KJ5>|<f)(x)|2dxgCM(n,a)Z‘jMS"“lAa(S)/ I ()2 |x|%dx.
RN RN
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By duality, this estimate can be written as
: dx s _
./Rn (K 5 ) ()2 o < Culn @)2 iMga—1p (8) /R 1f02dx.  (10.5.23)

Given a Schwartz function f, we write fo = f yq,, where Qo is a cube centered at
the origin of side length C2J/§ for some C to be chosen. Then for x € Qo we have
|x| <C+/n2!/8, hence

/ o-1 N
[0 = e & < ROORTA) 0 0B [ e &

Now write R"\ Qo as a mesh of cubes Qj, indexed by i € Z\ {0}, of side lengths
2172/§ and centers cq,. Since Kf is supported in a ball of radius 21+1/§, if f; is

supported in Qj, then fj KJ-‘S is supported in the cube 2,/nQ;. If the constant C is
large enough, say C > 1000n, then for x € Q; and X’ € 2,/nQ; we have

x|~ eq] = X,

which says that the moduli of x and x’ are comparable in the following inequality:

/ (K3« )2 I < cpa-i / T (10.5.25)
2ung e =ME o R e h

Thus (10.5.25) is a consequence of
/ (K8 ) (X') [2dX’ < Cn 2fiM/ 1,002 dx, (10.5.26)
2/nQ; Qi

which is certainly satisfied, as seen by applying Plancherel’s theorem and using
(10.5.18). Since for 6 < 1/10 we have Ay (8)/6 > 1, it follows that

/|K5 LR 9% <oya-imAal /|. |2||a (10.5.27)

II“_

whenever f; is supported in Q;. We now pick M = 2n and we recall that oz < n. We
have now proved that

dx Aol
o0, f 2 <c” jn Ot 2
JIE 00 L <cnez A [ o

for functions f; supported in Q;.
Given a general f in the Schwartz class, write

f=> fi, where fi=fxo-
ieZ
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Then

2 2 2
HKJ'S* fH|_2(\xra) < ZHKJ§* f0H|_2(\xra)+2H§6Kj6* fiHL2(\xra)

2 2
= 2||KJ6* fOHLZ(\xra)JFZCn%HKf* fiHLZ(\xra)
1

Au(8)

< C”’(n,a)27jn 5 [HfoHiz(xa)+_§6HfiHi2(Xa)}
i

“inAa(0) 142
:C///(n,a)z " 055 HfHLZ(\x\*a)v

where we used the bounded overlap of the family {K; « fi}io in the second dis-
played inequality (cf. Exercise 10.4.4). Taking square roots and summing over
j=0,1,2,..., we deduce (10.5.17).

We now address the proof of Lemma 10.5.5, which was left open.

Proof. For the purposes of this proof we set y(x) = ¢(x) — ¢(2x). Then the inverse
Fourier transform of the function x+— y(2716x) is € — 2I"6 "y (2)€ /). Convolv-

ing the latter with the function & — m?(|&|), we obtain K (&). We may therefore
write for j > 1,

KP(E)= [ mP(E—2 Tan)w(man. (105.28)

while for j = 0 an analogous formula holds with ¢ in place of y. Since |m%| <
1, (10.5.18) follows easily when j = 0. For j > 1 we expand the function & —
md(|& —2-18n|) in a Taylor series and we make use of the fact that y has vanishing
moments of all orders to obtain

=5 1 i ~
K@< [, X [0m*(-Dlel2 Jan i mian

<csMsM2 M [ n/M )| dn.

This proves (10.5.18).
We turn now to the proof of (10.5.19). Suppose that ||| — 1| > 2X§ and k > 4.
Then for |&| < 1, recalling that m? is supported in [1 — 58,1 — §], we write

2718m| > [& —27J6n| - €] > (1-58) — (1-2¢5) > 215,
since k > 4. For [£| > 1 we have
[2718n| > |E] - |E —2718n| > (1 +2%8) — (1 - 8) > 2%5.

In either case we conclude that |n| > 2**J=1 and using (10.5.28) we deduce

KPOI< [ 1w(m)ldn <cy2 (M,

In[z2k+i-t
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The proof of (10.5.20) is similar. Since |§ —2718n| > 1-58 > 1/2,if |£| <1/8,
it follows that |2716n| > 1/4. Likewise, if |£| > 15/8, then [2716n| > |E| -1 >
|E|/4. These estimates imply

i 1 i1
2718n| = g1+ = Inl =2 o (1+ €D

in the support of the integral in (10.5.28). It follows that

KP@I< [ o lwldn <cuz MaMjg)
In|>21-3(1+(£])/8
whenever |£| <1/8or || > 15/8. O
We finish with the proof of Lemma 10.5.6, which had been left open.

Proof. We reduce estimate (10.5.21) by duality to

[ o, <Cnageante) [ labPax

IX|—1|<e

for functions g supported in the annulus ||x| — 1| < e. Using that (|]&]~*)(x) =
Cn,a [X|*~" (cf. Theorem 2.4.6), we write

Lade 1
[P o = [ OE)0E) |, 08

— [..(@8) 00 o, dx

RN |X|n—OC

= [ @900 0,

' ~ Ch,a
= X ’ dxd
/Hy\fl\s/ux\flwgg( )80) jx —yjr-o
2
S B(naa) HgHLZ )
where §(x) = g(—x) and

Cn,o

B(n,a) = sup / dy
(", 0) | X|—1|<e /|yl —1/<e |y — X"

The last inequality is proved by interpolating between the L — L! and L™ — L=
estimates with bound B(n, o) for the linear operator

L0 = [ o0 i dy.

It remains to establish that

B(n, ) <C(n,)e* Ay (e).
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Applying a rotation and a change of variables, matters reduce to proving that

Cn,a -1
sup / “dy < C(n, a)e* Ag(e),
X —1]<e | ly—xler|-1]<e [Y]" 7 ’

where e; = (1,0,...,0). This, in turn, is a consequence of
/‘ o gy < c(n, @)e® YAg(e), (10.5.29)

ly—es|—1|<2e [Y|"¢

since ||y —e1|x|| — 1] < e and ||x] — 1| < e imply ||y —e1]| — 1] < 2e. In proving
(10.5.29), it suffices to assume that € < 1/100; otherwise, the left-hand side of
(10.5.29) is bounded from above by a constant, and the right-hand side of (10.5.29)
is bounded from below by another constant. The region of integration in (10.5.29)
is a ring centered at e; and width 4¢. We estimate the integral in (10.5.29) by the
sum of the integrals of the function ¢y ¢ [y|* " over the sets

So={yeR": ly|<e, |ly—ei|—1<2¢e},
Se={yeR": le<ly|<({+1)e, [ly—ei—1|<2e},
S« ={yeR": ly|>1, |ly—ei—1 <2},

where/=1,..., [i] + 1. The volume of each S, is comparable to

e[(L+1)e)" T —(Le)" ] m et 2.

©dy et On-1
< @h_ dr = e
~/So |y|n—oc = n 1/0 rn—o o ’

2/e ehyn— 2 2/e

1
Z/sflyln « s ”“Z y-a <Cha azew'

Finally, the volume of S.. is about €; hence

Consequently,

whereas

" dy
./sm e = o1 < Crae

Combining these estimates, we obtain

2/e

Cn.a 1
"o dy <Cpgle*+€e% +el,
/Hy—el\—l\SZS ly["—e Y na[ 222 o }

and it is an easy matter to check that the expression inside the square brackets is at
most a constant multiple of e*~1A,(¢).

We now turn attention to (10.5.22). Switching the roles of f and f, we rewrite
(10.5.22) as
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. 2 . o
./Rn <1|f+(Ti:)M dx < Ciy(n.a) | 1(=4)4(F)()dg

= Cun.a) [ 1(=)% (1) x.

recalling the Laplacian introduced in (6.1.1). This estimate can also be restated in
terms of the Riesz potential operator I/, = (—A)~%/* as follows:

2
[ S ax<china [ aoPax. (105.30)

To show this, we use Holder’s inequality with exponents q/2 and n/a, where q > 2

satisfies
1 1 o

2 q 2n°
Then we have

n

“ 2
< R” (14 |x)) Mn/a) a/2(@)lLan)

= CM n,o HgHLZ(Rn>

||a/2
R (1+ |X|

\ /\

in view of Theorem 6.1.3 and since M > n and o < n. This finishes the proof of the
lemma. O

Exercises

105.1. LetO<r<p<eandn(l— ",) < B < n. Show that LP(R") is contained in
L"(R") +L"(R", x| ).
[Hint: Write f = f; 4 o, where fy = f ;.1 and fo = fxr<1.]

10.5.2. (a) With the notation of Lemma 10.5.4, use dilations to show that the esti-

mate ) gt d d
t dx X

S (F) ()2 JRLC
[ J s m0r L <o [ 1700

a s ,dt dx
L LS 00R S S <Co [ 1900 o

forany a > 0 and f in the Schwartz class.
(b) Using dilations also show that (10.5.16) implies (10.5.15).

10.5.3. Let h be a Schwartz function on R". Prove that

1/ h(x)dx—>2|S“‘1|/ h(6)do
e Jix-1i<e sn-1

implies
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as € — 0. Use Lemma 10.5.6 to show that for 1 < or < n we have
[ Jf@de <cno [ 1100 dx.
JSh— JRN

10.5.4. Let w € A,. Assume that the ball multiplier operator BO(f) = (foB(O,l))V
satisfies

[ 1B 00PWE0dx < Co [ (100 w(x)dx
JRN JRN

forall f € L?(w). Prove the same estimate for 2(f) = supycz [BD (f)|.
[Hint: Argue as in the proof of Theorem 5.3.1. Pick a smooth function with
compact support @ equal to one on B(O 1) and vanishing in B(O,Z) and define

P(&) = B(&) — D(28). Then xg(0.) (P(E) — P(28)) = As(01) — P(28); hence

1
B(f )<sup|d§2k*f|+(2|B <D2,<k,1)*f|2)2
kez
1
< CoM(f)+ (X 1BR(F+ %))’
kez

and show that each term is bounded on L2(w).]

10.5.5. Show that the Bochner—Riesz operator B* does not map LP(R") to LP=(R")
when A = "0° — B and 2 < p < . Derive the same conclusion for B2.

[Hint: Suppose the contrary. Then by duality it would follow that B* maps LP1(R")

to LP(R") when 1 < p < 2and 2 = ) — "31. To contradict this statement test the
operator on a Schwartz function whose Fourier transform is equal to 1 on the unit
ball and argue as in Proposition 10.2.3.}

HISTORICAL NOTES

The geometric construction in Section 10.1 is based on ideas of Besicovitch, who used a similar
construction to answer the following question posed in 1917 by the Japanese mathematician S.
Kakeya: What is the smallest possible area of the trace of ink left on a piece of paper by an
ink-covered needle of unit length when the positions of its two ends are reversed? This problem
puzzled mathematicians for several decades until Besicovitch [22] showed that for any € > 0 there
is a way to move the needle so that the total area of the blot of ink left on the paper is smaller than
e. Fefferman [125] borrowed ideas from the construction of Besicovitch to provide the negative
answer to the multiplier problem to the ball for p # 2 (Theorem 10.1.5). Prior to Fefferman’s
work, the fact that the characteristic function of the unit ball is not a multiplier on LP(R") for
\ 1 \ > 2n was pointed out by Herz [163], who also showed that this limitation is not necessary
When thls operator is restricted to radial LP functions. The crucial Lemma 10.1.4 in Fefferman’s
proof is due to Y. Meyer.

The study of Bochner—Riesz means originated in the article of Bochner [27], who obtained
their LP boundedness for 2 > ",*. Stein [287] improved this result to A > ",* 1 — 3| using
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interpolation for analytic families of operators. Theorem 10.2.4 was first proved by Carleson and
Sjolin [58]. A second proof of this theorem was given by Fefferman [127]. A third proof was
given by Hormander [167]. The proof of Theorem 10.2.4 given in the text is due Cordoba [90].
This proof elaborated the use of the Kakeya maximal function in the study of spherical summation
multipliers, which was implicitly pioneered in Fefferman [127]. The boundedness of the Kakeya
maximal function . on L?(R?) with norm C(logN)? was first obtained by Cérdoba [89]. The
sharp estimate ClogN was later obtained by Stromberg [296]. The proof of Theorem 10.3.5 is
taken from this article of Stromberg. Another proof of the boundedness of the Kakeya maximal
function without dilations on L?(R?) was obtained by Miiller [240]. Barrionuevo [17] showed that
for any subset X of S! with N elements the maximal operator 9ty maps L?(R?) to itself with

norm CN2(°9N)™"? for some absolute constant C. Note that this bound is O(N€) for any & > 0.
Katz [183] improved this bound to ClogN for some absolute constant C; see also Katz [184]. The
latter is a sharp bound, as indicated in Proposition 10.3.4. Katz [182] also showed that the maximal
operator 90tk associated with a set of unit vectors pointing along a Cantor set K of directions is
unbounded on L?(R?). If X is an infinite set of vectors in S* pointing in lacunary directions, then
My was studied by Stromberg [295], Cordoba and Fefferman [93], and Nagel, Stein, and Wainger
[244]. The last authors obtained its LP boundedness for all 1 < p < . Theorem 10.2.7 was first
proved by Carleson [56]. For a short account on extensions of this theorem, the reader may consult
the historical notes at the end of Chapter 5.

The idea of restriction theorems for the Fourier transform originated in the work of E. M. Stein
around 1967. Stein’s original restriction result was published in the article of Fefferman [123],
which was the first to point out connections between restriction theorems and boundedness of the
Bochner-Riesz means. The full restriction theorem for the circle (Theorem 10.4.7 for p < ‘3‘) is due
to Fefferman and Stein and was published in the aforementioned article of Fefferman [123]. See
also the related article of Zygmund [340]. The present proof of Theorem 10.4.7 is based in that of
Cordoba [91]. This proof was further elaborated by Tomas [314], who pointed out the logarithmic
blowup when p = ‘3‘ for the corresponding restriction problem for annuli. The result in Example
10.4.4 is also due to Fefferman and Stein and was initially proved using arguments from spherical
harmonics. The simple proof presented here was observed by A. W. Knapp. The restriction property

in Theorem 10.4.5 for p < Z(n”j;) is due to Tomas [313], while the case p = 2(nn:31) is due to Stein

[291]. Theorem 10.4.6 was first proved by Fefferman [123] for the smaller range of A > ”41 using

the restriction property Rp_.2(S"~1) for p < 3;‘21. The fact that the Ry, (S"~1) restriction property

(for p < 2) implies the boundedness of the Bochner—Riesz operator B} on LP(R") is contained in
the work of Fefferman [123]. A simpler proof of this fact, obtained later by E. M. Stein, appeared in
the subsequent article of Fefferman [127]. This proof is given in Theorem 10.4.6, incorporating the

Tomas-Stein restriction property Rp_.,(S""1) for p < 2(nn131) . It should be noted that the case n =3
of this theorem was first obtained in unpublished work of Sjélin. For a short exposition and history
of this material consult the book of Davis and Chang [106]. Much of the material in Sections 10.2,
10.3, and 10.4 is based on the notes of Vargas [322].

There is an extensive literature on restriction theorems for submanifolds of R". It is noteworthy
to mention (in chronological order) the results of Strichartz [294], Prestini [267], Greenleaf [155],
Christ [62], Drury [112], Barceld [15], [16], Drury and Marshall [114], [115], Beckner, Carbery,
Semmes, and Soria [18], Drury and Guo [113], De Carli and losevich [107], [108], Sjolin and Soria
[284], Oberlin [250], Wolff [337], and Tao [306].

The boundedness of the Bochner—Riesz operators on the range excluded by Proposition 10.2.3

implies that the restriction property Rp_q(S"%) is valid when } = "1 L and1<p< 2, as

n-1 p/
shown by Tao [305]; in this article a hierarchy of conjectures inqharmonig analysis and interrela-
tions among them is discussed. In particular, the aforementioned restriction property would imply
estimate (10.3.33) for the Kakeya maximal operator 75 on R", which would in turn imply that
Besicovitch sets have Minkowski dimension n. (A Besicovitch set is defined as a subset of R" that
contains a unit line segment in every direction.) Katz, Laba, and Tao [185] have obtained good

estimates on the Minkowski dimension of such sets in R3.
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A general sieve argument obtained by Cordoba [89] reduces the boundedness of the Kakeya
maximal operator .#y to the one without dilations .%@. For applications to the Bochner—Riesz
multiplier problem, only the latter is needed. Carbery, Hernandez, and Soria [51] have proved
estimate (10.3.31) for radial functions in all dimensions. Igari [175] proved estimate (10.3.32) for
products of one-variable functions of each coordinate. The norm estimates in Corollary 10.3.7
can be reversed, as shown by Keich [187] for p > 2. The corresponding estimate for 1 < p < 2

in the same corollary can be improved to N g’l. Cordoba [90] proved the partial case p < 2 of
Theorem 10.3.10 on R". This range was extended by Drury [111] to p < r’}f} using estimates

for the x-ray transform. Theorem 10.3.10 (i.e., the further extension to p < “;1) is due to Christ,
Duoandikoetxea, and Rubio de Francia [68], and its original proof also used estimates for the x-ray
transform; the proof of Theorem 10.3.10 given in the text is derived from that in Bourgain [29].
This article brought a breakthrough in many of the previous topics. In particular, Bourgain [29]
showed that the Kakeya maximal operator %y maps LP(R") to itself with bound C.N b1 for
all ¢ > 0 and some pp > ";1. He also showed that the range of p’s in Theorem 10.4.5 is not sharp,

since there exist indices p= p(n) > 2(nnr31) for which property Rp_,q(S"~1) holds, and that Theorem

10.4.6 is not sharp, since there exist indices A, < 2(nn+11 for which the Bochner—Riesz operators are

bounded on LP(R") in the optimal range of p’s when A > A,. Improvements on these indices were
subsequently obtained by Bourgain [30], [31]. Some of Bourgain’s results in R® were re-proved
by Schlag [279] using different geometric methods. Wolff [335] showed that the Kakeya maximal

operator .y maps LP(R") to itself with bound C:N P for any € > 0 whenever p < ”JZ“Z. In
higher dimensions, this range of p’s was later extended by Bourgain [32] to p < (1+¢) 5 for some
dimension-free positive constant €. When n = 3, further improvements on the restriction and the
Kakeya conjectures were obtained by Tao, Vargas, and Vega [308]. For further historical advances
in the subject the reader is referred to the survey articles of Wolff [336] and Katz and Tao [186].
Regarding the almost everywhere convergence of the Bochner—Riesz means, Carbery [50] has
shown that the maximal operator B* () = supg..o |B& ()| is bounded on LP(R?) when A > 0 and
2<p< 1:‘2/1 , obtaining the convergence B'l(f) — f almost everywhere for f € LP(R?). Forn>3,

2<p< nffﬂm ,and A > 2(n+1) the same result was obtained by Christ [63]. Theorem 10.5.2 is due
to Carbery, Rubio de Francia, and Vega [52]. Theorem 10.5.1 is contained in Tao [304]. Tao [307]
also obtained boundedness for the maX|maI Bochner—Riesz operators B} on LP(R?) whenever

1 < p < 2 for an open range of pairs ( ,A) that lie below the line 4 = 2(’1) 2).

On the critical line A = ” — “*1 boundedness into weak LP for the Bochner-Riesz operators

is possible in the range 1 < p < n2+"1 Christ [65], [64] first obtained such results for 1 < p < "“)

in all dimensions. The point p = n”:; was later included by Tao [303]. In two dimensions, Weak
boundedness for the full range of indices was shown by Seeger [280]; in all dimensions the same
conclusion was obtained by Colzani, Travaglini, and Vignati [87] for radial functions. Tao [304]
has obtained a general argument that yields weak endpoint bounds for B* whenever strong type

bounds are known above the critical line.



Chapter 11

Time-Frequency Analysis and the
Carleson—-Hunt Theorem

In this chapter we discuss in detail the proof of the almost everywhere convergence
of the partial Fourier integrals of LP functions on the line. The proof of this theo-
rem is based on techniques involving both spatial and frequency decompositions.
These techniques are referred to as time—frequency analysis. The underlying goal is
to decompose a given function at any scale as a sum of pieces perfectly localized
in frequency and well localized in space. The action of an operator on each piece
is carefully studied and the interaction between different parts of this action are an-
alyzed. ldeas from combinatorics are employed to organize the different pieces of
the decomposition.

11.1 Almost Everywhere Convergence of Fourier Integrals

In this section we study the proof of one of the most celebrated theorems in Fourier
analysis, Carleson’s theorem on the almost everywhere convergence of Fourier se-
ries of square integrable functions on the circle. The same result is also valid for
functions f on the line if the partial sums of the Fourier series are replaced by the
(partial) Fourier integrals
f‘(&)e&rixﬁ d& )
JIEI<N
The equivalence of these assertions follows from the transference methods discussed
in Chapter 3.
For square-integrable functions f on the line, define the Carleson operator

G (f)(x) = Zi% ’ (f\%[fN,N])v ‘ = 'ili%

/ fl&)e e ge | (11.1.1)
EJ<N

We note that the operators (fo[&b])V are well defined when —ee < a < b < e for f
in L2(R), and thus so is %'(f). We have the following result concerning %

L. Grafakos, Modern Fourier Analysis, DOI: 10.1007/978-0-387-09434-2 11, 423
© Springer Science+Business Media, LLC 2009
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Theorem 11.1.1. There is a constant C > 0 such that for all square-integrable func-
tions f on the line the following estimate is valid:

1€z <CIfll2-

It follows that for all f in L?(R) we have

lim /‘;‘SN f(&)e2™ dE = £(x) (11.1.2)

N—soo,

for almost all x € R.

Proof. Because of the simple identity
~ . N . -N __ .
[, f@emeos= [ f@emas— [ Tfgemeac,
&|<N —oo —o

it suffices to obtain L2 — L2 bounds for the one-sided maximal operators

a0 = sup| [ feeea|,
'_N/\ i
@t = sup| [ gz |

Once these bounds are obtained, we can use the simple fact that (11.1.2) holds for
Schwartz functions and Theorem 2.1.14 to obtain (11.1.2) for all square-integrable

—_—~

functions f on the line. Note that %2(f) = %1(f), where f(x) = f(—x) is the usual
reflection operator. Therefore, it suffices to obtain bounds only for %7. Just as is the
case with &, the operators %, and %; are well defined on L?(R).

Fora > 0andy € R we define the translation operator 7Y, the modulation operator
M2, and the dilation operator D2 as follows:

These operators are isometries on L2(R).
We break down the proof of Theorem 11.1.1 into several steps.

11.1.1 Preliminaries

We denote rectangles of area 1 in the (x,&) plane by s, t, u, etc. All rectangles
considered in the sequel have sides parallel to the axes. We think of x as the time
coordinate and of & as the frequency coordinate. For this reason we refer to the (x, &)
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coordinate plane as the time—frequency plane. The projection of a rectangle s on the
time axis is denoted by Is, while its projection on the frequency axis is denoted by
ws. Thus a rectangle s is just s = Is x ws. Rectangles with sides parallel to the axes
and area equal to one are called tiles.

The center of an interval | is denoted by c(l). Also for a > 0, al denotes an
interval with the same center as | whose length is a|l|. Given a tile s, we denote by
s(1) its bottom half and by s(2) its upper half defined by

S(1) = Is x (s N (—eo,c(as)), $(2) = Is x (wsN[c(as), +e0)) .

These sets are called semitiles. The projections of these sets on the frequency axes
are denoted by 1) and o2, respectively.

s(2)

Fig. 11.1 The lower and the s(1)
upper parts of a tile s.

A dyadic interval is an interval of the form [m2X, (m+ 1)2), where k and m are
integers. We denote by D the set of all rectangles | x @ with I, o dyadic intervals
and || |o| = 1. Such rectangles are called dyadic tiles. We denote by D the set of all
dyadic tiles.

We fix a Schwartz function ¢ such that ¢ is real, nonnegative, and supported in
the interval [—1/10,1/10]. For each tile s, we introduce a function ¢s as follows:

os(x) = [ls| 2 (X _||:|(IS))e2’”°<“’S<l>>X. (11.1.3)

This function is localized in frequency near c(wsy)). Using the previous notation,
we have
0s = Mc(ws(l))TC“s)D“s‘((p).

Observe that

—C .
Gs(&) = || 2 6(&3 |(f:|)5<”)>e2”'<°<‘*’s<l>>5>°<'S> , (11.1.4)

from which it follows that @s is supported in éa)s(l). Also observe that the functions
@s have the same L?(R) norm.
Recall the complex inner product notation for f,g € L?(R):

(f1g) = [ 160g00ax. (11.15)

Given a nonzero real number &, we introduce an operator
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Ac(f) = 2 Koy (E)(F10s) s (11.1.6)

seD

initially defined for f in the Schwartz class. We show in the next subsection that
the series in (11.1.6) converges absolutely for f in the Schwartz class and thus A
is well defined on this class. Moreover, we show in Lemma 11.1.2 that Az admits
an extension that is L2 bounded, and therefore it can thought of as well defined on
L?(R).

For every integer m, let us denote by Dy, the set of all tiles s € D such that
[Is] = 2™. We call these dyadic tiles of scale m. Then

Ac(f)= 3 AZ(f).

meZ

where
AL(F) = 3 Yoy () (Flos) s, (11.1.7)

s€Dm

and observe that for each scale m, the second sum above ranges over all dyadic rect-
angles of a fixed scale whose tops contain the line perpendicular to the frequency
axis at height £. The operators A? are discretized versions of the multiplier operator
f— (fo(,m’é])v. Indeed, the Fourier transform of Ag“(f) is supported in the fre-

quency projection of the lower part s(1) of the dyadic tiles s that appear in (11.1.7).
But the sum in (11.1.7) is taken over all dyadic tiles s whose frequency projection
of the upper part s(2) contains &. So the Fourier transform of A?(f) is supported

in (—oo,&]. On the other hand, summing over all s in (11.1.7) yields essentially the
identity operator; cf. Exercise 11.1.9. Therefore, Ag‘ can be viewed as the “part”
of the identity operator whose frequency multiplier consists of the function y_.. ]
instead of the function 1. As m becomes larger, we obtain a better and better approx-
imation to this multiplier. This heuristic explanation motivates the introduction and
study of the operators Ag“ and A.

Lemma 11.1.2. For any fixed &, the operators A? are bounded on L?(R) uniformly
in m and &; moreover, the operator Ag is L? bounded uniformly in &.

Proof. We make a few observations about the operators AT. First recall that the
adjoint of an operator T is uniquely defined by the identity

(T(Hlg)=(fIT"(9))

forall f and g. Observe that Ag] are self-adjoint operators, meaning that (AQ)* = Ag‘.
Moreover, we claim that if m # m’, then

AT(AD)" = (AT )AT =0.

Indeed, given f and g we have
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(AT YAD(1)|g) = (AT(F)[AT (g)) (11.18)
= ZD Y, (F1os)(9109)(Ps] 05 )Xoz (6) Xy (§)-
se ms’eDm/

Suppose that {¢s| ¢ ) Xa, ,, (&)Xayy (&) is nonzero. Then (¢s| @y ) is also nonzero,
which implies that oy;) and wy(q) intersect. Also, the function e, , (é)st/(z)(é)
is nonzero; hence ws(;) and wy (o) must intersect. Thus the dyadic intervals s and
wy are not disjoint, and one must contain the other. If ws were properly contained
in wy, then it would follow that s is contained in g (1) Or in @y (7). But then either
@s(1) N Wy (1) OF Wg(2) N Wy (2) would have to be empty, which does not happen, as
observed. It follows that if (| (p5/>st<2)(§)st,(2) (&) is nonzero, then ws = wy,
which is impossible if m # m’. Thus the expression in (11.1.8) has to be zero.

We first discuss the boundedness of each operator Ag‘. We have

A2z = 2 X (Flos)(f1ow) (05| 09)Xos (E)Xay 0 (E)

SEDm s'€Dm

Y 2 (Flo)(Flow) (o] 09) oy (6)Xoyy (§)

s€Dm s'eDp,
Oy =0s

z z |<f |¢S>|2st(2)(§)‘<q)s|(l)s/>‘

s€EDm s'eDpy
ws/:a)s

<Ci Y, [(F10s)*Xangs) (8 (11.1.9)

seDm

IN

where we used an earlier observation about s and s’, the Cauchy-Schwarz inequality,
and the fact that

dist (Is, I¢)\ ~*°
S [elol<c 3 (14" 5) T <en

s'eDm s'eDn
Wy = s g =Ws

which follows from the result in Appendix K.1. To estimate (11.1.9), we use that

-10
[(fles)| < cz/R|f<y>|||s|%(1+'y‘“‘:|<'5>') dy

-10
-z d
cslig? [Iroi(a+ #) Y
R |Is] |Is]

Ca[ls|2M(f)(2),

IN

for all z € I, in view of Theorem 2.1.10. Since the preceding estimate holds for all
z € lg, it follows that
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2 2 - 2 2 2
[(Fles)|” < (Co)*[kl inf M(F)(2)° < (Co)* | M(F)()* dx. (11.1.10)
S s

Next we observe that the rectangles s € D, with the property that & wy(2) are all
disjoint. This implies that the corresponding time intervals Is are also disjoint. Thus,
summing (11.1.10) over all s € Dy with & € oy (3), we obtain that

3 (1108)] T (8) < (C32 T A (£) [ MUF) 002

s€Dm s€Dm
< (Ca)? [ M(F)(02dx,

which establishes the required claim using the boundedness of the Hardy—L.ittlewood
maximal operator M on L?(R).
Finally, we discuss the boundedness of Az = Yz A?. For every fixed m € Z,

the dyadic tiles that appear in the sum defining Ag’(f) have the form
s=[k2", (k+1)2™) x [(27™ (¢+1)27™),

where (€+3)27™ < & < (£+1)2~™. Thus £ = [2™], and since @ is supported in
the lower part of the dyadic tile s, we may replace f by fm, where

fm = T2j2-mpome) 2-m(ame) 1 1))

As already observed, we have <A?(f) |A?'(f)> = 0 whenever m # m’. Conse-
quently,

IS AR = mgzqu“mlliz

meZ
= > [|AT(fm)]|}

meZ

<Ca Y |l

meZ

=Ca 3, [Ttz
meZ

<]l

since the supports of ﬂ; are disjoint for different values of m € Z. d

11.1.2 Discretization of the Carleson Operator

We leth e Z(R), £ € R\ {0}, and foreachme Z, yn € R, and A € [0,1] we
introduce the operators
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BY,ya(N) = Xay, @ *(E+n)) (D “IMT (h) | @s)M1TYD2 ().

s€Dm

It is not hard to see that for all x € R and A € [0,1] we have
BY, 2 (NX) =BY 2 (M) =BL, 1y i, (M(0);

in other words, the function (y,n) — B?yn 5 (h)(x) is periodic in R? with period

(2m—* 2-™+1) See Exercise 11.1.1.
Using Exercise 11.1.2, we obtain that for |m| large (with respect to &) we have

> Xogy @7H(E+m) (D M (h) | @) MT7YD2 " (94) (X)
s€Dm
in(om 2—m/2 x+y—c(ls)
< Cpmin(2 ,1)S€ZDmst( “AE+m))2 ‘tp( omA )]
. +y—ka2m
< Cymin(2™2,2-m2) 3 <p(x 2):“—% )|

kez
< Cpmin(2™/2 272y

since the last sum is seen easily to converge to some quantity that remains bounded
inx,y, n,and A. It follows that for h € .”(R) we have

supsup sup sup [BY - (h)(x)| <Chmin(2™/2,27™/2). (11.1.12)
xeR yeR neR 0<A<1

Using Exercise 11.1.3 and the periodicity of the functions B[5 v ; (), we conclude

that the averages
4KL/ / /B‘?Y"’L ) d2dydn

converge pointwise to some Hg’(h) as K,L — oo. Estimate (11.1.11) implies the

uniform convergence for the series 2 Bé - , (h) and therefore

lim 4KL/ / / M-t YD2 A5+ D2 ryM"(h)d?Ldydn (11.1.12)

K~>oo
|<'TL4K|_/ / /o ZB“?V’” ) dadydn

meZ

:Z|<|Loo4KL/ / /BéyM ) di.dydn

meZ |

2 1 (h)

meZ
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We now make a few observations about the operator I1: defined on .(R) in terms
of the expression in (11.1.12), that is:

= ¥ mp(h)
meZ
First we observe that in view of Lemma 11.1.2 and Fatou’s lemma, we have that
Il is bounded on L? uniformly in &. Next we observe that I1: commutes with all
translations 72 for z € R. To see this, we use the fact that 7~2M " = e~ 2%inZ\|—N 72
to obtain

> Xogy (27H(E+)) (DX DM E(h) | gs) T IM T ID2 (@)

s€Dm

= 3 Zog 27HEFM)) (M TMTIDT () TIM VD2 (gy)

s€Dm

= D Koy (2~ HE+m)(hIM 1Y 2D () )M YD ().

seDm

Recall that r‘ZHg]rZ(h) is equal to the limit of the averages of the preceding ex-
pressions over all (y,n,4) € [-K,K] x [-L,L] x [0,1]. But in view of the previous
identity, this is equal to the limit of the averages of the expressions

> Ko (27 E+) (DX MM [gIM YD () (11.1.13)

s€Dm

over all (y',n,A) € [-K+2z,K+12] x [-L,L] x [0,1]. Since (11.1.13) is periodic
in (y',n), it follows that its average over the set [-K +2z,K +2] x [-L,L] x [0,1] is
equal to its average over the set [—K, K] x [—L, L] x [0,1]. Taking limits as K, L — eo,
we obtain the identity rfzﬂg’rz(h) = Hg‘(h). Summing over all m € Z, it follows
that t7*I1z 7% (h) = IT¢ ().

A similar argument using averages over shifted rectangles of the form [—K, K] x
[-L+ 6,L + 0] yields the identity

M~OIT: , oM® =11, (11.1.14)

for all £,60 € R. The details are left to the reader. Next, we claim that the opera-
tor M‘5H5M5 commutes with dilations D?°, a € R. First we observe that for all
integers k we have

A (h) = D? ‘A, ;D (h), (11.1.15)

which is simply saying that A¢ is well behaved under change of scale. This identity
is left as an exercise to the reader. Identity (11.1.15) may not hold for noninteger
k, and this is exactly why we have averaged over all dilations 2, 0 < A < 1, in
(11.1.12).

Let us denote by [a] the integer part of a real number a. Using the identities
DPMT = M"/PDP and DP7% = 7°2DP, we obtain
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- —2 A
D? M-+ yp? P AL, DY MEHTDZ (11.1.16)
2A

=M P Em 22 A p? g2 g2 )
2A

2 la+A] 2 [a+A4]

—MBEE Y 2 2 A D2 DY )

oA/ glata]
M ZEM T 1Y D2 A gay D2 1M M2
oA
M EM O (MY D2V AL, DF Y MTIMOME, (11.1.17)
2
where we sety’ =272y, ' =2%n, A’ =a+A—[a+A],and 6 = (22 —1)&. The
average of (11.1.16) over all (y,n,4) in [-K,K] x [-L,L] x [0, 1] converges to the
operator D2 *M~5I1:M*D?" as K,L — . But this limit is equal to the limit of
the averages of the expression in (11.1.17) over all (y',n’,A’) in [-272K,278K] x
[—22L,2%L] x [0,1], which is

MM ~011; oMOMS.
Using the identity (11.1.14), we obtain that
D? "M~¢II:M¢D? = M~¢ 11 M¢

saying that the operator M~ IT:M* commutes with dilations.

Next we observe that if h is supported in [0,c), then M~ IT:M* (h) = 0. This is
a consequence of the fact that the inner products

(D PMTME ()] gs) = (ME () [M 17 YD? " (¢s)

vanish, since the Fourier transform of 772M~"1 D2 @s is supported in the set
(—oo,2lc(a)s(l>) -n-+ ig |ws|), which is disjoint from the interval (&,+e) when-
ever2*(E+n) e (7). Finally, we observe that 1 is a positive semidefinite op-

erator, that is, it satisfies
<1‘I5(h) | h> >0. (11.1.18)

This follows easily from the fact that the inner product in (11.1.18) is equal to

im 4KL/ / /Zst (5] (DF &M (h)| s) [P dAdydn. (11.1.19)

KH‘” seD

This identity also implies that I is not the zero operator; indeed, notice that

> Koy (M) (DX IMI () gs)]* = (n]BL,, ()

seDg



432 11 Time-Frequency Analysis and the Carleson-Hunt Theorem

is periodic with period (2=*,2%) in (y,n), and consequently the limit in (11.1.19)
is at least as big as

XY : . ,
// /Zm (5x")[(D* M (h) | gs)|"d2A dydn

seDg

(cf. Exercise 11.1.3). Since we can always find a Schwartz function h and a dyadic
tile s such that <D21 M (h)| ¢s) is not zero for (y,n,4) near (0,0,0), it follows
that the expression in (11.1.19) is strictly positive for some function h. The same
is valid for the inner product in (11.1.18); hence the operators and M‘5H5M5 are
nonzero for every .

Let us summarize what we have already proved: The operator M*5H5M5 is
nonzero, is bounded on L?(R), commutes with translations and dilations, and van-
ishes when applied to functions whose Fourier transform is supported in the positive
semiaxis [0, o). In view of Exercise 4.1.11, it follows that for some constant ¢z # 0
we have

'0/\ i
M€ IME ()00 =z [ R(m)e™™ 7.

which identifies IT; with the convolution operator whose multiplier is the function
Ce X(—w,2)- Using the identity (11.1.14), we obtain

Cero =Ce

for all £ and 6, saying that c: does not depend on &. We have therefore proved that
for all Schwartz functions h the following identity is valid:

mz(h)=c (hywg)” (11.1.20)
for some fixed nonzero constant c. This completely identifies the operator IT:. By

density it follows that

¢ (f) = ! sup [ITg ()] (11.1.21)

|C| >0
forall f € Uj<pew LP(R).

11.1.3 Linearization of a Maximal Dyadic Sum

Our goal is to show that there exists a constant C > 0 such that for all f € L?(R) we
have
H 2”%|A§(f)| ||L2=°°(R) < CH f HLZ(R)' (11.1.22)
>

Once (11.1.22) is established, averaging yields the same conclusion for the operator
f = supg.o|IT (f)], establishing the required bound for 7. Let us describe this
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averaging argument. Identity (11.1.12) gives

1 Lok
T (1) = fim 4KL./7L/7K./O Cayna(f)drdydn,

—s00
L—oo

where . ,1
Geyna(f) =M7"77¥D? "A;, D /MT(f).
A

This, in turn, implies

1 L oK g1
sup [IT; ()] < liminf / / /su Geyna(f)|dAdydn. (11.1.23
56'3' (0= Koo 4KL L)k Jo €€g| gyna(f)ldAdydn.  ( )

We now take the L?> quasinorms of both sides, and we use Fatou’s lemma for weak
L? [Exercise 1.1.12(d)]. We thus reduce the estimate for the operator SUPe o [Tz ()]
to the corresponding estimate for supz.q |Az(f)|. In this way we obtain the L2
boundedness of sup; ¢ |I1: ()| and therefore that of ¢ in view of identity (11.1.21).

Matters are now reduced to the study of the discretized maximal operator
SUPe~o |A¢ (f)] and, in particular, to the proof of estimate (11.1.22). It will be conve-
nient to study the maximal operator sup . |Az (f)| via a linearization. Here is how
this is achieved. Given f € L?(R), we select a measurable real-valued function®
N¢ : R — R such that for all x € R we have

zulglAg(f)(X)l < 2|An 0 () (X1

For a general measurable function N : R — R™, we define a linear operator Dy by
setting for f € L?(R),

O (F)(X) = Anpo (F)(X) = X (tayy oN)X) (Tl 0s) 5(x) (11.1.24)

seD

where the sum on the right converges in L?(R) [and also uniformly for f € .7 (R)].
To prove (11.1.22), it suffices to show that there exists C > 0 such that for all
f € L?(R) and all measurable functions N : R — R* we have

DN ()| 2 <CIf |2 (11.1.25)
Applying (11.1.25) to the measurable function N¢ and using the estimate

sup |A; (1)] < 2w, ()
&>0

yields the required conclusion for the maximal dyadic sum operator sup; ¢ |Az (f)]
and thus for %1 (f).

! The range & > 0 may be replaced by a finite subset of the positive rationals by density; in this
case N could be taken to be the point £ at which the supremum is attained.
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To justify certain algebraic manipulations we fix a finite subset P of D and we
define
DOnp(f)(x) = 25(%%(2) oN)(X) (f]@s) ps(x). (11.1.26)
se

To prove (11.1.25) it suffices to show that there exists a C > 0 such that for all
f € L?(R), all finite subsets P of D, and all real-valued measurable functions N on

the line we have
|©Onp(F)| 2 <CJf]| 2 (11.1.27)

The important point is that the constant C in (11.1.27) is independent of f, P, and
the measurable function N.

To prove (11.1.27) we use duality. In view of the results of Exercises 1.4.12(c)
and 1.4.7, it suffices to prove that for all measurable subsets E of the real line with
finite measure we have

[ Pup(00 =] 3, (Gt oNIgnze) (| 1] <CIER o (12220
seP
We obtain estimate (11.1.28) as a consequence of
3 [ (Has oN)gs, e ) (Fl@s)| < CIE[2 | £]) 2 (11.1.29)
seP

for all f in L2, all measurable functions N, all measurable sets E of finite measure,
and all finite subsets P of D. It is estimate (11.1.29) that we shall concentrate on.

11.1.4 Iterative Selection of Sets of Tileswith Large Massand
Energy

We introduce a partial order in the set of dyadic tiles that provides a way to organize
them. In this section, dyadic tiles are simply called tiles.

Definition 11.1.3. We define a partial order < in the set of dyadic tiles D by setting
s<s <= IsCly and wy C .

If two tiles s,s’ € D intersect, then we must have either s < s’ or s’ < s. Indeed,
both the time and frequency components of the tiles must intersect; then either Is C
Iy or ly C Is. In the first case we must have |ws| > |wy|, thus wy C s, which gives
s < ¢, while in the second case a similar argument gives s’ < s. As a consequence of
this observation, if Rq is a finite set of tiles, then all maximal elements of Rg under
< must be disjoint sets.

Definition 11.1.4. A finite set of tiles P is called a tree if there exists a tilet € P such
that all s € P satisfy s < t. We call t the top of P and we denote it by t = top(P).
Observe that the top of a tree is unique.
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We denote trees by T, T/, Ty, T, and so on.

We observe that every finite set of tiles P can be written as a union of trees whose
tops are maximal elements. Indeed, consider all maximal elements of P under the
partial order <. Then every nonmaximal element s of P satisfies s < t for some
maximal elementt € P, and thus it belongs to a tree with top t.

Tiles can be written as a union of two semitiles Is x ;) and Is x o). Since
tiles have area 1, semitiles have area 1/2.

Definition 11.1.5. A tree T is called a 1-tree if

Wrop(T)(1) & Bs(1)

allse T. Atree T’ is called a 2-tree if for all s € T' we have

Orop(T7)(2) & Ds(2) -

We make a few observations about 1-trees and 2-trees. First note that every tree
can be written as the union of a 1-tree and a 2-tree, and the intersection of these
is exactly the top of the tree. Also, if T is a 1-tree, then the intervals ooy (T)(2) and
w2 are disjoint for all s € T, and similarly for 2-trees. See Figure 11.2.

Fig. 11.2 A tree of seven
tiles including the darkened
top. The top together with the
three tiles on the right forms a
1-tree, while the top together
with the three tiles on the left
forms a 2-tree. L | L | L1 L]

Definition 11.1.6. Let N : R — R™ be a measurable function, let s € D, and let E
be a set of finite measure. Then we introduce the quantity
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[y~ dx
E;{s sup /
A(EAs)) = |E| ueb 1+ \X—‘CUU)\)IO

S<U ENN—L[ay] Iy

We call .# (E;{s}) the mass of E with respect to {s}. Given a subset P of D, we
define the mass of E with respect to P as

M (E;P)=sup.#(E;{s}).

seP

We observe that the mass of E with respect to any set of tiles is at most

1 /+°° dx < 1
[El /- (14T ~ [E]"
Definition 11.1.7. Given a finite subset P of D and a function f in L2(R), we intro-

duce the quantity

l

T pIUEST

seT

1
(e

where the supremum is taken over all 2-trees T contained in P. We call &(f;P) the
energy of the function f with respect to the set of tiles P.

E(f;P) =

We now state three important lemmas which we prove in the remaining three
subsections, respectively.

Lemma 11.1.8. There exists a constant C; such that for any measurable function
N : R — R™, for any measurable subset E of the real line with finite measure, and
for any finite set of tiles P there is a subset P’ of P such that

M (E;P\P) < All///(E;P)

and P’ is a union of trees T satisfying

Cy

2j,||top(Tj)| < HEP) (11.1.30)

Lemma 11.1.9. There exists a constant C, such that for any finite set of tiles P and
for all functions f in L?(R) there is a subset P” of P such that

1

E(F;P\P") < )

&(1;P)

and P” is a union of trees Tj satisfying

ZIltop < s(tp)e- (11.1.31)



11.1 Almost Everywhere Convergence of Fourier Integrals 437

Lemma 11.1.10. (The basic estimate) There is a finite constant Cs such that for all
trees T, all functions f in L?(R), for any measurable function N : R — R*, and for
all measurable sets E we have

2 [(f |(ps><XEﬁN*1[ws(2)] 95|
T (11.1.32)

< Ca|hop(r)| € (F; 7). (E; T)|| || [EI.

In the rest of this subsection, we conclude the proof of Theorem 11.1.1 assuming
Lemmas 11.1.8,11.1.9, and 11.1.10.

Given a finite set of tiles P, a measurable set E of finite measure, a measurable
function N : R — R*, and a function f in L?(R), we find a very large integer ng
such that

E(f;P) < 2™
M (E;P) < 2200,
We shall construct by decreasing induction a sequence of pairwise disjoint sets
Pnoa Pn0—17 Pn0—27 Pn0—3a cee

such that .
0
U Pj=P (11.1.33)

j=—o0

and such that the following properties are satisfied:
(1) &(f;Pj) <2+ forall j < ny;

(2) . (E;Pj) < 221*2forall j < no;

(3) &(f;P\ (PnyU---UPj)) < 2] forall j < no;
(@) 4 (E;P\ (PnyU---UPj)) <22 forall j < ng;

(5) Pjisaunion of trees Tjy such that for all j < ng we have
2 | ItOp(Tjk) | <Co 272] )
k

where Cp = C; +C, and C; and C, are the constants that appear in Lemmas
11.1.8 and 11.1.9, respectively.

Assume momentarily that we have constructed a sequence {P;}j<n, with the
described properties. Then to obtain estimate (11.1.29) we use (1), (2), (5), the ob-
servation that the mass of any set of tiles is always bounded by |E|~%, and Lemma
11.1.10 to obtain
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SEEI;KH(PSX?CEQN ) |(PS>‘
= 22 ‘<f|(PS><XEmN gy |(Ps>|

j sePJ

22 Y [(Flos)(xeon [o2)] |(Ps>‘

k seTik

IN

IN

C3ZZ|Itop(TJk)|£)(f;T1k)% E;Ti)|| f]| 2 E]
TR
< C322|IIOP(TJk)|2j+1 min(|E|*l,22j+2)||fHL2|E|
7K

< CgY Co22i2itt min(|E|*l,22”2)HfHL2|E|
i
8CoCa Y, min(2 J[E[ 2,21 [E|2)| || . |E[?
i
CIEIZ ||f]|,2.

IN

IN

This proves estimate (11.1.29).

It remains to construct a sequence of disjoint sets P satisfying properties (1)—(5).
The selection of these sets is based on decreasing induction. We start the induction
at j = ng by setting Pn, = 0. Then (1), (2), and (5) are clearly satisfied, while

E(f;P\Ppy) = &(f;P) < 2",
M (E;P\Py,) = .#(E;P) < 2%;

hence (3) and (4) are also satisfied for Pp,.

Suppose we have selected pairwise disjoint sets Pno, Pny—1;---,Pn forsome n <
no such that (1)—(5) are satisfied for all j € {ng,no — N} We construct a set of
tiles Pn_1 disjoint from all Pj with j > n such that (1) (5) are satisfied for j=n—1.

We define first an auxiliary set P}, ;. If .2 (E;P\ (Ppo U+ UPy)) < 2201 set
Pl =0.1f .4 (E;P\ (PnyU---UPp)) > 221 apply Lemma 11.1.8 to find a
subset P}, _; of P\ (Pn, U---UPp) such that

1 22n

4 A (E;P\ (PpoU---UPp)) < . — 22(n-1)

M (E;P\ (PpyU---UPRUP_4)) <
[by the induction hypothesis (4) with j =n]and P;,_, isa union of trees T satisfying

> hop(ryy| < C1t (£;P\ (PpyU---U Pn)) < C 272D, (11.1.34)
k

Likewise, if & (f;P\ (Pp,U---UPy)) < 2""Lset P!_, = 0; otherwise, apply Lemma
11.1.9 to find a subset P;/_; of P\ (P, U---UPy) such that

1

E(F;P\ (PnyU---UPRUPy_y)) < )

E(f;P\ (PnoU---UPp)) < 2" =2""1
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[by the induction hypothesis (3) with j =n] and P;,_; is a union of trees T} satisfy-
ing

> Iop(ry| <C2&(fiP\ (P U---U Pn)) 2 <Cp272D), (11.1.35)
k

Whether the sets P;,_; and P;_; are empty or not, we note that

M (E;P\ (P U---UP UPL_y)) < 22071 (11.1.36)
E(F;P\ (P U+ UPUP)_y)) < 2"L. (11.1.37)

We set P,_1 =P;,_, UPy_,, and we verify properties (1)-(5) for j =n—1. Since
Pn—1 is contained in P\ (Pn,U---UPy) we have

E(fPn_1) < E(F;P\ (PpyU---UPy) < 2" =21+,

where the last inequality is a consequence of the induction hypothesis (3) for j = n;
thus (1) holds with j =n— 1. Likewise,

M (E;Pn_1) < M(E;P\ (PnyU---UPp) < 22" = 22(-1)+2

in view of the induction hypothesis (4) for j = n; thus (2) holds with j=n—1.

To prove (3) with j = n—1 notice that P\ (Pp, U---UP,UP_1) is contained
in P\ (Ph, U---UP,UPy_,), and the latter has energy at most 21 py (11.1.37).
To prove (4) with j = n—1 note that P\ (P, U---UPrUP,_1) is contained in
P\ (Pp, U---UPRUP),_;) and the latter has mass at most 22"~1) by (11.1.36).
Finally, adding (11.1.34) and (11.1.35) yields (5) for j = n— 1 with Cy = C; +Co.

Pick j € Z with 0 < 22} < mingep .# (E; {s}). Then .# (E;P\ (Pp,U---UPj)) =
0, and since the only set of tiles with zero mass is the empty set, we conclude that
(11.1.33) holds. It also follows that there exists an nq such that for alln <ni, P, = 0.
The construction of the P;’s is now complete.

11.1.5 Proof of the MassLemma 11.1.8

Proof. Given a finite set of tiles P, we set u = .# (E;P) to be the mass of P. We
define
Pr={seP: #(E;{s}) > iu}

and we observe that . (E;P\ P') < u. We now show that P’ is a union of trees
whose tops satisfy (11.1.30).

It follows from the definition of mass that for each s € P/, there is a tile u(s) € D
such that u(s) > s and
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1 [ly(s)| ~Hdx u
/ S (11.1.38)
(14 o)y 4

Ilycs) |

Let U= {u(s): s € P’}. Also, let Unax be the subset of U containing all maximal
elements of U under the partial order of tiles <. Likewise define Py,,, as the set of
all maximal elements in P’. Tiles in P’ can be grouped intrees Tj = {s€ P’ : s <t;}
with tops tj € Py,,. Observe that if tj < u and ty < u for some u € Umax, then ax,
and ax, intersect, and since tj and t are disjoint sets, it follows that Iy; and Itj, are
disjoint subsets of 1. Consequently, we have

2lgl= X X Iyl< X [l

j u€Umax j: tj<u u€Umax
Therefore, estimate (11.1.30) will be a consequence of

> [ul<cut (11.1.39)

u€Umax

for some constant C. For u € Upmax We rewrite (11.1.38) as

13 [ly|~*dx B ok
E| kgf) / 1+ \xfc(lu)\)lo ~ g kgbz
EAN—L[ay]n (241,\ 211, [l

with the interpretation that 2~ 11, = 0. It follows that for all u in Umax there exists an
integer k > 0 such that

. -1 k
|E|g“u|2,k< / dx _ [ENN"Hay] N2y

. 1+ \X—“C("u)\)lo T (H10(142k-2)10
EAN—L{ay]n (2K1,\2¢ 11y ) u

We therefore conclude that

Umax = U Uk,
k=0

where
Uy = {U € Umax : |lu] <8-5027% =1 E| "L E NN~ [awy] N 2¥1,]} .
The required estimate (11.1.39) will be a consequence of the sequence of estimates

> o <c2tpyt, k>0. (11.1.40)

ueUg

We now fix a k > 0 and we concentrate on (11.1.40). Select an element v € Uy
such that |ly, | is the largest possible among elements of Uy. Then select an element
v1 € Uc\ {Vo} such that the enlarged rectangle (2I,,) x a, is disjoint from the
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enlarged rectangle (21y,) x wy, and |y, | is the largest possible. Continue this pro-
cess by induction. At the jth step select an element of Uy \ {vo,...,vj_1} such that
the enlarged rectangle (2klvj) x ay; is disjoint from all the enlarged rectangles of
the previously selected tiles and the length [ly; | is the largest possible. This process
will terminate after a finite number of steps. We denote by V the set of all selected
tiles in Uy.

We make a few observations. Recall that all elements of Uy are maximal rectan-
gles in U and therefore disjoint. For any u € Uy there exists a selected v € Vi with
[ly] <|lv| such that the enlarged rectangles corresponding to u and v intersect. Let
us associate this u to the selected v. Observe that if u and u’ are associated with the
same selected v, they are disjoint, and since both @, and @, contain wy, the intervals
Iy and Iy must be disjoint. Thus, tiles u € Uy associated with a fixed v € Vi have
disjoint l,’s and satisfy

ly C 2KF21,.

Consequently,
> ] < [24021| = 2021, .

ueUy
u associated with v

Putting these observations together, we obtain

z [lu] < z z [yl

ueUg veVy ueUg
u associated with v

< 2k+2 z ||V|

veVy

S 2k+5510‘u—1|E|—12—9k z |E ﬁN_l[U)\/] ﬂ2k|V|

veVy

<32. 510“71 28

since the enlarged rectangles 21, x @, of the selected tiles v are disjoint and there-
fore so are the subsets E NN~ [w,] N 2XI, of E. This concludes the proof of estimate
(11.1.40) and therefore of Lemma 11.1.8. O

11.1.6 Proof of Energy Lemma 11.1.9

Proof. We work with a finite set of tiles P. For a 2-tree T, let us denote by
1 1 2
atm = 0 4 (ton) P}
I Utegryt 21011

the quantity associated with T’ appearing in the definition of the energy. Consider
the set of all 2-trees T’ contained in P that satisfy
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1
AT > 2£(f;P) (11.1.41)

and among them select a 2-tree T/ with C(wtop(T'l)) as small as possible. We let T,

be the set of s € P satisfying s < top(T7). Then Ty is the largest tree in P whose top
is top(T/ ). We now repeat this procedure with the set P\ T1. Among all 2-trees con-
tained in P\ T that satisfy (11.1.41) we pick a 2-tree T/, with c(a)top(T/2>) as small

as possible. Then we let T, be the s € P\ T satisfying s < top(T5). Then T is the
largest tree in P\ T whose top is top(T5). We continue this procedure by induction
until there is no 2-tree left in P that satisfies (11.1.41). We have therefore constructed
afinite sequence of pairwise disjoint 2-trees T4, T, T3, ..., Ty, and a finite sequence
of pairwise disjoint trees T1, T2, Ts, ..., Tq, such that T} C T}, top(T}j) = top(T),
and the Tj satisfy (11.1.41). We now let

= UT is
i
and observe that this selection of trees ensures that
! 1
E(f;P\P") < 2é"(f;P).

It remains to prove (11.1.31). Using (11.1.41), we obtain that

fPZZI'mp PR

)| <
H HLZ JseT’

2 2 2 (Tlos)(fles)

HfHLz i seT’

(F12 X (fles)es)

HfHLz i seT/

2T @l

~ e TS,

(11.1.42)

and we use this estimate to obtain (11.1.31). We set U = {J; T’J-. We shall prove that

1
e

Once this estimate is established, then (11.1.42) combined with (11.1.43) yields
(11.1.31). (All involved quantities are finite, since P is a finite set of tiles.)
We estimate the square of the left-hand side in (11.1.43) by

) (u] F)( +2 ) (qu|f
SEUI os| ) (oul f)(os| gu)| Sé [(os | ) (oul F)(os|gu)], (11140
W=y oGy

> (sl D)es)| ,

seU

1
< c(g(f;P)ZZutop(Tj)D 2 (11.1.43)
J
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since (@s | @y) = 0 unless ws contains e, or vice versa. We now estimate the quan-
tities | (¢s| f)| and [{qu | f)| by the larger one and we use Exercise 11.1.4 to obtain
the following bound for the first term in (11.1.44):

Yo T Koslow)l

seU ucU
Wy=ws
X — (1 —100
<zinef 3o f () o
seU aﬂegk Iy |1s s
<C" ¥ (fles)[’
seuU (11.1.45)
=C'Y ¥ [(fles)[*
J seT’
CUZ“tOp |||topTJ | ! Z |<f|(p5>‘

seT’

<C”Z|Imp & PY2||F]]2,,

where in the derivation of the second inequality we used the fact that for fixed s € U,
the intervals I, with @, = ws are pairwise disjoint.

Our next goal is to obtain a similar estimate for the second term in (11.1.44).
That is, we need to prove that

> [(Flos)(flou)(es|ou)| <CE(F;P) ||fHLzZI'top (11.1.46)

s,ueuy
oGy

Then the required estimate (11.1.43) follows by combining (11.1.45) and (11.1.46).
To prove (11.1.46), we argue as follows:

3 (F1os)(Flou)(os] ou)|

s,ueU
asGay
=22 [Fles)| 2 [(Flou)(os|ou)l
J seT’j ugU
Gy
; 2)2
< Sl AT e{ 3 (3 [(Flaala)l) |
j seTj \ ueU
osGay

é«f:mnf||Lz;uwp<Tj>|%{ (3 |<f|%><(,,s|%>\)2}%,

seT
] WsC Wy
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where we used the Cauchy-Schwarz inequality and the fact that if ws & @, and
(@s|@u) # 0, then ws C @y(q). The proof of (11.1.46) will be complete if we
can show that the expression inside the curly brackets is at most a multiple of

&(f;P)?|f ||ﬁ2 |lopct;)|- Since any singleton {s} C P is a 2-tree, we have

L (e (e
@m(f'{”}"\rfmz( o )‘nfuLz o < EEP)

hence )
[(Flou)| < [|F]|2lu[2&(F:P)
and it follows that

5[ 3 iamiol] <emerlil T [ 3 wiiola)]

ng’j ueU seT'j ueU
W5 Oy(1) W5 Oy()

Thus (11.1.46) will be proved if we can establish that

2
(% Wl ) < Cliaem (11.1.47)

seT’j ueyU
s Oy()

We need the following crucial lemma.

Lemma 11.1.11. Let T;, T| be as previously. Let s € T} and u € T,. Then if ws C
@y(1), We have Iy N lgp(r;) = 0. Moreover, if u € Ty and v € Tj are different tiles and

satisfy s C wy(1) and o C o) for some fixed s € T, then I, N1y = 0.

Proof. We observe thatif s € T}, u € T}, and as C @y 1), then the 2-trees T and T},
have different tops and therefore they cannot be the same tree; thus j # k.

Next we observe that the center of Drop(T") is contained in @, which is contained
in @wy1). Therefore, the center of Drop(Tr) is contained in @y (1), and therefore it must
be smaller than the center of Orop(T))» since Ty is a 2-tree. This means that the 2-

tree T’J— was selected before Ty, that is, we must have j < k. If I, had a nonempty
intersection with lp(7;) = Itop(T/J,), then since

1 1 1 2

= = = = :2|IU|7
|@xop(rsy| @]~ |ou)| ol

| Itop(T’-) |
j

I, would have to be contained in Itop(T/j). Since also Brop(T?) C ws C ay, it follows

that u < top(T); thus u would belong to the tree T; [which is the largest tree with
top top(T)], since this tree was selected first. But if u belonged to Tj, then it could
not belong to T,, which is disjoint from T;; hence we get a contradiction. We con-
clude that I, N lgp(t;) = 0.
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Next assume thatu € Ty, v € T}, u# v, and that @s C (1) N a1 for some fixed
s € T%. Since the left halves of two dyadic intervals @y, and w, intersect, three things
can happen: (a) @y C @), in which case Iy is disjoint from Itop(T{() and thus from
ly; (b) wy C Oy(1), in which case 1, is disjoint from Itop(Tf) and thus from I,; and
(€) wy = v, in which case |ly| = |ly|, and thus I, and I, are either disjoint or they
coincide. Since u # v, it follows that I, and I, cannot coincide; thus I, N1, = @. This
finishes the proof of the lemma. O

We now return to (11.1.47). In view of Lemma 11.1.11, different u € U that
appear in the interior sum in (11.1.47) have disjoint intervals I, and all of these are
contained in (lyop(t )) Set tj = top(T;j). Using Exercise 11.1.4, we obtain

5 (5 witalal)

seT/j a)sugeax(l)
: 2
1 ||s| " ||5|_1dX
<Ccy ( > ||u|2< > /
[x—c(ls)| 20
SGT’J- wsuea:(l) || | Iy (1—|— | )
IIs|~ 1dx 2
<C ||s|< /
sezr". ueU 'U ‘X C IS
] wsC Wy(1)
<CY i / I ~tdx )2
a seT) ° (I; (1+ x= CIS)‘)ZO
|| ~Ldx
<C z/||3|/ \X C|s\)20’
seT [Is |

since [ (1+[x|)~2°dx < 1. Foreach scale k > O the sets s, s € T}, with [Is| = 27¥[ly;|
are pairwise disjoint and contained in I;; therefore, we have

z ||s|/ |I‘)|( cls ‘)20 < i || | ||s|/ItJ 1_|_\x Cls ‘)

seT’ =0 seT’
us\ 271y |
<C d
Z“t /|/| 1 \XY\ZOy
J seT/ s/ (k)" (1+
lls|=2" kut,

<cy 2k||t.|—1/ /  dxdy
kg() ! ()¢ (14 \Xk“)/\‘)

<C 32y 2 )

:C//“tj',
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in view of Exercise 11.1.5. This completes the proof of (11.1.47) and thus of Lemma
11.1.9. O

11.1.7 Proof of the Basic Estimate Lemma 11.1.10

Proof. In the proof of the required estimate we may assume that ||| , = 1, for
we can always replace f by f/||f|| .. Throughout this subsection we fix a square-
integrable function with L2 norm 1, a tree T contained in P, a measurable function
N: R — R™, and a measurable set E with finite measure.

Let ¢’ be the set of all dyadic intervals J such that 3J does not contain any Is
with s € T. It is not hard to see that any point in R belongs to a setin _#’. Let #
be the set of all maximal (under inclusion) elements of #’. Then _# consists of
disjoint sets that cover R; thus it forms a partition of R. This partition of R is shown
in Figure 11.3 when the tree consists of two tiles.

J J
} } } } —— 1 } }

<«+—— dyadic —»<4—— dyadic —»4—— dyadic —>»

Fig. 11.3 A tree of two tiles and the partition _# of R corresponding to it. The intervals J and J’
are members of the partition ¢

For each s € T pick an & € C with |&| = 1 such that

Kf |(pS><XEﬁN*1[wS(2)] | ¢s>| = Es<f |(PS><(PS|XE0N*1[wS<2)]>'

We can now write the left-hand side of (11.1.32) as

D &(f] (pS>XEﬁN*1[a)S(2>] %

seT
2 || 2 as(T o) e N0y, 95
Je 7 " seT
< X +2,

X, &s(F105) (05 xem-ti0y) <

seT

LY(R)

L)

where
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2

H es(f | os) Xern-1 L)) Ps (11.1.48)

\ls\<2\3\

L)’

2

H &s(f | os) Xern- Loy Ps||, (11.1.49)

Hs\>2\3\

i)

We start with X;. Observe that for every s € T, the singleton {s} is a 2-tree contained
in T and we therefore have the estimate

[(Flgs)| < [l|26(F;T). (11.1.50)

Using this, we obtain

I Y ML) A L TN UL

JNENN—1 g
JE/HsKZ\J\ (2)

<cy Zé”fTI'I/ I o
ey seT *Janen- Hoyg) (1+ = C(IS)‘)ZO

(R |

1

<
< CJ% 2 E(F;T)|E|.#(E;T)|ls |sup( e cls)\)lo

W<20 |

logz 23 1 1

< C&(f;T)|E|.#(E;T) ok
Jez/y k:z—oo SEZTk (1+dISt(J |s)) (1+d|st(J Is))5
Is|=2

But note that all Is with s € T and |Is| = 2X are pairwise disjoint and contained in
ltop(T)- Therefore, 2~ Kdist (J,15) > |Itop(T>|‘1dist (J,kop(T)), and we have the esti-

mate 5 5
i - dist (3,1 -
<1+dISt(i,|s)) < (1+ ist (J, top(T))) .
2 ||top(T)|

Moreover, the sum
(11.1.51)

2 1

& (1_|_ dlst(J IS))
lIs|]=2"

is controlled by a finite constant, since for every nonnegative integer m there exist
at most two tiles s € T with |Is| = 2K such that Is are not contained in 3J and m2k <

dist (J,1s) < (m+ 1)2X. Therefore, we obtain
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s |og2§\3\ ok
% < CE(FT)IE|Z(E;T) dist
(3.hop(T))\ 5
s ke (14 “mp:Tr;(‘T) )
N
< CE(F;TElZET) Y, dist
(3 hop(m)) \ 5
2 (1499 115
1
< CE(F;T)|E|Z(E;T) JZ / \x—c(ltop(-r))\ 5 dx
E/ “top(T)‘ )

< Clhopm)| & (f;T) [E|4#(E; T)

since ¢ forms a partition of R. We need to justify, however, the penultimate in-
equality in (11.1.52). Since J and It are dyadic intervals, there are only two pos-
sibilities: (a) J N ligp(t) = 0 and (b) J C lop(T). [The third possibility ligpr) € J is
excluded, since 3J does not contain lgp).] In case (a) we have |J| <dist(J, pr( ))s
since 3J does not contain ligy(t). In case (b) we have [J] < [kop)|- Thus in both
cases we have |J| < dist (J, kop()) + [lop(T) |- Consequently, for any x € J one has

. 1
|X - C(Itop(T))| < |‘]| + dist (J7 Itop(T)) + 2 | Itop(T)|
. 3
< 2dist (3, lgp(ry) + 5 Iltop(T)| -

Therefore, it follows that

[ s (2%
J (1+ \X*C(ltop(T)ﬂ)S - (5 2d'5t(~]a|top(T)))5 - (1 dISt(‘]vItop(T)>)5

2

“top(T) | “top(T) ‘ “top(T) ‘

In case (b) we have J C lyT), and therefore any point x in J lies in ligp(7); thus
X — C(hop(m))| < 2|Itop y|- We conclude that

/ dx N (2)5 N
(14 \X—C<lmp<r>)\)5 ~(3/2)5 \3 (1+ dis‘“v'top(T)))S'

‘ Itop(T) ‘ ‘ Itop(T) |

These observations justify the second-to-last inequality in (11.1.52) and complete
the required estimate for X;.

We now turn attention to X,. We may assume that for all J appearing in the sum
in (11.1.49), the set of s in T with 2|J| < |Is| is nonempty. Thus, if J appears in the
sum in (11.1.49), we have 2|J| < [lopT)|, and it is easy to see that J is contained in
3liop(T)- [The intervals J in _# that are not contained in 3ly,p() have size larger than
[hop(r

Q/Ve let T, be the 2-tree of all s in T such that wyp(t)(2) € @s(2), and we also let
T1 =T\ T, Then Ty is a 1-tree minus its top. We set
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FlJ = 2 85<f | (p5> (PSXEﬁNfl[ws(z)] ’
seTy
[Is]>2|J]
FZJ = 2 8S<f | (p5> (PSXEﬁNfl[ws(z)] .
seTy
[Is]>2|J]

Clearly
2 < 2 HFUHLl(J)+ 2 ||F23||L1(J)2221+222’
Je g Je g

and we need to estimate both sums. We start by estimating Fy;. If the tiles s and &’
that appear in the definition of F; have different scales, then the sets ;) and g2
are disjoint and thus so are the sets E N N*l[a)s@] andEN N*l[a)sl(a]. Let us set

Gy=Jn [J ENNoyy).
seT
[s1>2}9

Then Fy; is supported in the set G; and we have

IFullg) = [Full-g)Gol
= H DI £5<f|§03>(pSXEﬁN*1[wS(Z>] ‘Lm(J>|GJ|
k>log, 2|J| s€Ty
|Is|=2K
< su & (f - G
B k>|ogf2m SEXT‘1 S< |¢5>(PS%E0N Hag(z)) L°°(J>| l
[1s|=2K
s emmee 2 e
< sup sup ;
k>log, 2|3| x€J SGle (1+ \x—zcéls)\)lo J
[I5]=2
< CE(HT)IG],

using (11.1.50) and the fact that all the Is that appear in the sum are disjoint. We
now claim that forall J € ¢ we have

|Gs| <CIE[.Z(E;T)J|. (11.1.53)

Once (11.1.53) is established, summing over all the intervals J that appear in the
definition of Fy; and keeping in mind that all of these intervals are pairwise disjoint
and contained in 3ly,p(T), We obtain the desired estimate for X, .

To prove (11.1.53), we consider the unique dyadic interval J of length 2|J] that
contains J. Then by the maximality of 7, 3J contains the time interval Is, of a
tile s; in T. We consider the following two cases: (a) If ls, is either (J— [J]) UJ
or JU (J+ J]), we let u; = sy; in this case [ly,| = 2|J]. (This is the case for the
interval J in Figure 11.3.) Otherwise, we have case (b), in which Is; is contained in
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one of the two dyadic intervals J — |J], J+ |J]. (This is the case for the interval J’ in
Figure 11.3.) Whichever of these two dyadic intervals contains Is, is also contained
in lygp(T), Since it intersects it and has smaller length than it. In case (b) there exists
atile uy € D with [1,| = [J] such that Is; C Iy, € lopr) and @rop(r) € 1y € @s,.
In both cases we have a tile u; satisfying s; < uy < top(T) with |y, | being either
M3 ror B3t

Then for any s € T with |Is| > 2|J| we have |ws| < |y, |. But since both «s and
@y, contain Wrop(T)» they must intersect, and thus @5 C ay,. We conclude that any
s € T with |Is| > 2|J| must satisfy N~ [as] € N~1[ay,]. It follows that

Gy CINENNay,] (11.1.54)
and therefore we have
[E|.#(E;T) = sup sup Il dx
’ seT ueD JENN~Hau) (1+ \X—C(lu)\)lo
s<u [u]
> / ||UJ|71 dx
= JanEnN-[a,] (1+ ‘X*C(IU‘])‘)IO
[Mu; |
> ¢y INENN" [ay]|

> clly| |Gyl

using (11.1.54) and the fact that for x € J we have |x —c(ly,)| < 43| = 2|ly,]. It
follows that

1 2
Gal < [ [ELA(ET)l| = _|ElZ(ET)II,

and this is exactly (11.1.53), which we wanted to prove.

We now turn to the estimate for X = ¥;c » HFZJHU(J). All the intervals awy,)
with s € T, are nested, since Ty is a 2-tree. Therefore, for each x € J for which F;(x)
is nonzero, there exists a largest dyadic interval m,, and a smallest dyadic interval
oy, (for some uy,vx € ToN{s: |Is| >4|J|}) such that fors € ToN{s: |Is| > 4|J|}
we have N(x) € o (2) if and only if wy, C ws C wy,. Then we have

Fa(x) = 3, &(T]os)(@sxern-1[am,) (%)

seTy
[Is|=4[3]

Xe(X) Z £S<f|(PS> @s(X).
seTy
| oy | <|ws| <[ ouy |

Pick a Schwartz function y whose Fourier transform y(t) is supported in |t| <
1+ 130 and that is equal to 1 on |t| < 1. We can easily check that for all z € R, if
|| < [as| < |y, then
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-1
Me(@u) plou |~} M@ (2)) pl % 2)]
(ws*{ MW W@ =e  (11.155)
||~ 2 O] 2

by a simple examination of the Fourier transforms. Basically, the Fourier transform
(in z) of the function inside the curly brackets is equal to

~ (E—clon)) o S—C(oyw)

v () - #( 2| )
which is equal to 1 on the support of @s for all s in T that satisfy |ay, | < |ws| < |y, |
but vanishes on @y, (7). Taking z = x in (11.1.55) yields

Fy(x) = ZT es( 1 gs) os(x) xe (X)
o <Ta <l

clouy) plouy| 0y (2)) plew ()|}
{Zss<f|<ps> ] {M plony) _ @ ol “”}(x)xE(x).

SET, |oouy |~ 2 lavy 22

Since all s that appear in the definition of Fy; satisfy |as| < (4/3])7%, it follows
that we have the estimate

Fa] < 2e(x)_sup /} 3, es(f105)0s()] 3| w(5")| 02
b‘>\cou \ 1 seTy
< C sup \ Y es(f|os)es(z)|dz. (11.1.56)
§>4)3] 25 seTs

(The last inequality follows from Exercise 2.1.14.) Observe that the maximal func-
tion in (11.1.56) satisfies the property

sup sup 1 .X+5| ()|dt<2|nf sup / (t)|dt.
xed 5>4p\26 x—8 xeJ 5>4\J\25 X—6

Using this property, we obtain

22 < 2 HFZJHLl(J)S 2 HF2J|‘L°°(J)|GJ|
Je / Je 7

<C Y [EL#(ET)sup sup 25/ | T alfle)e)] oz
Je g xed 5>4|J| seT,
IS3lop(T)
1
< CEL#ET) ¥ / sup \zss | @s)s(2)| dzdx
Je g JI8>40 x=8 seT,
chltop(T)
< CIE|.#(E;T HM > es(flos)s) :

SETZ L1 (3|t0p(T)>
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where M is the Hardy-Littlewood maximal operator. Using the Cauchy-Schwarz
inequality and the boundedness of M on L?(R), we obtain the following estimate:

2 &(flos)os

seTy

1
o2 <CIE[A(E;T) [lgp(T) |2

L2’

Appealing to the result of Exercise 11.1.6(a), we deduce

1
3, ex{fl)as], <C( T fes(fle)[*)" <Clhopir|? 6(H:T).
sely sely

The first estimate was also shown in (11.1.43); the same argument applies here, and
the presence of the &’s does not introduce any change. We conclude that

Xy <CIE[A (E;T)|hop(m) | €(F5T),
which is what we needed to prove. This completes the proof of Lemma 11.1.10. O

The proof of the theorem is now complete. O

Exercises

11.1.1. Show that for every f in the Schwartz class, x,§ € R, and 4 € [0,1], the
function (y,n) — B?yn 5 (F)(x) is periodic in y with period 2™ and periodic in

with period 2-M+4,
11.1.2. Fix a function h in the Schwartz class, &,y,n € R, s € Dy, and A € [0,1].
Suppose that 2+ (& + 1) € ).
(a) Assume that m < 0 and that 2~™ > 40|&|. Show that for some C that does not
depend ony, n, and A we have
A —A
[(D¥ M (h)| @s)| =[(h|M~TT7YD? " (¢))]
<C22 ALy,

1 1 .
»740-2M )U( 40.2M -,°°))

[Hint: Use Plancherel’s theorem, noting that n > 2*c(wy1)) + ;2™

(b) Using the trivial fact that |<D2'l ™M1 (h)|¢s)| < C||h|| 2, conclude that when-
ever |m| is large with respect to &, we have

Xy (274 (E+m)|(D? M7 (h) | @s)| < Chmin(1,2™),

where C, may depend on h but is independent of y, n, and A.

11.1.3. (a) Let g be a bounded periodic function on R with period k. Show that
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im L [ amat— Mg
LY ./7Kg(t) t— K/O g(t)dt.

Koo

(b) Let g be a bounded periodic function on R" that is periodic with period
(K1,...,Kn). Show that

| 2—n K1 Kn d 1 K1 Kn q
im t)dt = / / t)dt
Ki,...,Kn—0o0 Kl"'Kn /—K1 —Kng( ) K1---Kn JO 0 g( )

11.1.4. Use the result in Appendix K.1 to obtain the size estimate
I 1o\ 2
- (|Is| | |Iu|>
<oy 1l
(1+ (1) —c(lu>|)
max(|Is|, [1uf)
for every M > 0. Conclude that if |I,| <|ls|, then

1
o ls] )2 15|~ dx
|<“’5"”“>‘§CM<|IU|> /uu( M

14 W

(s | pu)

[Hint: Use that

- =2

Ix —c(ls)] |C(|u)—C(|s)|‘ 1
[s| Ils|

forall x € I.]

11.1.5. Prove that there is a constant C > 0 such that for any interval J and any

b >0, 1
// dxdy < Cb2|J 2.
. —y|20
I (1+‘>l()\\])\/‘)

[Hint: Translate J to the interval [—%|J|, %|J|] and change variables. The resulting
integral can be computed explicitly.]

11.1.6. Let ¢ be asin (11.1.3). Let T, be a 2-tree and f € L2(R).
(a) Show that there is a constant C such that for all sequences of complex scalars

{A‘S}SETz we have

ZA'S(,DS

seTy

(b) Use duality to conclude that

> [(flos)|” <[]

seTy

)\ ?
LZ(R) C( |)t’3| >

seTy
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[Hint: To prove part (a) define %, = {s € T2 : [Is| = 2™}. Then for s € %, and
s’ € %, the functions ¢s and @y are orthogonal to each other, and it suffices to
obtain the corresponding estimate when the summation is restricted to a given %y,.
But for s in ¢, the intervals Is are disjoint, and we may use the idea of the proof of
Lemma 11.1.2. Use that 3. ¢~ |{(9s | u)| < C for every fixed s.]

11.1.7. Fix A > 1. Let S be a finite collection of dyadic tiles such that for all s1, s
in S we have either ws, N s, = 0 or Alg; NAls, = 0. Let Ng be the counting function
of S, defined by

Ns =sup#{ls: se€ Sandx € Is}.
XeR

(a) Show that for any M > 0 there exists a Cy > 0 such that for all f € L?(R) we

have w0
dist(-,1s)\ —
[ (0 ) < cums

seS ||S|

(b) Let ¢s be asin (11.1.3). Show that for any M > 0 there exists a Cyy > 0 such that
for all finite sequences of scalars {as}scs We have

2 asPs

seS

2
, SCm(L+AMNg) Y fasf?.
L seS

(c) Conclude that for any M > 0 there exists a Cy > 0 such that for all f € L?(R)
we have

> [(f.09)[" <Cu(L+ANs) £z

seS
[Hint: Use the idea of Lemma 11.1.2 to prove part (a) when Ns = 1. Suppose now
that Ng > 1. Call an element s € S h-maximal if the region in R? that is directly
horizontally above the tile s does not intersect any other tile s’ € S. Let S; be the set
of all h-maximal tiles in S. Then Ns, = 1; otherwise, some x € R would belong to
both Is and Iy for s #s' € Sy, and thus the horizontal regions directly above s and
s’ would have to intersect, contradicting the h-maximality of S;. Now define S, to
be the set of all h-maximal tiles in S\ S;. As before, we have Ns, = 1. Continue in
this way and write S as a union of at most Ng families of tiles Sj, each of which
has the property Ns; = 1. Apply the result to each Sj and then sum over j. Part (b):
observe that whenever s1,s; € S and s; # s, We must have either (¢, ¢s,) =0 or
dist(ls; , Is,) > (A—1)ymax(|ls, |, |ls,|), which implies

(1+ dist(ls, , Is,) )fMSAJZA(H dist(ls,.,Is,) )Jf.
maX(||31|,||32|) maX(||31|,||32|)
Use this estimate to obtain

Cwm 2

|as| dist(x, ls)\~ %
1
AY Z ( - |ls| )

1
ses |Is|2

I o]l < 3 lasl? +
seS seS L2
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by expanding the square on the left. The required estimate follows from the dual
statement to part (a). Part (c) follows from part (b) by duality. }

11.1.8. Let ¢s be as in (11.1.3) and let Dy, be the set of all dyadic tiles s with
[Is] = 2™. Show that there is a constant C (independent of m) such that for square-
integrable sequences of scalars {as}sep,, We have

2
Y ass P <Cc Y |asl?.

s€Dm s€Dm

Conclude from this that

> [(fos)f <c|f.

seDm

11.1.9. Fix a Schwartz function ¢ whose Fourier transform is supported in the in-

terval [—3, 3] and that satisfies

1o+ 3P =co
lez

for all real numbers t. Define functions ¢s as follows. Fix an integer m and set
9s(x) =27 p(2 "X — K)e?™2 ™z
whenever s = [k2™, (k+1)2") x [I27™,(14+1)2~™) is a tile in D. Prove that for all

Schwartz functions f we have

> (flosyps=cof.

s€Dm

Observe that m does not appear on the right of this identity.
[Hint: First prove that

> os(X)@s(y) = coe?™

seDn
using the Poisson summation formula.}

11.1.10. This is a continuous version of Exercise 11.1.9. Fix a Schwartz function ¢
on R" and define a continuous wave packet
2m5X.

Pye(X) =o(x—y)e

Prove that for all f Schwartz functions on R", the following identity is valid:
) .
ol 100 = [ [ aue0(Floye) dyae.

[Hint: Prove first that /R“ - @y (X) Py z (2)dydé = H(pHizezmx.z_]
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11.2 Distributional Estimates for the Carleson Operator

In this section we derive estimates for the distribution function of the Carleson op-
erator acting on characteristic functions of measurable sets. These estimates imply,
in particular, that the Carleson operator is bounded on LP(R) for 1 < p < . To
achieve this we build on the time—frequency analysis approach developed in the
previous section. Working with characteristic functions of measurable sets of finite
measure is crucial in obtaining an improved energy estimate, which is the key to the
proof. Later in this section we obtain weighted estimates for the Carleson operator
% . These estimates are reminiscent of the corresponding estimates for the maximal
singular integrals we encountered in the previous chapter.

11.2.1 The Main Theorem and Preliminary Reductions

In the sequel we use the notation introduced in Section 11.1. The following is the
main result of this section.

Theorem 11.2.1. (a) There exist finite constants C, k > 0 such that for any measur-
able subset F of the reals with finite measure we have

! 1+Iog(é)) when 0 < o < 1,
[{xeR: €(xr)(x) > a}| <C|F| (11.2.1)
K when o > 1.

(b) For any 1 < p < oo there is a constant C, > 0 such that for all f in LP(R) we
have the estimate
1€ (D)l Logry < Coll FllLogry- (11.22)

Proof. Assuming statement (a), we obtain
1€ (eI = P/O {€ (xe) > a} [P Lda < pc:p|F|/0 o(a)aPLda,

where ¢ () = o~ 1(1+log(a)~?) for e < 1 and () = e~** for o > 1. The last
integral is convergent, and consequently one obtains a restricted strong type (p, p)
estimate

1 (6| oy < ChIFI?

for the Carleson operator. The required strong type (p, p) estimate follows by ap-
plying Theorem 1.4.19. Thus (a) implies (b).

It remains to prove (a). This follows from the corresponding estimate for 47 and
requires a considerable amount of work. The proof of (a) is based on a modification
of the proof of Theorem 11.1.1. Recall that in (11.1.21) we identified the one-sided
Carleson operator %1 (f) with
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= sup
N>0

/ f(n)e2mxn dn‘ = |i| zup|H5(f)|, (11.2.3)
>0

where ¢ # 0 and ITg, & € R is given by

K—>oo

I (f) = lim 4KL/ // cyma(f)dAdydn. (11.2.4)

Also recall that G, 5 () is
Geyna () =M 179D A, DT M (1), (11.2.5)
SAR M
where A is defined in (11.1.6). Note that

_ _ —A _ _ vy
Geyna(H)) = X (FIM2D? "oy )M 177YD? “gu(x)

seD
Seayp)

= z <f|¢3>(PS(X)a
seDy‘,M
Sy

where D, 5 is the set of all rectangles of the form (2* @ Iy —y) x (27* ® @y — 1),
where u ranges over D. Here a® | denotes the set {ax: x € I}. For such s, ¢s is
defined in (11.1.3). The rectangles in Dy , ; are formed by dilating the dyadic tiles
in D by the amount 2* in the time coordinate axis and by 2~* in the frequency
coordinate axis and then translating them by the amounts y and 7, respectively.

In view of identity (11.1.12), for a Schwartz function f we have

I|m 4KL/ / / (flos) ps(x)dAdydn)].

SED V.4
Eewy(z)

(e (£) (%)

Since both terms of this identity are well defined L?-bounded operators, (11.2.1)
is also valid for L2 functions f. For such functions f, for a measurable function
N: R—R",y,n €R,and A € [0,1] we define operators

:Dvaﬂ'Iyx(f): z <f|(PS> (st(z>oN)(Ps

€Dy .2

and

On(f) _KITL4K|_/ //0 f|(Ps (Xoyz ©N) @sdAdydn.

seD
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For every square-integrable function f and x € R we pick, in a measurable way, a
positive real number & = N¢ (x) such that

zupolﬂg(f)(x)l < 2| ) (F) (0)] < 2D, (F) (%)

Then

a(f) < |©Nf( )l (11.2.6)

~
We work with functions f = yr, where F is a measurable set of finite measure; cer-
tainly such functions are square-integrable. We show the validity of statement (a) of
Theorem 11.2.1 for Dy, where N : R — R™ is measurable with bounds independent
of N. Then (11.2.6) implies the same statement for ¢;.

We claim that the following estimate is valid for ©y. There is a constant C’ such
that for any pair of measurable subsets (E,F) of the real line with nonzero finite
measure there is a subset E’ of E with |E’| > %|E| such that for any measurable
function N : R — R™ we have

]/ On () () dx

< 2C'min(E, ) <1+‘Iog|F| ) (11.2.7)

This is a fundamental estimate that implies (11.2.1). We derive this estimate from an
analogous estimate for the operators Dy, , ; by picking a set E’ that is independent
ofy,n,and A.

We introduce a set

Qe r = {M(xr) >8min(1, }ED}

It follows that |Qg | < % |E|, since the Hardy-L.ittlewood maximal operator is of
weak type (1,1) with norm 2. We conclude that the set

E'=E\Qer

satisfies |E’| > §|E|. (Notice that in the case |[F| > |E| the set Qg F is empty.)
Let P be a finite subset of Dy ,, ;. The required inequality (11.2.7) will be a con-
sequence of the following two estimates:

L X (e 10 (xa 0N gstx| < C'min(ELIF)) (11.2.8)
|SCS§2}IDEF
and
/ (2 195) (Xayg ©N)gsdx | < C'min([E[, [F) <1+]|og ) (11.2.9)
B’ sep |F|

IsZ Qe F
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where the constant C’ is independent of the sets E, F, of the measurable function N,
and of the finite subset P of Dy ,, ; . Estimates (11.2.8) and (11.2.9) are proved in the
next three subsections.

In the rest of this subsection we show that (11.2.7) implies statement (a) of The-
orem 11.2.1. Given o > 0 we define sets

—={ReDn(xr) > @}, EZ = {ReDn(xr) < —0a},
={ImDn(xr) > @}, Eg = {ImDn(xe) < —a}.

We apply (11.2.7) to the pair (Eé, F)forany j=1,2,3,4. We find a subset (E,’;C)’ of
EJ of at least half its measure so that (11.2.7) holds for this pair. Then we have

.
SIEN < al(EL < | [, Dute)odx
(Ea)’

N EJ
< 2C’mm(|E,§|,|F|)<1+ ‘ log ||F°‘|| ) . (11.2.10)
If |E3;,| < |F|, this estimate implies that
j - Lo
|Eq| < |Flee™ 4™, (11.2.11)
while if [EL| > |F|, it implies that
, IF| |
o <4C 1+1log . (11.2.12)
(=1 IF|

Case 1: o > 4C'. If |E(J;| > |F|, setting t = |E};,|/|F| > 1 and using the fact that
SUP; o % (1+1logt) =1, we obtain that (11.2.12) fails. In this case we must there-
fore have that |EJ| < |F|. Applying (11.2.11) four times, we deduce

{Dn(xe) > da}| < de[Fle . (11.2.13)

Case 2: ¢ <4C'. If |Eé| > |F|, we use the elementary fact that if t > 1 satisfies
t(1+1logt)~t < B, thent < 2(1+1log 2); to prove this fact one may use the in-
equalitiest < 20? (1+log+/t) and log vt < logt —log(1+log v/t) < log f fort > 1.
Taking t = |[EL|/|F| and B = 4C’ in (11.2.12) yields

!
||EF|| (1+Iog 8c ) (11.2.14)

If |Eé| < |FJ, then we use (11.2.11), but we note that for some constant ¢’ > 1 we
have

_ 8C’ 8C’
ee 4é'a§c’ (1+Iog >
o o
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whenever o < 4C’. Thus, when o < 4C’ we always have
32C’ 8C’
[{On(xr) > 4o} <™ 7 |F| (1+Iog N ) (11.2.15)

Combining (11.2.13) and (11.2.15), we obtain estimate (11.2.7) for Dy. The

same estimate holds for %3 in view of (11.2.6). Since %;(f/) = 6u(f), where
f(x) = f(—x), the same estimate holds for %, and hence estimate (11.2.7) is valid
for %. O

11.2.2 The Proof of Estimate (11.2.8)

In proving (11.2.8), we may assume that |F| < |E|; otherwise, the set Qg  is empty
and there is nothing to prove.

Let P be a finite subset of Dy , ; . We denote by . (P) the grid that consists of all
the time projections Is of tiles s in P. For a fixed interval J in .# (P) we define

PU)={seP:s=J}

and a function iy
w0 = (14 7SO

where M is a large integer to be chosen momentarily. We note that for each s € P(J)
we have |@s(X)| < Cm wi(X).

Foreachk =0,1,2,... we introduce families
F={1eI(P): 29C Qer, 2N ¢ Qef}.

We begin by writing the left-hand side of (11.2.8) as

2/ 15 195) 2oy (N () g5 ) ¢

)'seP(J

Jeﬂ
JCQEF

(11.2.16)

Z (XF | 95) oz (N(X)) @5 (x) dx |

seP

OJGI
JEJ’k

Using Exercise 9.2.8(b) we obtain the existence of a constant Cy < < such that
foreachk =0,1,... and J € .% we have



11.2 Distributional Estimates for the Carleson Operator 461
1.
(xFswa) < [3[2InfM(xF)
1 .
< 3|2 Cg '“f M(xF) (11.2.17)

||
< 4ck J2

since 2t1J meets the complement of QeF.
For J € .% we also have that E’ N 2kJ = 0 and hence

1 -
Lowmdys [ vy <plicua . (11.2.18)

Next we note that for each J € .# (P) and x € R there is at most one s = s, € P(J)
such that N(x) € @, o). Using this observation along with (11.2.17) and (11.2.18),
we can therefore estimate the expression on the right in (11.2.16) as follows:

ZZ

<xF | 95,) X, o) (N(X)) s, (x) dx

=0Jes (P
JE/k
<ChY ¥ [ (ew)wdx
k=0Je.7(P)’E
Je Fy
<C2 |F|2C J
= M |E| 0 | | WJ X
Je Fy
<4Cy :E: Z (Co2™™M< 3 1], (11.2.19)

JeFy

and we pick M > logCyp/ log2. It remains to control

Y

JELQ/-'\k

for each nonnegative integer k. In doing this we let .7 be all elements of .% that
are maximal under inclusion. Then we observe that if J € .7 and J/ € .7 satisfy
J/ C Jthen

dist (J',3°) =0,

otherwise 2J’ would be contained in J and thus
1Y C 2K C Q.

Therefore, for any J in . and any scale m there are at most two intervals J’ from
F contained in J with |J’| = 2™. Summing over all possible scales, we obtain a
bound of at most four times the length of J. We conclude that
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2 RI= 2 X s X 4RI <41k,
JeFy JeFg Ve JeFy
Jya)

since elements of .7 are disjoint and contained in Qg r. Inserting this estimate in
(11.2.19), we obtain the required bound

, |F|

c
" E|

|Qe £ | < Cy [F| =Cy min([E[,|F[)

for the expression on the right in (11.2.16). This concludes the proof of (11.2.8).

11.2.3 The Proof of Estimate (11.2.9)

For fixed y,n,A we define a partial order in the set of tiles in Dy, ; just as in

Definition 11.1.3. All properties of dyadic tiles obtained in the previous section also

hold for the tiles in Dy ,, ; . Throughout this section, P is a finite subset of Dy ,, ; .
To simplify notation, in the sequel we set

PEJ::{SEPZ |ngE7F}'

Setting N~1[A] = {x: N(x) € A} for a set A C R, we note that (11.2.9) is a
consequence of

. E
S (e o) (e sy )] <Cmin(ELIF) (14 [log 1] ). (11.2.20)
SEPE,F | |

The following lemma is the main ingredient of the proof and is proved in the next
section.

Lemma 11.2.2. There is a constant C such that for all measurable sets E and F of
finite measure we have

&(xFiPeF) §C|F|%min<lzl,1>. (11.2.21)

Assuming Lemma 11.2.2, we argue as follows to prove (11.2.9). Given the finite
set of tiles Pg r, we write it as the union

No

PE,FZ_U Pj,

j=—oo

where the sets P; satisfy properties (1)—(5) of page 437.
Given the sequence of sets Pj, we use properties (1), (2), (5) on page 437, the
observation that the mass is always bounded by |E|~%, and Lemmas 11.2.2 and
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11.1.10 to obtain the following bound for the expression on the left in (11.2.9):

2 [r o) [(teron-1ay ) 05)]

SeEPeF

=2 2 [(xrles)] ‘<XE’HN*1[wS<2)]7(PS>|

j€ZsePj
< 200 2 [ los)  [{xeron1iay ) 95))
JEZ k SE€T jk
1
SC32,2,||top(Tjk)|éa(f;Tjk)'//(E/vTjk)|E/||F|2
j k
: |F|% 1 ; 1
< Ca 3, X lhoprygl min (277,C7 L CIF[72) min([E'| 5,257 [E| [F
jeZ k
<C4 Y 272 min (21, |F |2 [E| L, |F| ) min(|E| 1,2%)) [E| F|2
jez
s _/IF IEINZ . -
<cszmm(21|E|%,mm(| |,| |)2>mm((21|E|%)—2,1)|E|%|F|%
s E|"|F|

(i (IFLIENZY o Lied
<Cgs ¥ min (2J,m|n , min(27%,1) [E|2 |F|2
2, (=

<C min(|E|,||:|)(1+]|og IE: ‘)

The last estimate follows by a simple calculation considering the three cases 1 < 21,

1 1
in [ IF| \E\)2< i< j i (\F\ \E\)2
mm(‘EMF‘ <21 <1,and 2 < min €l IF)

11.2.4 The Proof of Lemma 11.2.2

It remains to prove Lemma 11.2.2.
Fix a 2-tree T contained in Pg F and lett = top(T) denote its top. We show that

1 2 _(F )\
> [(xrles)|” <Cmin ( ,1> (11.2.22)
(k] seT E|

for some constant C independent of F,E, and T. Then (11.2.21) follows from
(11.2.22) by taking the supremum over all 2-trees T contained in Pg .
We decompose the function yg as follows:

XF = XFn3k + XEn@31)e -

We begin by observing that for s in Pg ¢ we have
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CulIs|2 infM (1)

|(Xrn@ie | os)] < i ¢
Fr@l (1+dlst((3h)|,0(|s)))M

—— )(M)M
< 8Cm|ls|2 min ,1 ,
< 8Cwll| (|E| I

since Is meets the complement of Qg ¢ for every s € Pg. Square this inequality and
sum over all s in T to obtain

(IF )2
3 e 09 <Clidmin (211"

seT

using Exercise 11.2.1.

We now turn to the corresponding estimate for the function yrnsy,. At this point
it is convenient to distinguish the simple case |F| > |E| from the difficult case |F| <
[E|. In the first case the set Qg ¢ is empty and Exercise 11.1.6(b) yields

2 |<xFﬁ3|t | (Ps>|2 <C H%Fﬁ3lt ||i2

seT

<Clk|
_(IFI
:C|It|m|n< )
|E|
since |F| > |E|.

We may therefore concentrate on the case |F| < |E|. In proving (11.2.21) we may
assume that there exists a point Xy € I; such that

F
Mze) (X0) <80
|E]
otherwise there is nothing to prove.
We write the set Qe ¢ = {M(xr) > 8 }E} } as a disjoint union of dyadic intervals

J; such that the dyadic parent 5} of J; is not contained in Qg F and therefore

IF|

IFNJ| <|FNJj| <16 E|

71
Now some of these dyadic intervals may have size larger than or equal to |I|. Let J;

be such an interval. Then we split J; into “Jlf“ intervals J; ,, each of size exactly [l;|.
Since there is an X € Iy with '

IF|

M(%F)(Xo)§8|E|,
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if K is the smallest interval that contains Xo and J; ., then

17 IF| F K]
dx <8 = |[FNnJ;|<8 I )
K xS Bg) = ol <8 g I
We conclude that
= dist(l¢,J;
|F0327m|§C:E|||It|(1+ (|:|"*”‘)). (11.2.23)
t

We now have a new collection of dyadic intervals {J, } contained in Qg F consisting
of all the previous J; when [J;| < [I| and the J; ’s when [J;| > [l]. In view of the
construction we have

F
CIE: || when |Ji| < [k],

IFNdk < (11.2.24)

| | |‘]k| dISt(Ita‘]k) when |Jk| _ ||t|’
|E| I

for all k. We now define the “bad functions”

bi(x) = (e_zmc(w‘)xﬂarmslt (x)— e 2Rl e a1 (y) d)’> 23(X),

1
NAAY

which are supported in Ji, have mean value zero, and satisfy

dist(h,ak)) |

Ioul < 2efFi1ad (1+

We also set
g(x) = e 2mc(@X e gy (x Zbk

the “good function” of this Calderén—-Zygmund-type decomposition. We have there-
fore decomposed the function xgn3, as follows:

XFral (X) = g(x)e?me +Zb e2mic(ax (11.2.25)

We show that ||g||,.. <C }E“ Indeed, for x in J we have

1 . .
e,zmc(wt)y)a:rﬁlt (y) dy ’

90x) = k| /3

which implies
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FnJ
||J|k| when |3 < k],
|F N3l Nyl k
lg(x)[ < 3 <
k |F N3l

when |J| = |lt],

(|

and both of the preceding are at most a multiple of }E“ ; the latter is because there is
an Xp € Iy with M(xe) (%) <8 El. Also, for x € (Uk k)€ = (e )¢ we have

El
F
9001 = 20, (9 < M(ze)X) <8
We conclude that ||g]|, .. <C }E“ Moreover,
FN3knJ F
ol <Y J| |~]kt| k|dx+prmg|tHLl§C|F03It|§ClE||||t|,
k /K

since the Ji are disjoint. It follows that

FINE(IFINE 3 _ P
lolle <€ (i) ()" W2 =C gy iz

Using Exercise 11.1.6, we have

Y. [(ge?™ 0 | gs)[* <Cllglly

seT

from which we obtain the required conclusion for the first function in the decompo-
sition (11.2.25).
Next we turn to the corresponding estimate for the second function,

3 bye2ielen)()
k

in the decomposition (11.2.25), which requires some further analysis. We have the
following two estimates for all s and k:

Cua [F| B[ (32 [15] 2

dist (I, Is ’
(1+ IS'[‘(IT ))

| (0?0 | < (11.2.26)
Cw [FI[E[~ 1|2

dist (Jy, 1 ’
(1+ is ‘(IST,Q)M

(b )| < (11.2.27)

for all M > 0, where Cy depends only on M.
To prove (11.2.26) we use the mean value theorem together with the fact that by
has vanishing integral to write for some &y,
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‘<bk ech |(Ps>‘

‘  be(y)e e?me@) g (y dy\

=[] ) (€ gs(y) — €2 g c(3) dy
k
<1 ot |2 (5758 1o () ey

k

Cwlls| 2

< ot sup

L e (1+ 157 | (‘ )\)M+1

3

IF| dist (Jy, ) [l 15| ™2
<
<Cwm |E| |Jk|(1+ ||t| ) (1+ dist (Jg, IS))M+1

[Is|
< CmIFIEIH 3] :

dist (I, Is ’
(1+ IS'[‘(IT ))

where we used the fact that 1 + diSt‘(,f“‘"” <1+ di“ﬁj““'” . To prove estimate (11.2.27)

we note that )
Cwm ||s|2 ill'lfM(bk)
bkEZmC |(Ps s
‘< >| (1_|_ dlst‘(leJs))M

and that F A3l
N3l N
M(b) <M(ze)+ 3 MGy,

and since Is ¢ Qg ¢, we have infi, M(xr) <8 }E} , While the second term in the sum

was observed earlier to be at most C }E“
Finally, we have the estimate

1
Cm [FIE[TH Il 1] 2

(b | o) | < , (11.2.28)

which follows by taking the geometric mean of (11.2.26) and (11.2.27).

Now for a fixed s € Pg ¢ we may have either J C Is or JyN'ls = @ (since Is is not
contained in Qg r). Therefore, for fixed s € Pg g there are only three possibilities
for Jy:

(a) Jk C 3ls;
(b) kN3l =0;
() knls=0,JN3ls#0, and Ji 7@ 3ls.

Observe that case (c) is equivalent to the following statement:
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(©) JNls =0, dist(J,ls) =0, and 3| > 2|ls|.

Note that in case (c), for each I there exists exactly one Jx = Js) With the previous
properties; but for a given Ji there may be a sequence of Is’s that lie on the left
of Jx such that |J¢| > 2|ls| and dist (J,1s) = 0 and another sequence with similar
properties on the right of Jy. The Is’s that lie on either side of Jx must be nested, and
their lengths must add up to [I§, |+ [IX |, where I is the largest one among them on
the left of J and Is'i is the largest one among them on the right of Ji. Using (11.2.27),
we obtain

)

seT

. 2
(b €2 | @)

Y (@0 ) = 3

k: JkNls=0 seT

dist (Jy.ls) =0
IF[\2
SC(|E|) N

[9>21s|

seT: JyNls=0
dist (Jy,1s)=0
Nkl =2[1s]
IFIN2S (Lo R
SC(|E|) 2(||Sk|+|lsk|)'
k

But note that Is, C 2J;, and since 15 NJi = 0, we must have 1§ C 2J\ J (and
likewise for Is'i). We define sets

1

I = 15+ 513,
_ 1

I8 = |§—2|Jk|.

We have I U1~ C Jy, and hence the sets Ig;™ are pairwise disjoint for different
k, and the same is true for the ISR;*. Moreover, since §|Jk| < §|It| for all k, all the
shifted sets Ig ™, IX~ are contained in 3I;. We conclude that

Sk !
PIINEDNINEDN (AR UA)
k k k

U+ U

2|3k,

IN

IN

which combined with the previously obtained estimate yields the required result in

case (c).
1
2\ 2
)

We now consider case (a). Using (11.2.26), we can write

(% ) e (B (3

seT

3
3 [l

PIRNY

3
k: J <3l |ls|2

2 <bke2ﬂi0(wt)(-> | (Ps>
k:3 C3ls
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and we control the second expression by

1

F AN E

e Z( 2 w)( = )}
|E| seT \k: JC3ls k:Jkg3|s|5|

1
2
<Cu 'F'{ Y e Y 12} |
El Ly 3 C3l; sex ISl
JE3ls
where we used that the dyadic intervals Jy are disjoint and the Cauchy-Schwarz
inequality. We note that the last sum is equal to at most C|Ji| 2, since for every
dyadic interval J there exist at most three dyadic intervals of a given length whose
triples contain it. The required estimate C |F||E| 1| It|% now follows in case (a).
Finally, we deal with case (b), which is the most difficult case. We split the set of

k into two subsets, those for which Ji C 3I; and those for which Ji ¢ 3I; (recall that
[3k| < [lt]). Whenever J; ¢ 3l;, we have

dist (Jc, Is) ~ dist (3, Iy ).

In this case we use Minkowski’s inequality and estimate (11.2.28) to deduce

1
< z z <bk62mc |(Ps>‘2> 2

seT k: Jk,¢_3lt
1

< 3 (3 Ko ) )’

K Jegak \seT

1
= Cu :E: k: szgzsh . (se; dis'tlz"]i'\vAIS;M >2
= Cu IEI k:szg_3| dlst(|:]]|k(,||t (s;“S'ZM 1)
<Cm :E: ||t|M_% . szgsh dist(|j:,| Ie)M
SSTATTED R R

dist (Ji.lt)~2" | It |

where dist (Jy, k) ~ 2'[l]| means that dist (Jy, I) € [2'[l¢|,2'*2|I|]. But note that all
the Jx with dist (J, I;) =~ 2'[I;| are contained in 2'*+2I;, and since they are disjoint, we
estimate the last sum by C2'[1;|(2'|1|)™. The required estimate Cy|F||E|~|I|2
follows.



470 11 Time-Frequency Analysis and the Carleson-Hunt Theorem

Next we consider the case J C 3li, JxN3ls =0, and |J| < [Is], in which we use
estimate (11.2.26). We have

1

y

( | T e @0y

seT ki JC3k
J31s=0
3k |<[ls]
1
|F|< 2 _3 |IS|M 2\ 2
< Cu I |
[E| s;r k:Jémt dist (Jy, Is)M
JN315=0
[k <15
|F|{ { 133 IIs| M
<Cwm ( . )
E| SEZT k:%gh 152 \dist (3, 1)
J31s=0
[ I<ls]

|z ey

k: JxC3lk |IS|
3N3l—0
<15
|F|{ { IR sl M
<Cwm ( . )
E| SEZT o 2 12 \dist (3, 1)
3N3l=0
[ [<[ls]
1
—c(l -M 2
L)
k: 33k /K |ls| Ils|
HN3l=0
3 <15
|F|{ { 13| | \M
<Cwm ( . )
|E| s;r K hoah [1s]2 \dist (J, Is)
JN3l=0
[l <Ils]

x—c(ls)|y M dx] |2
Xusw(x ||Z| ) II:(I]}
<Cm :E:{z S |Jk|3||s|—2(dist|(|jl|(’IS))M}Z.

seT k: J,C3lt
JN3ls=0
Nic|<[1s]

But since the last integral contributes at most a constant factor, we can estimate the
last displayed expression by
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1
F dist (Jg,1s)\ M) 2
Cug{ T owE 3 oz y (TR
| | k: JxC3lk m>log |J| SET
JN3ls=0 |ls]=2
3k |<[ts]
c ;
<Cwm |E|{ SOk Y sz}
| | k: JxC3l¢ m>log |J|
JN3ls=0
Sk |<I1s]
F| :
<cuig {3 et
| | k: I C3l¢
JN3ls=0
MY

IF|

1
2.
|E]

<Cwm

There is also the subcase of case (b) in which |Ji| > |ls|. Here we have the two

special subcases IsN3J = 0 and Is C 3J. We begin with the first of these special
subcases, in which we use estimate (11.2.27). We have

1
(3] 3 e[
seT ki JC3lt

JN3ls=0
k> 1s]
1sN33=0
1
1 ||3|M 2\2
SCM ( ‘ s f ‘
S; " J§3I dISt(Jk,ls)M
JN3ls=0
i[> [1s|
1sN33=0
1
IFl{ [ s> 1™ H 3 1™ ]}2
<Cwm . . .
|E| 5621‘- k:JzC‘3I |9k dist (Jg, 1s)M k:chsl [I| dist (Jk, Is)M
k3l K C3le
JN3ls=0 JN3ls=0
Nk [>1s] Nk [>1s]
533 =0 IsM3J, =0

Since IsN3J = 0, we have that dist (Ji, Is) = [x — c(ls)| for every x € Ji, and there-
fore the second term inside square brackets satisfies

M -M
a1 S (Koctly e
k: J C3l; ||3| dISt Jk,ls Jk || | ||3|
38k =0
i[> 1]
1sN3J=0

Using this estimate, we obtain
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1
IF { [ 152 1sM } { 9 1™ ]}2
Cwm . .
|E| S; K Jémt [Jx| dist (Jk, Is)M k:Jémt [Is| dist (Jx, Is)M

JN315=0 J315=0
k[ >1s] [Jk]>11s]
IsN3J=0 IsN3J =0
1
|F|{ [ 5] 1™ }}2
<Cwm .
E| s;r k:Jémt |3k| dist (J, Is)M
JN3l5—0
i[> 1s|
lsM33, =0
1
IF| { 1 L 2
=Cwm 1] ..
|E| k:JE?:It 9k s; dist (Jx, Is)M
H3ls=0
9k |>1s]
IsN3J=0

1

FIf v 1%%m g M A0
<Cwm { 2 . }
|E| k: J(C3le k| m& e seT:\Is\:ZdeSt(‘]k’IS)M
Hn3ls=0
i[> 1s]
IsN3J =0

1

|F|{ 1 1092 |%] 2m}2
<Cwm 2
|E| k: JE?,It |‘]k| m;_oo

1
|F|{ 1, pl?
<Cwum k]
|E| kiJémt |Jk|
IF|

1
]2 .
E|

<Cwm

Finally, there is the subcase of case (b) in which |Jx| > |Is] and Is C 3J. Here
again we use estimate (11.2.27). We have

1
. 2)2
[3] 5 emongf]
seT ki JC3k

JN3ls=0

[ s

1sC3Jy

1
IFI{ M 22
< Cm I8 . } .
|E]| S; mémt dist (J, 1s)M
JN3ls=0
B>l
|s§3~]k

(11.2.29)

Let us make some observations. For a fixed s there exist at most finitely many
Jk’s contained in 3l with size at least |Is|. Let J}(s) be the interval that lies to the
left of Is and is closest to Is among all Ji that satisfy the conditions in the preceding
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sum. Then |JL(s)| > |ls| and
dist(JE(s),1s) > |1s|.

Let J2(s) be the interval to the left of J}(s) that is closest to JZ(s) and that satisfies
the conditions of the sum. Since 3J2(s) contains Is, it follows that |J2(s)| > 2|Is| and

dist(J2(s),1s) > 2|ls| .

Continuing in this way, we can find a finite number of intervals J{ (s) that lie to the
left of Is and inside 3, satisfy |J] (s)| > 2"|ls| and dist(J] (s),ls) > 2|Is|, and whose
triples contain Is. Likewise we find a finite collection of intervals JA(s),J3(s), ...
that lie to the right of Is and satisfy similar conditions. Then, using the Cauchy—
Schwarz inequality, we obtain

| il
ke ay, dist (Jk, Is)M
HN3ls=0
> 15
IsC3J
S L O - "
Sz . M ™ . M rM
r=1 dist(J[ (s),ls)2 22 r—1 dist(J5(s),ls) 2 22
<en$, g AT S
| dist(J{ (s), Is & dist(J5(s), Is)M
<Cm Z |IS|M
k ez, dist(Jy, Is)M
HN3ls=0
> 15
1sC3J

We use this estimate to control the expression on the left in (11.2.29) by

o IF] M2
|E|{Z|IS| > dist(Jk,Is)M}

seT k: I C3lk

JN3l=0
i[> 1]
|s§3~]k
1
|F|{ < o—m [Is[M }2
< Cwm || 2 . .
|E| k:szg‘mt mgo s:g‘wk dist (Ji, Is)™
JN3l,=0
[Is]=2""|J]

Since the last sum is at most a constant, it follows that the term on the left in
. . 1 .

(11.2.29) also satisfies the estimate Cy }E“ [Ilt| 2. This concludes the proof of Lemma

11.2.2.
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Exercises

11.2.1. Let T be a 2-tree with top I and let M > 1 and L be such that 2- < |I|. Show
that there exists a constant Cy, > 0 such that

> [1sM < culiM,

seT

M 13
2+ 1|7 < Cu (2L)M+17
se
lIs|>2"
> 5™ < Culk|(29H)M.
seT
|Is| <2t

[Hint: Group the s that appear in each sum in families ¢, such that [Is| = 2~™|l;]
for each s € % |

11.2.2. Show that the operator

g— sup |(@xap)]

—co<a<h<eo
defined on the line is LP bounded for all 1 < p < <.
11.2.3. On R" fix a unit vector b and consider the maximal operator

T(9)(x) = sup
N>0

§(E)ePE g ] .
|b-&|<N

Show that T maps LP(R") to LP(R") forall 1 < p < eo.
[Hint: Apply a rotation. |

11.2.4. Define the directional Carleson operators by

€0 (f)(x) = sup

acR

Iim/ e2riatf(x g It '
e<lt|<el t

e—0
for functions f on R". Here 6 is a vector in S"~1.

() Show that %9 is bounded on LP(R") forall 1 < p < oo
(b) Let © be an odd integrable function on S"~. Define an operator

2(y)

Iim/ e2TEY £ (x d ’
e=0Je<ly|<eL =) @

Show that €2 is bounded on LP(R") for 1 < p < co.
[Hint: Part (a): Reduce to the case 6 =e; = (1,0,...,0) via a rotation and use
Theorem 11.2.1(b). Part (b): Use the method of rotations and part (a).}

€2(f)(x) = sup
EeRn
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11.3 The Maximal Carleson Operator and Weighted Estimates
Recall the one-sided Carleson operator %1 defined in the previous section:

G1(f)(x) = sup
N>0

/_ '1 F(&)e2m " g ’ .

Recall also the modulation operator M2(g)(x) = g(x)e>™'®, We begin by observing
that the following identity is valid:

- l—iH 1, i _
(Fx(wr) =MP , M b(f)zzf—ZMbHM by, (11.3.1)

where H is the Hilbert transform. It follows from (11.3.1) that
1 1 £
Gf) < I+ sup H(ME (1))
EeR
and that

sup|[H(M® ()] < || +2%(F).
£eR

We conclude that the LP boundedness of the sublinear operator f — %1 (f) is equiv-
alent to that of the sublinear operator

f - sup |H(M&(£))].
EeR

Definition 11.3.1. The maximal Carleson operator is defined by
€.(f)(x) = supsup

/ f(y)EZniéy dy
e>0&£cR |/ [x—y[>e X—y

= sup [H(ME (1)) (x)]
EeR

(11.3.2)

where H®) is the maximal Hilbert transform. Observe that %, (f) is well defined for
all finUy<p<..LP(R) and that €. (f) controls the Carleson operator ¢’(f) point-
wise.

We begin with the following pointwise estimate, which reduces the boundedness
of %, to that of %"

Lemma 11.3.2. There is a positive constant ¢ > 0 such that for all functions f in
Ui<p<.LP(R) we have

©.(f) <cM(f) +M(Z(f)), (11.3.3)

where M is the Hardy-Littlewood maximal function.
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Proof. The proof of (11.3.3) is based on the classical inequality
H®)(g) < cM(g)+M(H(9))

obtained in (4.1.32). Applying this to the functions M% () and taking the supremum
over £ € R, we obtain

% () <cM(f)+supM(H(MS())),
£eR

from which (11.3.3) easily follows by passing the supremum inside the maximal
function. a

It is convenient to work with a variant of the Hardy-L.ittlewood maximal opera-
tor. For 0 < r < o define .
Mr(f) =M(Jf[")r

for f such that |f|" is locally integrable over the real line. Note that M(f) < M,(f)
forany r € (1,o0). Our next goal is to obtain the boundedness of the Carleson oper-
ator on weighted LP spaces.

Theorem 11.3.3. For every p € (1,.0) and w € Ap there is a constant C(p, [w]a,)
such that for all f € LP(R) we have

l€ ()
(1)

<c(p.
<c(p.

HfHLp (11.3.4)
Hf||Lp (11.3.5)

HLP( (W]a
HLP( (W]a
Proof. Fixa 1l < p < e and pick an r € (1,p) such that w € A,. We show that for
all f € LP(w) we have the estimate

/% dx < Cp([Wla, /M x)dx (11.3.6)

Then the boundedness of 4 on LP(w) is a consequence of the boundedness of the
Hardy-Littlewood maximal operator on L+ (w).
If we show that for any w € A, there is a constant Cp([w]a,, ) such that

/M ))Pwdx < Cp([Wia, /M f)Pwdx, (11.3.7)

then the trivial fact € (f) < M(%(f)), inserted in (11.3.7), yields (11.3.6).
Estimate (11.3.7) will be a consequence of the following two important observa-
tions:
M* (@ (f)) <CrM((f)  ae. (11.3.8)

and

M(# f))HLP( < cp([Wla,)[[M* (% ))wa) (11.3.9)

where cp([w]a,) depends on [w]a, and C, depends only on r.
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We begin with estimate (11.3.8), which was obtained in Theorem 7.4.9 for sin-
gular integral operators. Here this estimate is extended to maximally modulated
singular integrals. To prove (11.3.8) we use the result in Proposition 7.4.2 (2). We
fix x € R and we pick an interval | that contains x. We write f = fo + f.., where
fo = fys and f. = fx(3,)c. We set aj = ¥ (f.)(ci), where ¢ is the center of I.
Then we have

o [0 —aex < | fsup HOE()) - HME 1))y
<B1+Bg,
where
By = .\ sup [H(ME(fo))(y)] dy.
||| lEer
B, = /sup\H (ME(£))(y) — H(ME (1)) (e0)| .
||| l£eR
But

By < ()

1
< ]l

LY
3

< ‘{Hﬂrl\fouuil|5

<CrMc(f)(X),

where we used the boundedness of the Carleson operator 4 from L" to L" and The-
orem 1.4.17 (v).
We turn to the corresponding estimate for B,. We have

et [ o
T LG AR Ama L
S/(/«sn e (|c._§+|||) o) oy

< Jmce)

<CM(F)(x)
< CM(f)(x).
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This completes the proof of estimate (11.3.8), and we now turn to the proof of
estimate (11.3.9). We derive (11.3.9) as a consequence of Exercise 9.4.9, provided
we have that

IM(E ()] Ly < == (11.3.10)

Unfortunately, the finiteness estimate (11.3.10) for general functions f in LP(w)
cannot be deduced easily without knowledge of the sought estimate (11.3.4) for
p = r. However, we can show the validity of (11.3.10) for functions f with compact
support and weights w € Ap that are bounded. This argument requires a few tech-
nicalities, which we now present. For a fixed constant B we introduce a truncated
Carleson operator
@B (f) = sup [H(ME(f)).
I€I<B

Next we work with a weight w in A that is bounded. In fact, we work with wy =
min(w, k), which satisfies

Wida, < (142P72)(1+ [w]a,)

for all k > 1 (see Exercise 9.1.9). Finally, we take f = h to be a smooth function
with support contained in an interval [—R,R]. Then for |£]| < B we have

[h]] 1 BChR

[HOME (1) 001 < 2RI ()" + o2 < g

where Cy, is a constant that depends on h. This implies that the last estimate also
holds for %8 (h). Using Example 2.1.8, we now obtain

log (1+ ‘Q‘) '

M(%B(h))(x) < BCy "
1+ 75

It follows that M(%8(h)) lies in L" (wy), since r > 1 and wy < k. Therefore,
HM(%B(‘())HU(M) <,

and thus (11.3.10) holds in this setting. Applying the previous argument to %8 (h)
and the weight wy [in lieu of € (f) and w], we obtain (11.3.7) and thus (11.3.4) for
M(%B(h)) and the weight wy. This establishes the estimate

1600 ey < CCO. ) [ (1311

for some constant C(p, [w]a, ) that is independent of B and k, for functions h that are
smooth and compactly supported. Letting k — = in (11.3.11) and applying Fatou’s
lemma, we obtain (11.3.4) for smooth functions h with compact support. From this
we deduce the validity of (11.3.4) for general functions f in LP(w) by density (cf.
Exercise 4.3.11).
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Finally, to obtain (11.3.5) for general f € LP(w), we raise (11.3.3) to the power
p, use the inequality (a+b)P < 2P(aP +bP), and integrate over R with respect to
the measure wdx to obtain

/%ﬂ(f)Pwdx < 2Pc/ M(f)pwdx+2p/ M@ (F)Pwdx.  (11.3.12)
R R R

Then we use estimate (11.3.4) and the boundedness of the Hardy-L.ittlewood maxi-
mal operator on LP(w) to obtain the required conclusion. O
Exercises

11.3.1. (a) Let 6 € S"~*. Define the maximal directional Carleson operator

%7 (f)(x) = supsup

acRe>0

/ e27riatf(x_t9) dt’
e<lt|<el t

for functions f on R". Prove that ¢ is bounded on LP(R", w) for any weightw € A,
and 1 < p < eo.

(b) Let 2 be an odd integrable function on S"~1. Obtain the same conclusion for the
maximal operator

- ()
e27t|§-yf X — Iyl d ‘ )
/s<\y\<s*1 ( Y) |y|n y

[Hint: Part (a): Reduce to the case 6 = ey = (1,0,...,0) via a rotation and use
Theorem 11.3.3 with w = 1. Part (b): Use the method of rotations and part (a).]

€2 (f)(x) = sup sup
EeRNe>0

11.3.2. For a fixed A > 0 write

{xeR: E.(H)x) > 1} =1j,
i

where |j = (aj, oj + 0j) are open disjoint intervals. Let 1 < r < . Show that there
exists a yp > 0 such that for every 0 < y < 7y there exists a constant C, > 0 such that
lim,_,C,=0and

X el €010 > 34, Mi()(x) < 7A} <Gty

for all f for which C..(f) is defined.

[Hint: Note that we must have €.(f)(ctj) < 4 and €. (f)(a;j + &) < A forall j.
Set I = (aj —58j, @) +66j), f1(x) = f(x) for x € I}, f1(x) =0 for x ¢ I}, and
f2(x) = f(x) — f1(x). We may assume that for all j there exists a zj in Ij such that
My ()(zj) < yA. For fixed x € 1 estimate [H(®)(f,)(x) — H() (f2)(«j)| by the three-
fold sum
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- 2 2
fo(t eZ”'5‘< - )dt‘
’/aj—t>€ 2t aj—t  x-—t

e 1
+‘/ o (t)e2met dt‘
[x—t|>e>|oj—t| X—t
; 1
+‘/ o (t)e2met dt‘,
|otj—t|>e>|x—t| oj—t

which is easily shown to be controlled by coM(f)(zj) for some constant co. Thus
%, (f2)(X) < G.(f2)(aj) +CcoM(f)(zj) < A +CoyA . Select ¥ such that coyp < 3.
Then A +coyA < 34 for y < y; hence we have %, (f)(x) < %.(f1)(x)+ 3A for
x € lj and thus I; N {%,(f) > 34} C {€,(f1) > A}. Using the boundedness of &
on L" and the fact that M,(f)(z;) < yA, we obtain that the last set has measure at
most a constant multiple of y"[1;].]

11.3.3. (Hunt and Young [173]) Show that for every w in A.. there is a finite con-
stant 1o > O such that for all 0 < y < yp and all 1 < r < o there is a constant B, such
that

W({.(F) >34} N {M(f) < yA}) < Bw({%.(F) > 1))
for all f for which C,(f) is finite. Moreover, the constants B, satisfy B, — 0 as
y— 0.
[Hint: Start with positive constants Cp and & such that for all intervals | and any

measurable set E we have [EN1| < g|l| = w(ENI) <Cpedw(l). Use the estimate
of Exercise 11.3.3 with | = Ij and sum over j to obtain the required estimate with
By =Co(C,)? ]

11.3.4. Prove the following vector-valued version of Theorem 11.2.1;

H(;wnrﬁ

forall 1 < p,r < oo, all weights w € Ay, and all sequences of functions fj in LP(w).
[Hint: You may want to use Corollary 9.5.7.

LP(w) = Cp’r(W)H (Ej'm'r) }

LP(w)

HISTORICAL NOTES

A version of Theorem 11.1.1 concerning the maximal partial sum operator of Fourier series of
square-integrable functions on the circle was first proved by Carleson [55]. An alternative proof
of Carleson’s theorem was provided by Fefferman [126], pioneering a set of ideas called time-
frequency analysis. Lacey and Thiele [205] provided the first independent proof on the line of the
boundedness of the maximal Fourier integral operator (11.1.1). The proof of Theorem 11.1.1 given
in this text follows closely the one given in Lacey and Thiele [205], which improves in some ways
that of Fefferman’s [126], by which it was inspired. One may also consult the expository article
of Thiele [312]. The proof of Lacey and Thiele was a byproduct of their work [203], [204] on
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the boundedness of the bilinear Hilbert transforms He, (f1, f2)(X) = }Tp.v. Jr fi(x—=t) fo(x— at) dtt.
This family of operators arose in early attempts of A. Calder6n to show that the first commutator
(Example 8.3.8, m = 1) is bounded on L2 when A’ is in L*, an approach completed only using the
uniform boundedness of H,, obtained by Thiele [311], Grafakos and Li [150], and Li [212].

A version of Theorem 11.2.1 concerning the LP boundedness, 1 < p < , of the maximal par-
tial sum operator on the circle was obtained by Hunt [170]. Sjolin [283] extended this result to
L(log™ L)(log™ log* L) and Antonov [5] to L(log™ L)(log™ log™ log* L). Counterexamples of Kol-
mogorov [191], [192], Kdrner [197], and Konyagin [193] indicate that the everywhere convergence
of partial Fourier sums (or integrals) may fail for functions in L and in spaces near L!. The ex-
ponential decay estimate for o > 1 in (11.2.1) and the restricted weak type (p, p) estimate with
constant C p?(p — 1)1 for the maximal partial sum operator on the circle are contained in Hunt’s
article [170]. The estimate for oo < 1 in (11.2.1) appears in the article of Grafakos, Tao, and Ter-
willeger [153]; the proof of Theorem 11.2.1 is based on this article. This article also investigates
higher-dimensional analogues of the theory that were initiated in Pramanik and Terwilleger [266].
Theorem 11.3.3 was first obtained by Hunt and Young [173] using a good lambda inequality for
the Carleson operator. An improved good lambda inequality for the Carleson operator is contained
in of Grafakos, Martell, and Soria [152]. The particular proof of Theorem 11.3.3 given in the
text is based on the approach of Rubio de Francia, Ruiz, and Torrea [276]. The books of Jarshoe
and Melbro [179], Mozzochi [236], and Arias de Reyna [6] contain detailed presentations of the
Carleson—Hunt theorem on the circle.

The subject of Fourier analysis is currently enjoying a surge of activity. Emerging connec-
tions with analytic number theory, combinatorics, geometric measure theory, partial differential
equations, and multilinear analysis introduce new dynamics and present promising developments.
These connections are also creating new research directions that extend beyond the scope of this
book.
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fo 1 f

A is a subset of B (not necessarily a proper subset)
Ais a proper subset of B

the complement of a set A

the characteristic function of the set E

the distribution function of a function f

the decreasing rearrangement of a function f
f, increases monotonically to a function f

the set of all integers

the set of all positive integers {1,2,3,...}

the n-fold product of the integers

the set of real numbers

the set of positive real numbers

the Euclidean n-space

the set of rationals

the set of n-tuples with rational coordinates
the set of complex numbers

the n-fold product of complex numbers

the unit circle identified with the interval [0,1]
the n-dimensional torus [0,1]",

VX124 -4 [%n|2 when x = (xq,...,%) € R"
the unit sphere {x e R": |x| =1}

483



484 Glossary

ej the vector (0,...,0,1,0,...,0) with 1 in the jth entry and 0 elsewhere
logt the logarithm to base e of t > 0

log, t the logarithm to base aoft >0 (1 #a > 0)

log™t max (0, logt) fort >0

[t] the integer part of the real number t

X-y the quantity 3}_; Xjyj when x = (X1,...,Xn) and y = (y1,...,Yn)
B(x,R) the ball of radius R centered at x in R"

Wn—_1 the surface area of the unit sphere S"~1

Vi the volume of the unitball {x e R": |x| < 1}

|A] the Lebesgue measure of the set A C R"

dx Lebesgue measure

Avgg f the average ‘é‘ Jg f(x)dx of f over the set B

(f,9) the real inner product Jgzn f(x)g(x)dx
(flg9) the complex inner product [zn f(x)g(x) dx

(u,f) the action of a distribution u on a function f

p’ the number p/(p—1), whenever 0 < p# 1 < oo
v the number o

oo the number 1

f=0(g) means|f(x)|] <M]g(x)| for some M for x near xq

f=o0(g) means|f(x)||g(x)|"t — 0asx— Xo

Al the transpose of the matrix A

A* the conjugate transpose of a complex matrix A
A1 the inverse of the matrix A

O(n) the space of real matrices satisfying A~ = Al

IITllx=y  the norm of the (bounded) operator T : X — Y

A~B means that there exists a ¢ > 0 such that ¢~ < 2 <c

|| indicates the size |0 | + - - -+ |on| of a multi-index oe = (04, ..., 0n)
o f the mth partial derivative of f(x1,...,X) with respect to x;

2% f ot ot

%X the space of functions f with 9% f continuous for all |a| <k
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%o space of continuous functions with compact support
%00 the space of continuous functions that vanish at infinity
€5 the space of smooth functions with compact support

9 the space of smooth functions with compact support
S the space of Schwartz functions

¢ the space of smooth functions (;_; €

72'(R") the space of distributions on R"

S'(R")  the space of tempered distributions on R"

&' (RM) the space of distributions with compact support on R"

& the set of all complex-valued polynomials of n real variables
' (RM)/ 2 the space of tempered distributions on R" modulo polynomials
£(Q) the side length of a cube Q in R"

0Q the boundary of a cube Q in R"

LP(X,u)  the Lebesgue space over the measure space (X, 1)

LP(R™) the space LP(R", |- )

LPA(X,u) the Lorentz space over the measure space (X, 1)

b,

[du| the total variation of a finite Borel measure p on R"

(R")  the space of functions that lie in LP(K) for any compact set K in R"

A (RM) the space of all finite Borel measures on R"
Mp(R")  the space of LP Fourier multipliers, 1 < p < e

AP9(R") the space of translation-invariant operators that map LP(R") to L9(R")

ul , Jrn |d | the norm of a finite Borel measure y on R"

M the centered Hardy-L.ittlewood maximal operator with respect to balls
M the uncentered Hardy-L ittlewood maximal operator with respect to balls
M the centered Hardy-Littlewood maximal operator with respect to cubes
Mc the uncentered Hardy-L ittlewood maximal operator with respect to cubes
My the centered maximal operator with respect to a measure p

My the uncentered maximal operator with respect to a measure u

Ms the strong maximal operator

My the dyadic maximal operator

M# the sharp maximal operator



486 Glossary

M the grand maximal operator
LE(R™M the inhomogeneous LP Sobolev space
L2(RM) the homogeneous LP Sobolev space

(RM the inhomogeneous Lipschitz space
Aq(RM) the homogeneous Lipschitz space
(R™)  the real Hardy space on R"
(RM)  the inhomogeneous Besov space on R"
(R")  the homogeneous Besov space on R"
BY4(R")  the homogeneous Besov space on R"
(R")  the inhomogeneous Triebel-Lizorkin space on R"
(R™)  the homogeneous Triebel-Lizorkin space on R"

BMO(R") the space of functions of bounded mean oscillation on R"
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